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PREFACE TO THE FIRST EDITION 


THE present book, which is intended as a text for use in 
the freshman year of college or technical school, has been pre- 
pared with the following considerations particularly in mind. 

(1) In view of the fact that a considerable number of 
pupils enter college today for whom no knowledge of quad- 
ratic equations can be assumed, it seems desirable to include 
a complete treatment of this important topic in the present- 
day college text. Two chapters (II and III) are therefore 
devoted to quadratic equations, the first of which, however, 
is altogether elementary and may be omitted at the discretion 
of the teacher. 

(2) In order to meet the needs and customs of different 
institutions, the various chapters have been made quite inde- 
pendent of each other, thus permitting a ready adjustment of 
the book to either a long course or a short one, and affording 
the teacher the greatest possible flexibility in the choice of 
topics for any course of given length. In this connection the 
author feels that it should be frankly recognized that today 
college algebra in most institutions is pursued but a few 
weeks. This makes it impossible to cover a wide range of 
topics and forces such a selection as may fit best the needs of 
the particular situation. Much may be gained, however, from 
a brief but intensive study of a few special topics in algebra 
at this period of the pupil’s career. 

(3) In view of the importance in elementary physics and 
other applied fields of the subject of variation, this topic has 
been treated somewhat more fully than usual. On the other 
hand, such topics as complex numbers (vector addition, 
multiplication, etc.), partial fractions, limits and infinite series 
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have been omitted in the belief that, even in case there is time 
to include them in the course, they may be taken up to greater 
advantage at a later time when the pupil is face to face with 
their chief applications. 

(4) The ideal problem for a freshman text is a short one 
which illustrates pointedly the mathematical principle at 
issue. Problems long in statement and dealing with the tech- 
nique of the arts and sciences should have but little place in 
the freshman year. At this period the essential task of both 
teacher and text should be to train the pupil in accuracy and 
conciseness of thought and expression, the mathematics itself 
forming, for the most part, the medium through which this 
may be accomplished. 

Certain sections of the book have been starred (*) to 
indicate that they are of minor importance. These may be 
omitted without destroying the continuity of the whole. 

The author would here express his thanks to Professor 
E. B. Lytle, of the University of Illinois, who read the manu- 
script and offered valuable suggestions, and to Professor 
J. L. Markley and Mr. R. W. Barnard, of the University of 
Michigan, who assisted in reading the proofs. 


Water Burton Forp. 
University of Michigan. 


PREFACE TO THE REVISED EDITION 


Experience having shown that a treatment of complex 
numbers is desired in certain instifutions, a chapter upon this 
subject has been added (Chap. XV); also a collection of 167 
miscellaneous exercises from elementary algebra (pages 245- 
250), these affording abundant material for a review of high 
school algebra at the beginning of the course in college algebra. 

The author would take this opportunity to thank all those 
who have contributed to the large measure of success enjoyed 
by the first edition of the book. Wabi: 
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COLLEGE ALGEBRA 


CHAPTER I 
REVIEW TOPICS 


1. Algebraic Reductions. The process of reducing, or 
simplifymg, a given algebraic expression makes frequent use 
of the following principles from elementary algebra.t 


PRINCIPLE 1. A parenthesis preceded by a minus sign may 
be removed from an expression if the signs of all the terms 
in the parenthesis are changed. 

Thus a—(b—c) =a—b+e. 

Likewise a+b—(c—d+e) =a+b—c+d-—e. 

A parenthesis preceded by a plus sign may be removed 
without changes in the signs of the terms which it includes. 


Thus a+(b—c)=a+b-—c. 
Likewise a+b+(c—d+e) =a+b+c—d-+e. 
EXERCISES 


Simplify each of the following expressions by removing all paren- — 


theses and combining terms wherever possible. 


1. «—(y—z). 4. m—(n—2a). 
2. x—(—y-—2). 5. 5a—2b—(a—26). Ans. 4a. 
8. —(a+b)+2. 6. a—(b—c+a) —(c—b). 


7 This chapter treats not all topics of elementary algebra but only 
a few topics that are important for the work which follows. The 
student should have for reference a textbook in elementary algebra, 
preferably the one he used in high school. Attention is called, however, 
to the extended list of exercises from high school algebra to be found on 


pages 245-250 of the present text. 
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Cat OY? =r rey — ae) : 
8. m+(38m—n) —(2n—m) +n. 4 "X ; 
9. a2b+b2c +a2c2 — (2a2b2 — 3a2c) + (4a2b — 5a2c2 — 6a2b2). 
190. 24-2) —(@—y), 

a+b—(2a+b—c) 
11. (a+b)2—(a—b)2.- 
19, 2ab—(a tb) 

(ey)? 
13. a(b—c)+b(a—c) —c(a—b). 


PrincrpLeE 2. Multiplying or diwiding both the numerator 
and the denominator of a fraction by the same number does not 
change the value of the fraction. 


Thus 
2 2X2 _4, 
3 3X2 6 
Likewise 
RRS 
10 10+2 5 
Also 
@_axa @. nn _mnmn _ Mm 
b bXa ab’ \ mn mid+nn n = 


This principle is frequently used to change, or reduce a 
fraction to a form having a given denominator. 
Thus, suppose it is desired to change the fraction 
a/(a+b) 
to a form having a2—b?2 as its denominator. To do so, we multiply 
both numerator and denominator by a—b, as follows: 


oo, _.aa=b)'s Pa ab Ang,, 
a+b (a+b)(a—b) a—b2 


The principle is also used to reduce a fraction to its 
lowest. terms. 
Thus, suppose we are to reduce the fraction 
21arx2y 
- 80a8xz 
to its lowest terms. The process consists in dividing both numerator 


— 
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and denominator by all the factors which they have in common; that 
is, in the present case, by 3, by a2, and by z. In practice, the avarks is 
done by cancellation as Bhowe below: 


x fos 
tly Tey. 
360%X2 §—10az 2 
10a 
EXERCISES 


1. Change 2/3 to a fraction whose denominator is 21. 
2. Change 4/5 to a fraction whose denominator is 125. 
3. Change 5a/7 to a fraction whose denominator is 42. ; 
4a? Y 
4. Change 2h to a fraction whose denominator is 2073. 
7] 
=e : F 
5. Change er to a fraction whose denominator is («—1)2. 
ae 
6. Reduce 3 . to a fraction whose denominator is 9—az2, 
—a 
d— ; t : 
7. Reduce > s to a fraction whose denominator is a—b. 4/— 
Reduce each of the following fractions to its lowest terms. 
Gia oor ee 5715. 3a°-+3a 
ary ae — abt. 
9 a*b2x2 /16. 3a2b — 363 = 308 
Bry? 5 Oe eee ») 
10, 16m2nx?2? (17. atbc—bic ~ 
A0amByzs Ye Sie 3a2b-+3b8— 
11. Tlataebsy 18. a(a+2b)4 


121 a3b5c7 ae oar 2 


(2. r 
/ « Ny eye aS ee 


13. C= ae y " 


(a+b) } | 
14. a —2ab-+b? ve 7, 21. ab-+-ac —db—de. f 
a2 — 62 ( mb-+-me / 
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2. Addition and Subtraction of Fractions. In case two 
fractions have the same denominator, their sum will be equal 
to the sum of their numerators divided by this denominator. 


Thus 2) 0 er aed 
Sao 3 as 
Likewise @,c_at+ c, 
b b b 


ps A aa Lol 
xy ary x2y 
’ In case two fractions do not have the same denominator, 
they may be added by first changing them, as in §1, so that 
they shall come to have equal denominators, and then pro- 
ceeding as mentioned above. 


Thus 232 8 AD ee Poe Thi os 
SE LET er eee 
Fs Uabeee sage Nk pe ha 

Likewise a,c_ad be _ad+be, 


bd bd bd bd ’ 


m+n at eerie (m+n)? (m—n)2_ m242mn4n24m2—2mn4n2_2m24+2n2 
m—nrn M+N mene m—n2 


m2—n2 m—n2 


In practice, alten adding several fractions, it is best. to 
determine first the least common multiple (L. C.M.) of the 
several denominators, that is, the expression of lowest degree 
which exactly contains each of them, then change each frac- 


tion so that its denominator shall be this L. C. M. and add 
as indicated above. 


Thus, in adding 2/15 and 3/10, thé L. C. M. of the denominators 
is 30. The two fractions, when changed so as to have 30 as denomi- 


nator, are respectively 4/30 and 9/30. Hence the desired sum is 
(4+9) /30 =13/30. 


Likewise, in adding a/(mn) and b/(mr2), the L. C. M. of the 
denominators is m2n2, so that 


BER pels Claw 


mn mn? mn m2n2 m2n2 
YA os 


- Ans. 
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Similar statements apply whenever one fraction is to be 


subtracted from another, 


or when both addition and sub- 


traction are involved any number of times. 
Thus 


3a, b 4,1 Gab, Se 


pee b 10b 10b 
Likewise 


a—b a+b 6ab 


10b 106 


106 


_(a—b?_ (a+b? 


a+b a—b ab 


a2— 2 


az— 2 a2— 62 


(ab)? —(a+b)2+6ab _a2—2ab-+b?—a?—2ab—b2+6ab _ 290 Ang. 


a2—b2 


a2—b2 @—b2 


EXERCISES 


L- 


Simplify each of the following expressions by performing the indi- 
cated additions and subtractions. 


I 


30 , Te 
4 10 
bz = B88 2) see. 
8 ff 4 
a—b, b-c L< 
ab se bc 
ax ame 
a—x 
deep eee sd 
i a-—x 
21: 52 
ig eaaraies 
a—b 
bac a-c YW 
bc ac 
a+b a—b 
a—b a+b 
2 
tye / 
t—Y 


16. 


17. 1 


ea) 
x—2 «+2 
t—4 Pes! eae re 
3 8 6 
abe rab | 
a 


ree a ee 10.4 


AO 02-4 ep 


ath @482 ba | 


a—b b2?—a2 a+b 
OE abe Ae 2ab 
ges az— 62 
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3. Multiplication and Division of Fractions. 

Principe 1. In order to multiply two or more fractions 
together, multiply their numerators together to get the numerator 
of the product, and multiply their denominators together to get 
the denominator of the product. 

In performing such multiplications, it is desirable to 
cancel like factors from numerator and denominator wher- 
ever possible. 


Thus 12,6 _1x2%6_2 
203 7 2X8x7 7 
Likewise aan é oy _ hb h.2 if b 
Ary 3a" Avy we He os Zan 
Similarly nae q (aby ea 


ath ae (@+b)(a-ty(a+b) (ato 


PrIncIpLE 2. In order to divide one fraction by another, 
invert the diwisor and proceed as in multiplication. 
Thus 


Likewise 


——_ — (Page at 


Similarly a—b 


hee eo a+b; ala~by a(a+b) 


EXERCISES 
Perform each of the following indicated multiplications, 
1. Sey, 8ax 3. 2ax oe 100? Bs tee alk 


2ac 10,2 12by 
9, Amn. 15be TE Me an oe 3k a 
: ——— pe ee 
an amigen S Ow - 


3zy 16m 
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5. 2 b g. 4a—b 2a 4a? —y? 

. ——$ x —_——: —— X 7 xe -« 
ab ¢— 2r+y 4a°—ab 4 

6, ty? 25-100 Vy )2t5e+6. x +70+10 
20—S8zx ry P+6r+5 -2?+7x+12 
Ee athe ae 2 \ /n2-+m— 

G ( + : x Bs = 10. 1+ m+m—2 . 
a+b “a@—ab a&—b? \ m—1 m+m 


Perform each of the following indicated divisions. 


12a‘b §=4axr ae } ary? 

Te +—- f 16) —— 2_ 3 2 . 
Q5ac | 242 Se Pear eee 

1g, 5b, 250" Edned a er cee 
3a2e 15a? Bee x? —5a+4 Tae 2G 20 
7 212% ~) @» 1 1 

13. ——s5 5 es 18. pO ae |) Vac pe Ne 
- 14a “ ( j (7 3) 

: " a. 0 is 2 / 
jmy-¥ a rr -Y \~ 19. (Fo) = (Bx): 
Dea er eee: § b eae 

‘ \ 
2a+1 Ws/yn¥y} cla a—e 
oa + ae / 20. || a ° 
15. (40+2) + \ a0 | (a+) (ie coal 
1) w& 


Simplify each of the following expressions. 
a) me ty Vy is 
/21. —¢£+—)+(=+—): — *~ | 
le Aue (+8) pies 
/ yo“ by 4 , a ps. 
A) (018842) « (: sts a) y She 


+1 


a i 


’ £, 1 ei | X- 
1 a MG eu ee ; 
op ( tata) ( ty ”) y —yr) 
x+y aes 7 ie 
24. a 25. : a: + 
ae 2¢ ma y x 
ve Se oe aN, PO 
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4. Simple Equations. By a simple equation is meant one 
which, when cleared of fractions, contains the unknown 
number to no higher power than the first. The usual 
method of solving such equations is illustrated below. 


Examp.Le. Solve the equation 
at+l1l 2¢—5 1ll1lr4+5 2«-13 
2 ee ls 3 


Sotution. The L. C. M. of the denominators is 30. Hence, multi- 
plying both sides of the equation by 30 in order to clear of the fractions, 
we obtain 

15(2-+1) —6(2¢ —5) =3(11¢-+5) —10(x—13), 
or 
15a@+15—12%+30 =332+15—10z+130. 


Transposing and collecting like terms now gives 


—20x2 =100. 
Therefore 
a=-—5. Ans. 
Curck. Placing x= —5 in the original equation gives 
Sel 10) Sbocnoee —5-13 
2 Sitelal ae 10 Pwae: 
or 
=4 15 _—50 18 
5 hi heei0 tase 
or 
—2+3=—-—5+6, 
or 
isi. 
EXERCISES 


Solve each of the following equations for x, checking your answer 
for each of the first five. 


4 22-3 ,e+1 5x42 eo ena en 10 
4 6 12 Qc 2 3x 42 24 
2. a—-5 22+3 4 _ie+3 4 Cae on 
3 6 12 See 740S 
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5. 6r2+3 _ 32-1 _2r-9 6. 22+1 | 8 _ 2-1 
15 5-25 5 Qc—-1 427-1 2241 


In each of the following problems, let x represent the unknown quan- 
tity, then form an equation and solve it: 

7. Divide 38 into two parts whose quotient is 7/12. 

8. Divide 96 into two parts such that 3/4 of the greater shall exceed 
3/4 of the smaller by 6. 

9. I have $110 in one bank and $75 in another one. If I have $45 
more to deposit, how shall I divide it between the two banks in order 
that they may have equal amounts? 

10. A motor boat traveling at the rate of 12 miles per hour crossed 
a lake in 10 minutes less time than when traveling at the rate of 10 
miles per hour. What was the width of the lake? 
(Hint. Time = Distance + Rate.) 
11. A freight train goes 6 miles an hour less than a passenger train. 
If it goes 80 miles in the same time that a passenger train goes 112 miles, 
find the rate of each. 
12. A tank can be filled by one pipe in 10 hours, or by another pipein 15 
hours. How long will it take to fill it if both pipes are used at the same time? 
[Hinr. Let x=the number of hours. Then 1/z=the part both can 
fill in one hour.| 
13. Two pipes are connected with a tank. The larger one is an 
intake pipe which can fill the tank in 3 hours, while the smaller one is 
an outlet pipe entering at the bottom which can empty the tank in 4 
hours. With both pipes open, how long betore the tank will fill? 
14. A can do a piece of work in 16 hours, while B can do it in 20 
hours. If A works 10 hours, how many hours must B work to finish? 
15. An aviator made a trip of 85 miles. After flying 40 miles, he 
increased his speed by 15 miles an hour and made the remaining distance 
in the same time it took him to fly the first 40 miles. What was his rate 
over the first 40 miles? 
16. A 5-gallon mixture of alcohol and water contains 80% alcohol. 
~ How much water must be added to make it contain only 50% alcohol? 
17. What weight of water must be added to 65 pounds of a 10% 
salt solution to reduce it to an 8% solution? : 
18. A train 660 feet long, running at 15 miles an hour, will pass 
completely through a certain tunnel in 4912 minutes. How long is 
the tunnel? 
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5. Elimination. In case two simple equations (see §4) 
are given, each containing the two unknown values x and y, 
these values may usually be obtained by the process of 
elimination as is illustrated below. 


Examp.e 1. Solve the equations 


(1) 22+3y=2, 
(2) 5a —4y =28. 
Sotution. From (1) we have 
(8) 2x =2—3y. 
Therefore 2—3y 
C= ———* 
2 
Substituting this value for x in (2), we find 
2—3y ' { 
(4) 5\—,— ) —4y=28. 


In (4) we have an equation containing only y; that is, « has been 
eliminated from (1) and (2). Clearing (4) of fractions and simplifying, 
we obtain —23y=46. Therefore y= —2. 


Substituting —2 for y in (1), we find 
22—6=2, or 2x=8, or x=4. 
Hence the required values of 2 and y are x=4 and y= —2. 


Cumck. Substituting s=4 and y= —2 in (1), we have 
2X443(—2) =8—6=2, 
as desired. Likewise, with e=4 and y= —2, equation (2) is satisfied, 
since it becomes 
5X4—4&X (—2) =20+8 =28. 

The preceding method of solution, wherein the value of 
one of the letters, as x, is obtained from one of the equations 
and then substituted in the other equation, thus giving an 
equation, like (4), contaiming only one letter, is called 
elimination by substitution. Another common and very 
useful method of elimination is illustrated below. 


Exampiep 2. Solve the equations 


(1) 3x+4y =12, 
(2) Qa —5y =54. 


I, $5] 
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SoLution. Multiplying (1) by 2 and (2) by 3, the two equations 


become 
(3) 
(4) 


62+8y =24, 
6x —15y = 162. 


The coefficient of x is now the same in both (3) and (4) so that, upon 
subtracting (4) from (3), we obtain 


(5) 
Therefore y = —6. 


23y = —138. 


Substituting y= —6 in (1), we now have 


3x—24=12, or 34=36. 


Therefore x=12. Hence the required values of x and y arex=12, y= —6. 


EXERCISES 


Find, by any method of elimination, the values of w and y in each 
of the following pairs of equations. Check your answers in the first five. 


(5) doea3y, 
7 )3(1—z)=40—y. 


{ zen, 
6. 

7 4+3y=21 
j 

zr y 

sa} 

uf \e 2y 
a 
ee am 


r+ry «2-y 


2 3 


2 


5y—8  5a—3 
« “ ke 


11. 


ee =. a 
Bins! 
| 
las | 
ll ll 
[So] 


=18—5z. 


pies 
ih 


YES 
\ [Huvt, Solve first for 1/z and 1/y.} 


yee Dy i 
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5 6 Ses} 
13. : 14. 55 1} 
[e+e=73%. ae 


In each of the following examples, let x and y represent the desired 
unknown quantities, form two equations and solve. 


15. The sum of two numbers is 75 and their difference is 5. What 
are the numbers? 


16. One-third the sum of two numbers is 10, while one-sixth of their 
difference is 1. Find the numbers. 


17. A father’s age is 1% that of his son. Twenty years ago his age 
was twice his son’s. How old is each? 


18. A part of $2500 is invested at 6% interest and the remainder at 
5%. The yearly income from both is $141. Find the amount of each 
investment. 


19. A and B together can do a piece of work in 12 days. After A 
has worked alone for 5 days, B finishes the work in 26 days. In what 
time could each do the work alone? 


[Hivr. If 2=the time in which A can do it alone, and y=the time 
in which B can do it alone, then the part which A can do in one day 
=1/z, ete. See Ex. 12, p. 9 and Ex. 12, p. 11.] 


20. An errand boy went to the bank to deposit 38 bills, some of them 
being $1 bills and the rest $2 bills. If their total value was $50, how 
many of each were there? 


21. A grocer wishes to make 50 pounds of coffee worth 32 cents a 
pound by mixing two other grades, which are worth 26 and 35 cents 
per pound, respectively. How much of each must he use? 


22. One cask contains 18 gallons of vinegar and 12 gallons of water; 
another contains 4 gallons of vinegar and 12 of water. How many 
gallons of each must be taken so that when mixed there may be 21 
gallons containing half vinegar and half water? 


23. Two cities are 140 miles apart. To travel the distance between 
them by automobile takes 3 hours less time than by bicycle, but if the 
bicycle has a start of 42 miles, each takes the same time. What is the 
rate of the automobile, and what the rate of the bicycle? 


24. The perimeter of a certain rectangle is 16 feet. If the length 


be increased by 3 feet and the breadth by 2 feet, the area is increased 
by 25 square feet. What are the original length and breadth? 
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6. Graph of an Equation. In reviewing this topic, it 
is desirable first to recall the following fundamental ideas 
and definitions. 

Let two lines XX’ and YY’ be drawn on a sheet of squared 
(coordinate) paper, the line XX’ being horizontal and YY’ 
vertical. Two such lines constitute a pair of coordinate axes. 
XX’ is called the x-axis, YY’ is called the y-axis. The point 
O where they intersect is called the origin. 

Having chosen any point, as P, in the plane of the axes, 
draw the perpendiculars PA and PB. Then PA, which is 
parallel to the z-axis, is called the abscissa of P, while PB, 
which is parallel to the y-axis, is 
called the ordinate of P. The ab- aan 
scissa and ordinate taken together ; 
are called the coordinates of the 
point P. 

Thus, in Fig. 1, the abscissa of P 
is 3 units, while its ordinate is 4 units. 
Note that the z- and y- unit scales are 


indicated along the z- and y-axes, 
respectively. 


All abscissas measured to the 
right of the y-axis are taken as positive, while all abscissas 
measured to the left of the same axis are taken negative. 

Thus the abscissa of Q in Fig. 1 is —2; that of R is —3; that of S 
is +3. 

Similarly, all ordinates above the z-axis are taken 
positive, while all ordinates below the same axis are taken 
negative. 

Thus the ordinate of Q is +3; that of Ris —4; that of Sis —2. 

In reading the coordinates of a point, the abscissa is always 
read first and the ordinate second. 

Thus, in Fig. 1, P is the point (3, 4); Q is (—2, 3); R is (—3, —4); 
S is (8, —2). 
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Let us now consider the following simple equation con- 
taining the two unknown numbers, x and y: 


(1) ry=d. 


Since any pair of values (x, y) whose sum is 5 will satisfy this 
equation, it follows that there are an unlimited number of 
such (x, y) pairs, or solutions. For example, the following 
four pairs are particular solutions: 


(2) (#=6, y= —1);(x=2, y=3); (e@=4, y=$); @=8, y= — 3). 


If we now regard each of these solutions as the coordinates 
of a point, and locate (plot) the four points thus obtained, it 
will be found that they all lie upon 
one and the same straight line, as 
shown in Fig. 2. This line is called 
the graph of the equation (1). 

Similarly, the graph of any 
simple (first degree) equation con- 
taining two letters may be drawn. 
However, it may be observed that 
in order to draw the graph it suf- 
fices to plot merely two solutions, 
since two points completely de- 
termine a line. Such a line will necessarily pass through, or 
contain, all the other solutions. 

If, instead of one equation being given, there are two of 
them, as for example 


i Sa 
PCOS 


{ wty=6, 
@) (8x—2y = —2, 


and if we draw the graph of each, as in Fig. 3, then the point 

where the two graphs intersect will have as its coordinates a 

pair of values (x, y) which satisfies both of the equations at 

once; in other words, it will give their common solution. In 
/ 
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f*. 


the present case this is seen to be the point x=2, y=4. This 
common solution is the same as would be obtained if one 
followed the method of elimination 
described in § 5. Hence, Fig. 3 may 
be regarded as giving the graphical 
meaning of such a solution. 


NOTE. In exceptional cases, the 
graphs of two simple equations may 
turn out to be parallel lines so that 
they nowhere intersect. In such a case, 
the two equations have no common 
solution. 


EXERCISES 
1. Plot (on coordinate paper) each of the following points. 


2. Describe (a) the location of all points whose abscissa is zero; 
(b) of all points whose ordinate is zero; (c) of all points whose abscissa 
and ordinate are both negative. 


af Draw the graph of each of the following simple equations. 
oS e—y=5. 6. 2e—3y=1. 7. z—By=8. 9. Gr +7y=2. 


Jae 


q 

Cy 
te... \ 
4. 2n+y=3. 6. 22+3y=12. 8. 2x = dy. | “40, 5a — i fis —1, 


» Draw the graphs of each of the following pairs of equations and thus 
determine the values of x and y which form their common solution, if 
they have one. Check your results in each by solving by elimination 


(§ 5). F VA CH (” t f ; a 
fa+2y=3, x—2y=3, 17 else L 
as \2r+y=3 fe * |Yrty=2 
a+y=3, 4x—y=0, [8x—3y=—5, 
a poe: oe eo ee 18. 1 354-2y = 40 
/ x+2y=5, 4y—2x4=5, 82+4y =5, 
k i ce: af Pose a z—y="Y. | 
Past / S ie \ 
zi solar ‘3 
a co , | 
| ri te / ; af - or f = jj / 
L ’ Li 1 /3 VEA LAA thy L:. DK Aa, b/ i 9 


| 
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7. Literal Equations and Formulas. Equations in which 
some, or all, of the known quantities are represented by 
letters are called literal equations. The known quantities 
are generally represented by the first letters of the alphabet, 
as a, b, c, etc. Literal equations are solved by the same 
processes as numerical equations. 


EXAMPLE. Solve the following literal equation for a: 


ax=bx+7e. 
SotutTion. Transposing, we find 

ax—bx =e. 
Combining like terms, we have 

(a—b)x=7Tec. 
Dividing by (a—b), we obtain 

= Lice Ans 

a—b 


It is to be noted that a literal equation is said to be solved 
for the unknown number, as x, only when this number has 
been expressed in terms of the other (known) letters, as illus- 
trated in the preceding example. 

An important special class of literal equations are the so- 
called formulas that occur in geometry, physics, engineering, 


Fie. 4 


etc. For example, if a represent’s the length of the base of 
any triangle and h represents the altitude, then the area, A, 
of the triangle is given (determined) by the formula, 
i) 
(1) A=pah. 
Here the area is expressed in terms of the base and the 
altitude. 
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Similarly, the circumference, C, of any circle expressed in 
terms of the radius r is given by the following formula, in 
which T represents the incommensurable number, 3.1416 
(approximately), 


(2) C=2tr. 

Again, the area, A, of a circle in terms of the radius r is 
given by the formula 4 
(3) A=Tr’, 

As an example of an important formula in 
physics, it is readily seen that if an object 
moves during ¢ seconds with the constant 
velocity of v feet per second, then the dis- ae 

IG. 


tance, s, passed over is given by the formula 
(4) S=ut. 

Again, the following is an important formula in engineering: 
The horse-power, represented by HP, which a steam engine 
is delivering when the area of the i 
piston is A square inches, the pres- J 
sure of the steam per square inch 
is P pounds, the length of the piston 
stroke is L feet and the number of 
strokes per minute is N, is given by the formula 


Fic. 6 


5) ; ~ 33,000. 
The following important formulas from plane and solid 
geometry are to be especially noted: 


(6) h=a+0’, 
which is the theorem of Pythagoras concerning the square 
of the hypotenuse of a right triangle. 
4 
(7) =3ur, 


which gives the volume of a sphere in terms of its radius. 


| 


\ & 
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(8) A=4n7r'’, 
which gives the area of a sphere in terms of its radius. 
(9) V=arh, <a> 


which gives the volume of a right circular cylinder 
in terms of the radius of the base, 7, and the alti- 


tude, h. 

(10) A=2mtrh, Fic. 7 
which gives the area of the lateral surface of a right circular 
cylinder in terms of the radius of the base, 7, and the 
altitude, A. 


(11) Y= rh, 1 


which gives the volume of a cone of circular 
base, 7, and of altitude, h. 


(12) A=qnrl, Fie. 8 


which gives the area of the lateral surface of a 
cone of circular base, 7, and of slant-height, /. (— 
h h? 
(13) v=— e+ w+*|, 
2 3 
SF 


which gives the volume of a spherical seg- 
ment, or slice of a sphere between two par- Fie. 9 
allel cutting planes, in terms of its altitude, h, and the radii, 
a, b, of its bases. 
(14) V=2mtrh, 
which gives the area of a zone, or portion of the surface of 
a sphere lying between two parallel planes, in terms of the 
altitude, h, of the zone and the radius, r, of the sphere. 

The following formulas from physics and mensuration 
may also be noted. 

If an elastic ball (like a billiard ball) weighing W, ounces 
and moving with a velocity of V; feet per sccond strikes 
(impinges upon) a second ball of like size but weighing W. 
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ounces, the latter standing at rest, then, after the impact, 
the first ball and the second ball will move with velocities v, 
and v2 which are given respectively by the formulas 


ae Wa Vi ft. per sec., ve= M1 

Wi+W,2 Wi+W, 

It is understood in the experiment just described that the first ball 
moves directly toward the center of the second one before the impact. 
Both continue in this same line after the impact. 


PED ya a Ue Vi ft. per sec. 


EXERCISES 
Solve each of the following literal equations for z, checking your 
answer in the first five. 


1. av—1=0. 7 1749 
2. avtbr=c. ‘ x ab absz 
3. 3¢+b=x2—3b. —_ 2 6b 
Ae 

SN oe 9 oth ab b 

= Qbe  2bx? ox 
Bp =i 

Cc Sa Arts 10 a—b+e_ b—a+e 
6 a—b We x+a x—a 

f= eto 


Solve (by the method of elimination) for x and y in each of the 
following pairs of equations. 


11 {3a+5y =2a, 44, [302+ 2by =ab, 
" \2x—3y =4b. ‘| ax—by=ab. 
CL eine ae eS cil 
ca+dy=3. 15. 2° oY 
an) 
13 fax+by=m, ie grea 
* \ex+dy=n. ee, 


[Hivr. Solve first for 1/x and 
1/y. See Ex. 12, page 11] 


16. Divide a into two parts whose quotient is m. 

17. If A can do a piece of work in a days, and B can do it’in b days, 
how long will it take them if working together? (See Ex. 19, page 12.) 

18. If the base of a triangle is 3 feet long, what must the altitude be 
in order that the area may be 30 square feet? 

[Huvr. Use formula (1).] 


A y 
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19. If the area of a circle is 44 square inches, what is the value 
(approximately) of the radius? 


[Hinr. Use formula (3), taking 7 =34]. 


20. How long will it take a person to walk 1 mile if his rate of walking 
is 8 feet per second? 


21. An automobile traveled 7 hours at the rate of v miles per hour. 
By how much would this rate have had to be increased in order that 
the distance be covered in ¢ minutes less time? 


b 
22. The formula for the area A of a trapezoid 
whose bases are B and 6 and whose altitude is A is 
A=th(B+D). 
Using this formula, answer the following aa 10 


question: How long should the upper base of a 
trapezoid be in order that, if the lower base is 20 feet long and the 
altitude is 15 feet, the area may be 180 square feet? 


23. The inside diameter of the cylinder of-a steam engine is § inches, 
while the length of stroke is 114 feet. When the steam gauge registers 
a pressure of 60 pounds per square inch, how many strokes per minute 
must the piston make if the engine is to deliver 22 horse-power? Work 
by formula (5). 


24. The velocity, v, of sound, measured in feet per second, is given 
by the formula 


v=1090+1.14(¢—382), 


where ¢ is the temperature of the air in Fahrenheit degrees. 


Find (a) the velocity when the temperature is 75°; (6) the tem- 
perature when sound travels 1120 feet per second. 


25. Derive formulas for the following: 


(a). The number N of turns made by a wagon wheel d feet in diam- 
eter in traveling s miles. 


(b). The number N of dimes in m dollars, n quarters and q cents. 


(c). The value of a number containing three digits if the digit in 


unit’s place is a, the digit in ten’s place is b and that in hundred’s 
place is c. 
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26. The centrifugal force F, measured in pounds, with which a body 
weighing W pounds pulls outward when moving in a circle of radius 
~ feet with a velocity of v feet per second is determined by the formula 


ro 
vu 


32r 


Use this formula to answer the following questions. A pail of water 
weighing 5 pounds is swung round at arm’s length at a speed of 10.feet 
per second. If the length of the arm is 2 feet, find (a) the pull at the 
shoulder when the pail is at the uppermost point of its course; (b) when 
at the lowest point of its course. Also find the least velocity possible 
without water dropping out at the uppermost point of the course. 


27. The weight W that can be raised by 
the device shown in Fig. 11 is given by the 
formula 

_ 2alRP 
dr 


where P represents the pressure applied at 
the handle and where R, r, d and / have the 
lengths indicated in the figure. Show, by 
means of this formula, that if d be halved and 
the number of teeth on the wheel be correspondingly doubled to fit the 
new gear, other parts remaining the same, then twice as much weight 
W can ae raised as before with a given pressure P on the handle: 


8. career! The Lees of Cinanmren briefly exe! |y 
pressed in the following five formulas. 


if | aman =a7 tn. ~ GLA 
Thus 43. 42 — Br — 4°, / 
Il. (amram, Ghar, Gttrtrt 
pe Kale 
Thus (34) =3". 40 etrwer Mra wee 
; cass 3 er 3ta ea | 
mm. (ab)™=a™b™, ; g 


Thus (2:3). 27-3? ) 
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ar yeaa 

(6) ig 

Ne 2 
Thus (5) ~ ot 
We =a", 
of 

Tae Pewee 


These formulas apply not only when m and n are positive 
integers, but in all cases. 


Thus 98 . 27 


The use of formulas I—V in this universal way implies 
(as shown in elementary algebra) that the expression a 
must have the same meaning as the gth root of a’. That is, 
we have 


Pog 
VI. aqI=Va?re 
Thus 58 =V B= 25. 


Similarly, any quantity, as a, when raised to a negative 
exponent, as —n, must have the same meaning as the recip- 
rocal of a". That is, 


VII. a-"= i / 
qa" 
a 
Thus, 6-3 =—. 
63 


Again, for any value whatever of a, except 0, the expressicn 
a has the value 1. That is, when a is not 0 


vill. eat, aa ows 
FE: Ly’ P) \ a Sa 
L- LAC 4 hy 


YC yn =? \ 2 
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EXERCISES 
Find the results of the indicated operations in each of the following 


cases, using one or more of the formulas I-V. 4 f 
—_— 
1, 29..-2%. 12. (2). | A PNG 
bet, Be aCe 
- : —9)3 \2 
5 (2)'(2)' 13. {( 2) fe o0 5-2 
3/ \3 14) {a}: 232 8 ae / 
4, ol. 22, 16. (a°b*)’. 24, 49. 3-3. Aw 
5. g” gi. 16. (2y?)”. (25)(—-8)-4. - ' 
gk. grt 17. (mn®w)%, 26. ee A Ghd. \ 


A EA 
OW my: 18. 2 3\4 27. nt - bn. | 
\ : (4). (4) {(otb) a eet oat al +dha 258 \ 
ae: ee (“)- 29. c?+2-4, é 
: 30. (2~8)°, a) 
10. g” +4". ee a 10 ome 
yori, GEG = Gy 


: Write each of the following expressions with a radical sign, and 


then simplify as far as possible: en 4 Pe ie, 
3 See y-? . Y lt 
32. 83, : 4 Xy 
2 3 [ j a = ‘ 
Soturion. 83=V8? (Formula VI) } . 
=V64=4. Ans. ee we 


—_— ys, are 
33. 8%. 35. (—8)#. f a7. si? 39. (8. ar (Vy 
34. 97, 36. 273. 38. 64, 40. (y)?. 42. mint, 

43. Solve the equation a? =97, 
SOLUTION. Raising both members to the power —3, we have 


(a2) 4 = 27-8, 


or (using formula IT) K ee tess 


or (using formula VII) eg sf 
fy 


278 =, 
This answer for « may be simplified by noticing that we may Ris A 
a7e= (38) =32=9. Hence the final answer is ;. 
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44. Solve for z in each of the following equations. 


(a) 2%=2. (c) a b= —4h. (e) 13+32=0. 
(b) «#=27. (d) x a= —-3. (f) setae 
45. Multiply x +323 — Quit by 3-20 344-4, 
SOLUTION. 
2+3x2 —2x8 
3 —29 3449 8 
3a +9x8 —628 
—2x3 —6x8 +4 
+48 412-82 8 
3x 47x28 — 8x8 +16 —8x 3, Product. 
Multiply 


46. a—2a?+3 by 2a2+3. 

47. Qr8 —3x3 $4494 by 323 $4¢—225, 

48. ataé 42+a7bx4 by 2a-txt —4a-tat $420 "x8, 
Divide 

49, 5a-+2x5—223-+41 by 341, 

60. 22-2845 —2e8 e 14-2475: 


61, ~—aty 
y 


ae 

9. Simplification of Radicals. We know that the square 
root of the product of two numbers is the same as the product 
of their square roots. For example, 1/425 is the same as 
V/4X+1/25, because both are equal to 10, for the first is Vv 100, 
or 10, and the second is 2x5, or 10. In the same way, 


W/8X3= W/8Xv/3, or simply 34/3, Tn fact, we have the 
following general formula 


IX. Vab=Va ‘Vb. 


Again, 1/4/9 is the same as 1/4/\/9, because both are 
equal to 2/3. (Explain.) Similarly, ¥/5/8 may be written 
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3/e 3/O a : is 
v/5/~/8, which reduces to the more simple form $/5. So 
in general we have 


x. 2 ~via. 


Note that formula [IX may be regarded as a special conse- 
quence of formula III, while formula X is a special conse- 
quence of formula IV. 

The two preceding formulas enable us to simplify many 
radical expressions, as illustrated below. 

ExampLe 1. Simplify +/54. 

Sotution. Using formula IX, we have 

V54= V9X6= V9X V6=3V/6. Ans. 

Example 2. Simplify ~/32. 

Sonution. ~/32= W/8X4= W8X w/4=2 W4. Ans. 


EXampt_e 3. Simplify a 


SOLUTION. oe v8 _V4x V2_2V2 Ans. 
27 V2 V9XV3 38V3 
EXxampte 4. Simplify 4 28a. 
Sotution. V 2805s = V40°x7b = V4 X V'7b =202 V7. Ans. 
Examp.e 5. Simplify ¢ oe, 


Zz 
3 > 3 3/7 0 9 .3/ 
SOLUTION. <eey. _V8pX90? _ WB XV/ 922 = Sune Ans. 
Zz 


Va a 
EXERCISES 
Simplify each: of the following radicals. 
14/18: 2. 0/24. 3. 4/72. 
4.>/125. ~ 5. 4/99. 6. 1/32. 
7. 54. 8. 4/81. 9. v/32. 
72 3/ 24 
On 1, .3)22; 12. \/36a568. 
10-\55 135 ae 
13. /81min’. 14. \/4(a-+b)8. 15. V/27nhp2. 


16. 16h2k4 17. 3 16h2k4 18. 3(a+b)?c2d 
Vs 33 \ 4(a2— 62) 
ag 
Wise ‘s ~) oy ies I 
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19. Reduce 
1-—~+/2 
V6 


to an equivalent fraction having no radical in its denominator. 


Sotution. Multiply both numerator and denominator by ~/6, 


thus obtaining 5 i ¥ 
v6 avi or V6 os V3. Ans. 


LA Rh 


Reduce each of the following expressions to equivalent fractions 
having no radicals in their denominators. 


20, 2+V5. a1, 3V2—-V3. go, 3-2. 
24/7 2/6 3+/2 
[Hinr To Ex. 22. Multiply both numerator and denominator by 


3—v/2.] 


23. 8Va—-4Vb 4Vb 24. VeFit+3 
ar euis Varit2 
8V/2a—1+2V/a Va-Vb+Va+b 


10. Imaginary Numbers. Complex Numbers. An indi- 
cated square root of a negative quantity, as for example 

—4 or ~/—1/2, is called an imaginary number, or a pure 
imaginary number. Such a combination as 5++/—4, 
wherein a pure imaginary is added to an ordinary (real) 
number, is called a complex number. Every complex num- 
ber can be reduced to the typical form a+b+/—1, where 
a and 6 are properly determined real (positive or negative) 
numbers. Thus 5++/—4 becomes 5+2+/—1; likewise 
7—~/—3 becomes 7—+/34/—1; ete. In all problems involv- 
ing complex numbers, first put each in its proper form 
a+b ~/—1, then proceed according to the customary rules 
of algebra, remembering to substitute for («/—1)?, 
wherever it occurs, the value —1. 

In the exercises which follow, the symbol 7 is used for 
brevity to stand forV — 1, 


af ue ees ee 


~| 


A 
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EXERCISES 
Perform the indicated operations and simplify where possible. 


1. (1+7) (2-7). 
Sonution. (1+7)(2—7) =2+71-?=2+7i-—(-1)=3+7. Ans. 


Seq Aho) (2 4/5), 
[Hinr. First write as (1+ /2 7) C= 4/3%). Now proceed as in 
Ex. 1, obtaining the final result (2+ +/6) +7 (2+/2— +/3).] 


3. (ee Wet RY ip ah w/e) 


Express each of the following fractions with a denominator con- 
taining no radicals: 


Vie a ae eee 6. 22 Vv -3, 7, erbt, 
Te 2++/-3 a—bi 


8. If z= a DSi ies , show that 327+27+1=0. It follows that the 
indicated value a z is a root of the given equation. Such roots are 
ealled imaginary roots. 


9. Show that in each of the following the value given for z is an 
imaginary root (see Ex. 8) of the corresponding equation. 


(a) a ; tot1=0. 
(b) a ase + 27? —32+4+2=0. 
(c) oe eae = ; 4a?+102+7=0. 


10. Is e=2++/—3 a root of z?+2z+3=0? Why? 


For a further study of complex numbers see Chapter XV, 


page 231. | iif PER 3 


rary R, 


CHAPTER II 
QUADRATIC EQUATIONS} 


11. Solution by Inspection. Propiem. It is desired to 
cut out a rectangle which shall contain 4 square inches and 
be 3 inches longer than wide. What must be its dimensions 
(length and breadth)? 


SoLtution. Let x represent the breadth. 


Then «+3 will be the length and, by the 4 sq. in. 
rule for determining the area of a rectangle, 

we shall have X+3 
(1) x(x +3)=4, ae 
or 

(2) et 3e=4. 


We here meet with what is known as a quadratic 
equation, that is, one containing the square (but no higher 
power) of the unknown quantity x. Moreover, we see by 
inspection that the value x=1 satisfies this equation, since 
with «=1 the left side becomes 1°+3-1, which reduces to 4 
as required. The dimensions sought are, therefore, 1 inch 
and 1 inch + 8 inches, or 4 inches. Ans. 


12. Completing the Square in a Quadratic Equation. 
Suppose now that in the problem of § 11, we require that the 
area shall be 5 square inches instead of 4 square inches, other 
conditions remaining the same. ‘Then the equation which 
we shall have to solve will evidently be [compare (2)| 
(3) v’+3c=9. 

This equation is not easily solved by inspection, as was done 
with (2), but it can be solved, as we shall now show, by an 
ingenious method known as completing the square. — 

} This chapter may be omitted by those already familiar with the 


elements of quadratic equations. Such students may pass at once to 
Chapter II{, which deals with the general properties of such equations. 


28 


x 


on YY y ¢ a 


“~ 
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Add 9/4 to each member of (8), giving 


(4) oh 24 8rt7 =5+9 »or 2 eee “. 


2 
Here the left member is the same as (=+5) , since by 
the familiar formula 

(a+b)?=a?+2ab+b? 
we obtain 


(+5) <ebarty 
Thus, (4) may be written 
2 
(5) (245 y- =% x 


Equation (3) has now ‘taken a form (5) wherein the left 
member is a perfect square. Consequently we have only to 
extract the square root of each member of (5) in order to 
obtain 


[29 3 . 
{6) rt3= gp OF Bee 


—— 
from which it follows that Sy a 
1 3 ee . 
(7) tee N20 5 or Rag) Goere / 
Substituting for 1/29 its approximate Paige 5.385, as given 
in the Tes we ae finally be eee ea 5 
~= (5.385 —3)= ; of 2.885 = 1.192 (approximately). , 


Hence the required dimensions of the rectangle are 
(approximately) 1.192 inch and 1.192 inch + 3 inches=4.192 
inches. Ans. 

These values for the two dimensions are correct to three places of 
decimals. The exact values, of course, cannot be expressed decimally, 
since V 29 cannot be so expressed. 
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13. The Two Solutions of a Quadratic Equation. It is 
important to observe at this point that if we inquire simply 
what values of x satisfy the quadratic equation (3), that is, 
without any reference to the rectangle, we may find two such 
values. In fact, in passing from equation (5) to (6), we should 
remember that the square root of 29/4 is either +- 3V/29 or 
— §°/29, since either of these when squared gives 29/4. If 
we take the value + 31/29 we get (6), which leads to the 
value of x given in (7), but if we take — $+/29, we get in- 
stead of (6) the equation 


(8) r+5=—5V0, 
from which we obtain 
(9) 2= ~3/39—-3= —}/39+3) = —4,192 (approx.). 

In reality, then, there are two values of x which satisfy 
(3), namely $(/29—3) and —3(/29+3). These taken 
together are called the roots of the equation. In the rectangle 
problem of § 12 we could not use the second of these roots 
since it is a negative quantity, and there would be no meaning 
to a rectangle having negative dimensions. However, prob- 
lems frequently arise in which we can use both roots, as will 
be illustrated presently. 

For convenience, the symbol -+, read plus or minus, is 
frequently used in expressing the two roots of a quadratic 
equation. Thus, the two roots of (1) may now be expressed 
concisely in the form 


oe ’ if 
Da at 5 Vom or w=5(—3-= 4/99). 


14. Application to Any Quadratic Equation. A careful 
examination of the process followed in §§ 12, 13 for arriving 
at the two roots of the special quadratic equation 

v’+32=5 
shows that what was added to both sides in order to complete 
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the square on the left was 9/4, which is (3/2)?, or the square 
of half the coefficient of the first power of x in the given 
equation. More generally, it is now to be observed that if 
we have any quadratic equation of the form 


(10) e+mzr=n, 


where the coefficients m and n are given numbers, we may 
likewise complete the square and solve by adding to both 
members the square of half the coefficient of the first. power 
of x; that is, by adding (m/2)”. In fact, we thus obtain from 
(10) the equation 


e+tme+t (3) =n-+ (3); 


or 


after which we may evidently proceed in all cases to solve 
as in steps (5), (6), (7) and (8) of §§ 12 and 13. Thus we 
may state the following rule. 


Rutz. In order to solve any quadratic equation of the form 
v+mr=n 

first complete the square of the left member by adding the square 
of half the coefficient of x to both sides of the equation. Take the 
square root of both members of the resulting equation, giving the 
sign + to the right member of the result. Solve the two first 
degree equations thus obtained for x. 

It is to be observed that this rule applies only in case the 
coefficient of x? in the given equation is 1. It does not apply, 
for example, to the equation 


32?+52=12. 


However, in this case we have only to divide the equation 
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through by the coefficient of 2?, namely 3, in order to cause 
the equation to take the form 


5 
vrs r=, 


and to this the rule may now be applied directly, inasmuch 
as the coefficient of 2? is 1. Similarly, any quadratic equation 
whatever may either be solved directly by the rule or after 
division of both members by the coefficient of x? in case this 
coefficient is different from 1. Illustrative examples of both 
these species of applications occur below. 


Examp.eE 1. Solve the quadratic equation 
x’ —10r=5. 


Soxtution. Here, the coefficient of 2 being 1, we may make direct 
application of the rule. Thus, the coefficient of x is —10 so that the 
square of half this number, which is (—5)? or 25, is to be added to both. 
members, giving the equation 


x? —10x+25 =30 
which may be written 
(7 —5)? =30. 
Hence, extracting the square root of both members, we have 


2—5 = 1/30. 


The two desired roots are therefore 
x=h+ 1/30. 


Curcx. Placing the root 5++/30 for x in the left marapes of the 
given equation, we obtain —— — 
(5++/30)?—10(5+ +/30) 25-4103 0+30—50— 10V30 Bs, 


which, upon noting cancellation, reduces to the right member, Orb; 
Similarly, for the other root, 5— ~+/30, we have 
(5— /30)? —10(5 — +/30) = 25 —10+/30-+30 —50+10+/30=5. 
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EXAMPLE 2. Solve the quadratic equation 
227-32 —9=0. 
Sotution. The coefficient of x° being 2, we first divide through by 
2, transposing also the —9, in order to obtain an equation of the species 


mentioned in the rule. Thus, our equation becomes 


yaa 
gt=—% 


The rule may now be applied directly, the details being as. follows: 
Completing the square by a (—3/4)?, or 9/16, to both sides, 
OPO Oy eS 
5ttigé 2716-16 


Extracting the square root * each side, 


9 
i oe 


4 iG 
Hence the roots are ——— Pe 
39 ¥ 3 % 
a a 4? that i is f= Se 38 and 2= mie Wf 
Cunck. 2-3°—3-3=2-9-9=18-9-9. 


‘ 20 3 9 i \ 0 man 
Again, 2 *) = a(- s) =2- Jie ‘) =9t5=9. 


ORAL EXERCISES 
In each of the following equations, state what must be added to 
each side of the equation in order to complete the square, 


<_ 


1. 442=5. ) 9 8. Attend. (3) ~, 
2. 2+5e=—3, 2 \ 7. 2+2ar=10. ~~ /)\ | 
$3. 2—-7e=1, 8. 2+2(a+b)c=c. ~ 
7) 4. 24187=14,. 4 | 9. 22+(a+b)x=c. 
5. a2 —120=5. et 2 10. 22 -(m—n)x=p. 
\le EXERCISES 


Find the two roots of each of the following equations and check 
your answers. Whenever radicals present themselves, evaluate each 
root correct to three decimal places by use of the Tables. 


1. 2? 42r=1, 4. 3a? +42=7. 7,,.22+3$2? =4, 
2. 224+60=16. 5. 52?—62=8. 8, P45=n— 


3. 2?—8x—20=0. 6. 32°+72 =26. 9. 82? -—5r= 1. 


OSE ar a 


NJ 


Le 
> 6 Ay hd Ato FG 
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WO. 9x?—18¢+4=0. Pp ec 
AL 322-4147 =12. 35-12 98 oe 
. 3 +5 3 
9 2 2r—1 32-4 44—14 
12, —-1 =0. aia} 
52 z+2 As. zt+1 2-1 re 1—22 


[Hinr. First clear of fractions.] 
38x2+5 2x2 —5 
a e414" g—2 17. 32°—7x=—5. 
18. 3x(x-+1) —(#—2)(#+3) =2+(1—2)?. 
eat bad oars =, 

Bee ee Piie —aek , 

~/ . 3(2x—5)(x+1) —2(82+2)(2e—3) =2-9. > | 
15. Literal Quadratic Equations. Such equations are 


solved by the same methods as employed in solving 
quadratic equations with numerical coefficients. 


16. 22°+5r=—4. 


EXAmp_eE 1. Solve the equation 
2a? —ax = 5(t +a). 


Sotution. Clearing of fractions 
4a —2axc =ax-+a?. 
Hence 
4a? —3ax =a’, 
or e 
Same. 


o—Ta= 


Completing the square, following the rule in § 14, 


3a 3a\2 a? 9a? 25a? 
oes (% y'- =+(%2) =a eS eae 


Extracting the square root of each side, we | 


Whence the two roots are 


That is, the two roots are 
a _ 8a—5a 
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EXAMPLE 2. Solve the equation 


BP) x = 
rs ee SE pee 


Sotution. Clearing of fractions, we have : \ 
x(x-+1) —x(x@—1) =m(x—1)(x+1), ) 
or < 


Pta-#+0=me—m. 


Hence 
mz’ —2x=m, 
or 


2 
g——r=1. 
m 
Completing the square, 
2 1.\? 1\? m@+1 
aes (¢) ae (2) Sag 
Extracting the square root of is ae 
== —— — m+ 1. 
Hence, the two roots are 


aos mv Bobs aa ae V/m2+1). 
Since m?+1 is not a perfect square, these roots cannot be further 
simplified. 
EXERCISES 


Solve each of the following equations for x, reducing Mats answer to 
its simplest form. 


Ae 2? +4ax=12c". a2+2me=m. i 

2. 2°+-4ba = 210". (Be +2ma =m. 

3. 5ar-+6a? =622. 9. 2 —(a+1)x+a=0. 
10. a —(a?—1)x =a. 

4, 210°—4be =22. 3 ileal ee . 
- z+1 Cag Se 

5. 32?+4edx =15¢'d". re a, es J 
ia a a+b 
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1 


fr 
iy ESS 

(TA) 4(2?—1) =b(4e—5). 
(T6)\a(22—1) +2be—b=2(2x—1). 


_ 1 eth L 
(Oita ath tz / 

1 1 / 
17. aba” == Fone | ;. + t 


cl) a- bm 6 
18. Pig os arn | 


2Qa+en a—2¢ 8 


=H. 


19. 2a—x at2e 3 
x 1 Perla 

; —(1+— )e+-+-=0. 
20 a+b ico is 


16. Solution by Factoring. If, after arranging a quadratic 
equation so that its right member is zero, it is found that 
the left member can be readily factored, the roots of the 
equation can be obtained immediately without completing 
the square. The principle employed is the familiar one of 
arithmetic that if any one factor of a product equals zero, then 
the product itself equals zero. ; 


Exampte. Solve the equation 
vt+a=6. 
Sotution. Rewriting so that the right member is zero, 
v+e—6=0. 
Factoring, : 
(a —2)(a+3) =0. 
This equation will be satisfied, aceprding to the above principle, in 


case either «—2=0 or +3=0; that is, in case rx=2 or z= —3. The 
roots desired are therefore 2 and —3. 


17. Solving Equations of Higher Degree. Since the prin- 
ciple stated in § 16 applies to the product of any number of 
factors, equations of higher degree than the second frequently 
may be solved by this method. 


wy 


(I, § 17] QUADRATIC EQUATIONS 37 


ExampLeE 1. Solve the equation 
x(x—1)(a+2) (xa —4) =0. 
Sonution. Since the right member is 0, the equation will be satisfied 


in case x=0, or x—1=0 or 2 +2=0 or x—4=0. Hence the roots are 
0, 1, —2 and 4. 


EXAMPLE 2. Solve the equation z?—1=0. Factoring, we find 
(a—1) (a? +24+1) =0. 
The equation x—1=0 gives x=1 as one root. 


The equation z?+2+1=0 is a quadratic equation whose roots 
are found (by completing the square) to be —%4 + 144+/—3. 


The roots desired are therefore 1 and —-¥4g~+ bv -3. 


EXampLe 3. Solve the equation 


pty? =4(1+2). 
We have 
+2 —4(1+2) =0, 
or 
x (x+1) —4(x+1) =0. 
Factoring, 
(x+1)(a?—4) =0, or (x +1)(x—2)(2+2) = 
Hence the roots are —1, 2 and —2. 
EXERCISES 

Solve each of the fellowing equations by factoring. 

1. 2° +5¢+6=0. 2. x62 =27. 

3. 6x? —r—15=0. 

[Hinr. Factor into (32—5)(2x+3) =0.| 

4, 4¢?+5¢—6=0. 5. 122?—5z¢=3. 

6. 8a’z?+10ar =8. JL 2'=16. 7 

[Hint ro Ex. 7. Write first in form (x? —4) (a? +4) =0.] 

B. 2 =27. 

ag Recall the formula 2° —a? = (xr —a) (22 ++ax+<a?),] 

9. rt—52?+4=0. 12. 8(x3—1)+3(c—-1) =0. 
10. (2n-1) (62? + 42— as 0. 1-208 $0 =241. 
gi. 3(2?—-1) eee = Ase B= (a+d)c+ab =0. 

=, 

: aie A 


3 3y Zk a eB: | J 


aes ee ee 


; 


| 
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18. Equations in Quadratic Form. If an equation may be 
brought into the form of a quadratic by the use of a new 
letter it is said to be an equation in quadratic form. Having 
once brought it into such a form, its solution is readily 
effected by the methods already explained. 


Exampete 1. Solve the equation 


z* —132?+36=0. 
Sotution. Let 22=y. Substituting y for x? in the equation, we 
obtain y? —13y+36 =0. 


Solving, we find that the roots of this quadratic are 
y=4 and y=9. 
Hence 2?=4 and 27=9. Therefore x= +2 and z=+3, and these 
are the desired roots of the original equation. 


Examp.e 2. Solve the equation 
(22 —3)? —6(22 —3) =7. 
Sotution. Substituting y for 2x—3, we obtain 


y’ —6y =7. 
Solving, 
y=7 and y=-—1. 
Hence 
2x—3=7 and 2e—3=-—1. 
Therefore 


C= DPend sm — leans. 


EXAMPLE 3. Solve the equation «+ +/zx=12. 

Sotution. Substituting y for ~/z, we obtain 
y+y =12. 

Whence, solving, : 

y=-—4 and y=3. 


> 
V/x=—4 and V/2=3. 

Of these two possible values of +/z, we are here obliged to throw 
out the value —4, because the form of our original equation implies 
that, whatever « may be, its positive square root is to be used. Other- 
wise, the equation would have read x— +/z =12. 

From the remaining possibility, namely ~/z=3, we obtain upon 
squaring, +=9. 


Therefore 


ire 
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Therefore the equation has one root, namely «=9. 

CHECK. 94+ 4/9 =94+3=12. 

Note that if an equation contains radicals, care must 
be taken, as illustrated in the above solution of Ex. 3, to 
retain only those roots which satisfy the equation when each 
of its radicals is taken with its indicated sign. This will be 
further illustrated in § 19. 


EXERCISES 
Solve, by the method of substitution employed in § 18, each of 
the following equations and verify your answer in each ease. 


1. 2*—527+4=0. a imam a) X 4) 
2. 2t—727+12=0. +/O <aun! Been ick 4 
BAP 19-0. 2 Y Aa: 22-6 \/2n—1=8. 

A. 272! — 35° +8=0- [Hint. Adding —1tobothmem- __ 
5. (x—2)?+2(a— 2) = 3. bers, we obtain XK 2 
6. ee 2-3. (2-1) -—6 +/2z—1=7.] my 
ev, 3x*—5z we 18. 2=11—-3 »/z47. aia 
—54+2V2—5=8. fe BO) Sy ee 

\327° 8 +5273 =2. pS 

7 3=21—4>/e—3. ian 7 


ye ey oe F 
re £1225 15, 32 7x? =4., Sy 


Ome ge “2 AA 16. 22? — +/22-—22—3 =4249. 


= ot 7-20 -3v3, 


2 
Mf Hive. Let —— =y.] . 1. 


a+1 7422 7-22 2 ye: 
}. oa Equations. Byuatioris containing Patents . 
are frequently called radical equations. They may often be 
solved in the manner illustrated below. : 
Exampie. Solve the equation 
V2a+ + 9/8-£2 = ETE 
Souvrion. Squaring ~ oS. 2" ) 
( 2e+5-2/(Qc+5)@+2) +e+2=0-1. 
Collecting terms and transposing, 
—2+/(2a+5)(x+2) = —2a-8. 
or, dividing through by —2, 
V (20-+5)(2+2) = ae ' 


“tee — 
ae, a 
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Squaring again, 
(2x-+5) (e+2) =(x+4)?, 
or 
2a? +9xr+10=27+8r+16, 
or 
g’+ao=6. 
Solving, 


v=2 and x=—3. 

Of these values of x, we must retain only those which satisfy the 
given equation when due regard is taken of the signs of its radicals, as 
Sy aia at the close of § 18. Thus, with «=2, the equation becomes 
/9- =+/1, or 3—2=1. This being a true equation, r=2 is a 
root. a with z= —3, the equation becomes~/ —1— +/ —1= ~/ —4, 
or 0= Y —4, which is lee, Hence —3 is not a root. 


EXERCISES 


Solve, by the method shown in § 19, each of the following equa- 
tions and verify your answer in each case. 


1. e—-14+ /2+5=0. 

2. \/32+1—2+/22 = —3. 

8. /42+17+ V2+1—4=0. 

4. \/%e $1 =2 Ve— Vass. 

5. Va—@+ Va 2a = Vx+7a. 


22/52 — 22 —-1=———- 
Vda 22 Coral 


6 
7. V/4n484+ V2043= V5aF1+ Vae+5. 
8. V/a—z+ Vb—a= Vatb—2z. 


APPLIED PROBLEMS 


1. Divide 20 into two parts whose-product is 96. 

[Hinr. Let # be one part. Then 20—« will be the other pass ina 
we shall have x(20—a) =96.] ’ 

2. Find two consecutive numbers the sum of whose squares is 61. 

[Hinr. Two numbers are called consecutive when the larger is 1 
greater than the smaller.] 


3. A rectangular garden is 12 rods longer than it is wide and it 
contains 1 acre. What are its dimensions? 


4. By increasing each of the edges of a certain cube by 1 inch the 


feeds 
aes 
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volume became increased by 19 cubic inches. What was the original 
length of each edge? 


5. A polygon of n sides has $n(n—8) diagonals. How many sides 
has a polygon with 54 diagonals? 

6. The inner of two concentric circles has a radius of 1 inch. What 
must be the width of the ring between the circles in order that its area 
may equal that of the inner circle? 

[Hinr. The area of a circle is (approximately) 22/7 times the square 
of its radius. | 

7. If a train had traveled 6 miles an hour faster it would have 
required 1 hour less to run 180 miles. How fast did it travel? 

[Hint. Time = Distance +Rate.] 

8. A man can row down stream 16 miles and back in 10 hours. If 
the stream runs 3 miles an hour, what is his rate of rowing in still water? 

9. Several persons hired an automobile for $12, but three of them 
failed to pay their share and as a result each of the others had to advance . 
20 cents more. How many persons were in the party? 

10. A cistern is filled by two pipes in 18 minutes; by the greater 
pipe alone it can be filled in 15 minutes less than by the smaller. Find 
the time required to fill it by each. 

11. From three equal sticks are cut off lengths of 7, 8 and 15 inches 
respectively; the remaining lengths form a right triangle. How long 
were the sticks? 

_[Hinf. See formula 6, § 7.] 

12. What is the area of a square whose diagonal is 1 foot longer 
than a side? 

13. A rectangle of perimeter 34 inches is inscribed in a circle of 
diameter 13 inches. Find its sides. 

14. In order to get from one corner of a rectangular city park to the 
opposite corner I must go 160 yards round the sides, and of this amount 
I could save 40 yards if I were allowed to cut diagonally across. What 
are the dimensions of the park? 

15. Two airplanes pass over Chicago, one flying east at 40 miles 
an hour, the other south at 30 miles an hour. The faster machine passes 
at noon and the other one-half hour later. When are the machines 136 
miles apart? 


16. The formula 
h=a+vt—16t? 


ower 


Pre eicly dy Vx | ag yi aii Xt | 
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gives, approximately, the height h of a body at the end of ¢ seconds if it 
is thrown vertically upwards, starting with a velocity of v feet per second, 
from a position a feet high. 

From the above formula, show that 


me + V2v2+64(a —h) 
= 32 
Explain the physical meaning of the double sign. 


17. By means of the result in Ex. 16, find how long it will take a 
sky-rocket to reach a height of 796 feet if it starts from a platform 12 
feet high with an initial velocity of 224 feet per second. 


18. When a body is thrown vertically downward from a point a feet 
high and with an initial velocity of v feet per second, its height at the 
end of ¢ seconds is given by the formula h=a—vt—16i*, which, when 


solved for t gives 
—v+/2+64(a—h) 
32 ; 
By use of this result, find to the nearest second the time it will take a 
ball to reach the ground if thrown vertically downward from the top 
of the Eiffel Tower with an initial velocity of 24 feet per second, the 
height of the tower being 984 feet. 


19. A stone is dropped into a well and 4 seconds afterward the 
report of its striking the water is heard. If the velocity of sound is taken 
as 1190 feet per second, what is the depth of the well? 

[Hinr. See Ex. 18.] 


20. When s feet of wire are stretched between two poles L feet 
apart (the two points of suspension being regarded as of the same height) 
the sag d of the wire in feet is given approximately by the formula 


ope BLs—322 
8» 


Solve this formula for Z and interpret your answer. 
° 


21. The whole surface S of a right cylinder of height h and radius r 
is given by the formula S=2mr(r+h). Solve this for r and interpret 
your answer in words. 


= 


(Compare Ex. 16). 


22. A soap-bubble of radius 7 is blown out until the area of its outer 
surface becomes double its original value. Show that the radius has 
thereby been increased by the amount r (4/2—1). 


[Hinr. The area of a sphere whose radius is r is 4m?,] 


+ ,CHAPTER III 


PROPERTIES OF QUADRATIC EQUATIONS 


20. The Typical Form of Every Quadratic. We may 
evidently regard the equation 
(1) ax’+be+c=0 
as the typical form of every quadratic equation, because every 
quadratic, being of the second degree, can be brought into 
the form (1) by a suitable rearrangement of its terms. It is 
to be here understood that the coefficients a, b, and c repre- 
sent numbers which are in no wise dependent upon the 
unknown number represented by the letter xz, and that a is 
not zero, for if it were, (1) would reduce to bx+c=0 and 
hence no longer be an equation of the second degree. 


. : 
EXERCISES om. eS XxX — 


Arrange each of the following quadratic equations in the typical 
form (1) and state the values of a, b, and ¢ for each. 
1. 2e?+5=2(2—1)+7. 
Sotution. Transposing all terms to the left, we have the new equation 
Qa? +5 —2?+2—7=0, or, combining, z7+27—2=0. 
This is in the form (1) with a=1, b=1, c= —2. 


2. 32(z—1) =22 420-1. Lee ee 
Tin BRL 
8. 422 =(z—1)(e+1). Sr See Rar LO 


Sotution or Ex. 5. We have 2?+2mar+m?+2? —2mx+m? —5mx =0. 
or, combining terms, 
22? —5mx+2m? =0. 
This is in the form (1) with a=2, b= —5m, c=2m’. 


he apt , 
6. 22+" = (m-tn)e. YM 8. a+ (ma +b =. 
(| SEL git inl aia 
z—q 2 z+2 2-2 2(4—22) 
43 
5 / Ya Z " , b 


2 


({AY'N% 
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0 ;21. Solution of the General Quadratic. Since the equation 
(1) ax’?+ba+c=0 
is the typical form of every quadratic, it is spoken of as the 
general quadratic equation. We may regard it as a literal 
equation (§ 7) and solve it by the method of completing the 
square (§ 12) as follows: 

Transposing the term c to the right, then dividing through 
by a and finally adding [b/(2a)}? to both members of (1), it’ 
becomes 


: aires ens 
@) at b+ (2) = +(2): 


The left member is now a perfect square, namely 


b 2 
(=+2) 


while the right member readily reduces to 


b?—4ac 
4a? 
Thus (2) is the same as 
b\? &—4ac 
eens: 
8) Eee 4a? 


By extracting the square root of each eee of (3) we 
obtain 


b b?—4ac 
(4) thos eV eee eA 
2a ° 2a 
Hence, upon transposing the b/(2a) in (4), it follows that 
the two values of x (which for convenience we will now call 
gz, and 2) which satisfy (1) must be. 


fr (5) —b+~V b? — 4ac cts Vb? — 4ac 4ac 


Xj= 


2a ; 2a 
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These, then, are the values of the two roots, or solutions, 
of (1). By means of these formulas, we may at once solve 
any given quadratic, as illustrated below. 


ExamMpLe. Solve the quadratic 427+82—5=0. 


Sotution. Here a=4, b=8, c=—5. Substituting these values for 
a, b and cin the formulas (5), it appears that the two roots in the present 
case (when written together in condensed form) are 


—8+ 8—4(4)(—5) 
2-4 
which reduces to 


—8++V/144 .. —8+412 
eee Vio O5 : 
8 8 
Taking the + sign, this becomes (—8+12)/8, which reduces to 1/2, 
while if we take the — sign, it becomes (—8—12)/8, which reduces to 
—5/2. 
The two desired solutions are therefore 1/2 and —5/2. 


Cuucx. 4(4)?+8(4) -5=44)4+4—-5=144-5=0. 


Again, 

2 

5 G5) b5 28 8) _5-25-20-5=25-25= 
a(—8) +8( 5) _s=4(28)-8(5 5 =25—20—5=25—25=0. 


EXERCISES 
Solve each of the following quadratic equations by use of the for- 
mulas (5). 
1. 20?+-52+2=0. pe 10.2 —me =mn—ne. 
(2)32?+112+6 =0. f q [Hinr. First arrange in the 
3. 622 —72+2=0. form (1). See § 20.] 
4. 49? +47 —15=0. 11. 2?+-mez=mn-+ne. 
5. 32?—132=10. [2 12. &-3be =2a0—6ab. 
2432-1. nO ee 18. 0° +-4ma-+3nx = —12mn. > 
32? +27—4=0. pve, 14. g—2ax—a=0. a ———~ *, 
8. 32’—62 = —2. 15. 62?+3ar=2br+ab. 
@ #-60+10=0. — 16. 2?+pr+q=0 3 


AT, By substituting into equation (1) the values of 2; and 2 given 
‘g in (5), verify the fact that 2 and <2 satisfy (1). 


: 
‘ 1 a 4 i 
ae a. Kz 
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22. Nature of the Solutions. Discriminant. If the coeffi- 
cients a, b, c in (1), § 21, are real numbers, the form of the 
two solutions (5) there obtained shows that neither solution 
can be imaginary unless the expression b?—4ac has a negative 
value. In fact, these solutions contain no radicals except 
4/b?—4ac and this is imaginary only when 6?—4ac has a 
negative value (§ 10). If, then, the coefficients a, b, c of any 
given quadratic (1) are such that b?—4ac is positive the two 
solutions will be real, while if b?—4ac is negative the two solu- 
tions will be imaginary. 

Moreover, if 6?—4ac-is equal to zero, the two solutions will 
be equal to each other, since then ~+/6?—4ac reduces to zero, 
so that each of the two roots [see (5)| reduces to the simple 
expression —b/(2a). 

Finally, if b?—4ac is a perfect square, it is possible to find 
the exact value of 1/b6?—4ac and hence, in case a, b, ¢ are 
rational numbers, it then follows from (5) that the two roots 
of the given equation will reduce to rational numbers; while 
if, on the other hand, b?—4ac is not a perfect square, the two 
roots of the given equation will not be so reducible and will 
therefore be irrational. ¥ 


{The precise meaning of the terms rational number, irrational num- 
ber, real number, and imaginary D ber, is as follows: A real number 
is one whose expression does not require the square root of a negative 
quantity, while an imaginary number is one whose expression does 
require such a square rooty Tf can be shown that all numbers of algebra 
fall into one or the other of these two general classes. Thus 1, 3, —2, 
1/2, —2/3, »/2, 1++/3 are all real pumbers, while \/—2, »/—1/2, 
2++/ —3 are all imaginary. Moreover, whenever a real number can be 
expressed in the particular form p/q, where p and q are integers (positive 
or negative, or zero, except that q must not be zero) it is called a 
rational number, while if it cannot be so expressed it is called an 
trrational number. Thus, 1/2, —2/3, 4/7, 5, 73, —10 are rational, 
while 1/2, —/5, V/2/3, W/1/2, W/9, 14+-+/6, = are irrational. 

For the definitions of pure imaginary number and complex 
number and a study of their properties, see § 10, page 26. 


=a 
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In summary, then, we may state the following rule. 

Rute. For any given quadratic equation ax?+ba+c=0 
whose coefficients, a, b, c are real numbers, the two roots will be 

(1) Real and unequal if b?—4ac is positive; 

(2) Real and equal if b*>—4ac=0, each root then reducing 
to—b/(2a); 

(3) Imaginary if b?—Aac is negative. 

Moreover, if the coefficients a, b, c are rational numbers, the 
two roots will be 

(4) Rational if b?—4ac is a perfect square; 

(5) Irrational if b?—4ac is not a perfect square. 


Because of the manner in which the nature of the solutions 
of a quadratic equation thus comes to depend upon the 
value of b?—4ac, this expression is called the discriminant 
of the quadratic equation. 

Exampie 1. Determine (without solving) the nature of the roots 
of the quadratic equation 

x—Tr—8=0. 

Sotution. Here a=1, b=—7, c=—8. Hence the discriminant, or 
b?—4ac, has the value (—7)?—4(—8) =49+32=81, which is positive. 
Therefore, by (1) of the rule, the solutions are real and unequal. 

Moreover, since 81 is a perfect square, namely 9”, it follows from (4) 
of the rule that the two solutions are rational. 

These results may be checked by actually solving the equation and 
examining the nature of the solutions thus obtained. 


Exampiz 2. Determine the nature of the roots of the equation 
32?+2r+1=0. 
Sotution. Here a=3, b=2, c=1. Hence, b?—4ac=4—-12=—-8. 
Therefore, by (3) of the rule, the solutions must be imaginary. 


Exampte 3. Determine the nature of the solutions of the equation 
4g? —4¢-+1=0. 
Sotution. Here a=4, b=—4, c=1. Hence b?—4ac=16—16=0. 
Therefore, by (2) of the rule, the two solutions must be real and 
equal. 
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EXERCISES 


Determine (without solving) the nature of the solutions of each of 
the following quadratic equations. 


1. 2? +524+6=0. 8. 2te=—l1. 

2. x —7x—30=0. 9. 927—62-+1=0. 
3. 22? —32+2=0. 10. 42?+62—4=0. 
4, 22?—47+1=0. 11. 227—97-+4=0. 
5. 327—x—10=0. 12. 72?+32=0. 

6. 2’—2=1. 13. 42?+160+7 =0. 
7. ¢+c2=1. 14. 97?+127= —4. 


15. For what values of m will the roots of the quadratic equation 
mx?+10x+1=0 be equal? 

Sotution. Here (using the language of §20) a=m’, b=10, c=1 
and hence b?—4ac =100—4m?. According to § 22, the roots of the given 
equation will therefore be equal if m be so determined that 100 —4m” =0, 
that is, if m?=25. Therefore the desired values of m are +5 and —5. 


16. In each of the following quadratic equations, find the value (or 
values) of m which will render the roots equal, and check your result 
by actually using this value and sa the resulting equation. 


(a) a?+12%-+8m=0. va (2a-+-m)? =8a. 
LV b) (m+1)a?-+-mae+m+1=0. Xm? +-22 —~6mz—6e+-6m-+1 =U} 
bye Fox what values of & will the roots of the following quadratic 
equation in x be equal? 


a (mak)? +b? = ab. 


23. The Sum and Product of the Solutions. We have seen 
(§ 21) that the two solutions a, x, of any quadratic equation 


ax’?+ba+c=0 
are given by the formulas 
|, na et vi 4ac _ -b--V = 400 
y 2a 2a 


It is now to be observed that if we add these two solutions 
together, the radical cancels and we obtain the simple result 


—2b b 
Oia aoe ee 
2a a 

tae 

f rd 2 Lee 


ie 
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Again, if we multiply the two solutions together, the result 
reduces to a very simple form. Thus 
(—b)?—(+/?—4ac)? _—(—4ar) “4ac.. ¢ 

4c; 4c — 4a2 a 

These results for 2;+22 and 2-2. may be summarized in 
the following useful rule: 

Rue. In the general quadratic equation az*+bx+c=0, 
the sum of the two solutions is —b/a, while the product of the 
two solutions ts c/a. 

Exampie. State the sum and the product of the solutions of the 
equation 327—2r+6=0. 

Sotution. Here a=3, b= —2, c=6. Hence the swm of the solutions 
is —(—2)/3, or 2/3, while their product is 6/3 =2. 


MW: = 


EXERCISES 
State (by inspection) the sum and the product of the solutions of 
each of the following equations. Check your answer in Exs. 1, 2, 3, 4 
by actually solving these equations and thus obtaining the sum and 
product of the two solutions. 


1. 3a?+62—-1=0. 4. 5e?9—4242=0. 7. 2? ++/32-V5= 
2. 2—5e4+3=0, 5 6x +72=42. 8. 2-Lpr=¢. 
3. 2-2r+1=0. 6. P+sets=0. 


9. Show that in the quadratic equation z?-+-mr+n=0 the sum of 
the solutions is —m and their product is n. This gengras result may be 
stated in the following useful rule: 

Route. If in a quadratic equation the coe ficient of 2 is 1, the sum of 
the solutions will be the coefficient of x with its sign piaieem while the 
product of the solutions will be the remaining (last) term. 

Explain and illustrate this in the case of the equation z?—102-+12=0, 

10. Apply the rule stated in Ex. 9 to determine the sum and the 
product of the solutions of each of the following quadratic equations. 


(a) 2?—4r+3=0. (e:) —+/24+/5=0. 

(b) 22+2—1=0. (f) 222—52+3 =0. 

(c) «?—10x+13=0. [Hint. First divide through by 2.] 
< 1 

(d) eset 50. (g) 82°+22— V5=0. 


oO) 
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24. Formation of Quadratic Equations Having Given 
‘Solutions. We have seen in Chapter IT (also in § 21) how to 
solve a given quadratic equation, that is, how to determine 
the two values of the unknown number z which satisfy it. It is 
frequently desirable to reverse this process, that is, to deter- 
mine the quadratic equation which has two given numbers 
as its solutions. This can always be done, as is shown below. 

Exampte. Form the quadratic equation whose solutions are —5 
and 2. 

So.tution. If «=—5, then x+5=0. Likewise, if x=2, then 
x—2=0. Hence the equation (w+5)(«—2) =0, or 2?+3x—10=0, will 
be satisfied when either c= —5 or x=2. (See $16.) 

The desired equation, whose solutions are —5 and 2, is therefore 


+32 —10=0. 
This result can be checked, of course, by solving the equation thus 
found and noting that its solutions turn out to be —5 and 2, as desired. 


Similarly, if the given values are any two numbers a and b, 
the quadratic equation having these values as its solutions is 


(x—a) (w—b) =0, or 2—(a+b)r+ab=0. 


| < 


EXERCISES 
Form the quadratic equations whose roots are as follows: 
tees \ L& V8; —-V2 11, 244/2,2—+7/2. 
2. —1, —2. A> al 
YO 21, V5. 12. 24.4/3. 
oe es a 
3 ate pS ad ere et” 
rho eas Drs 2. ia -384V®. 
$09) 8 9.3m, —2m. ve $ 
5. \/2, V3. 10. (a—b), (ib), \* 9% 59(-1+V2). 


\/15. Show that in case the quadratic equation az? + be + c = 0 has 
one solution double the other, then 2b? = 9ac. 

[Hinr. Let be one solution. Then, from what the problem assumes, 
the other root will be 2r._ Now form the quadratic having r and 2r as 
its,solutions, and examine the coefficients. ] 

16. Show that in case the quadratic equation az? + bx + c = 0 has 
one solution three times the other, then 16ac = 3b. we / 


eee 


Ly \ 
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25. Graphical Solution of Quadratics. Consider the quad- 
ratic equation 


(1) 2?—3x—4=0. 
Let us represent the left member by y; that is, let us place 
(2) y=2—3r—4. 


Now, if we give to x any special value, equation (2) deter- 
- mines a corresponding value for y. For example, if r=0, 
then y=0?—3X0—4=—4. Again, if r=1, then 
y=12—3X1—4=-—6. 
The table below shows a number of 2-values with their 
corresponding y-values determined in this way. 


Whenz= | 01 1 2 3 4 5 |G brci seaS 


then y= |—4|—6|—6/—4| 0| 6| 14] O| 6] 14 


The graph of the equation (2) is now obtained by drawing 
a pair of coordinate axes, as in § 6, then plotting each of the 


points (a, y) which the table contains, ACR) 
and finally drawing the smooth curve Hf 


passing through all such points, as eee 
in Fig. 13. Observe that this graph at iY 
is not a straight line and hence is FIP {4} 
essentially different in character from in Seeate 
the graph of a linear equation (see § 6.) jf 
And it is especially important to note aeere af 
that the graph here cuts the z-axis in CE tas 
two points whose z-values (abscissas) HH} Sect 
are respectively —land4. Thesespecial [[[\ JO TT J IX 
x-values, determined in this purely aaa eS 
raphical way, are the two solutions of ' 

grap Y) Bes a 


the given equation (1), for they are those 
values of x which make y=0, that is, 
that make w?—3r—4=0. Fie. 13 
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The graphical study which we have just made for the 
special equation x?— 32—4=0 leads at once to the following 
general statements. 

Every quadratic equation has a graph which is obtained by 
first placing y equal to the left member of the equation (it being 
understood that the right member is 0), then letting x take a 
series of values and determining their corresponding y-values, 
plotting the points (x, y) thus obtained, and finally drawing 
the smooth curve through them. ; 

The x-values of the two points where the graph cuts the 
x-axis will be the solutions of the given quadratic equation. 


EXERCISES 


Draw the graphs of each of the following equations, and note 
where each cuts the z-axis. In this way determine graphically the 
values of the solutions, and check the correctness of your answers by 
actually solving the equation. 


1. 227—x—-2=0. 5. 2e?+52+2=0. 
2. «—102+24=0. 6. 2? —72-+12=0. 
3. 2?—-2r—15=0. 7. 2°+7x+12=0. 
432" ~ 82 =3. 8. 227+32 =9. 


26. Determining Graphically Whether Solutions Are Real 
or Imaginary. In order to apply the method described in 
§ 25 for determining graphically the solutions of a given 
quadratic it was essential that the graph should cut the 
x-axis. However, quadratic equations may easily be found 
whose graphs do not cut or touch the z-axis at all. For 
example, consider the equation 


(1) 2? —62-+-15=0. 
Proceeding as in § 25 to draw the graph, we place 


(2) — y=r—6r+15, 


eh 
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and determine various pairs of values (a, y) which satisfy 
this equation. The table below shows several such (2, y) 
pairs. 
When z= 4 
then y= 
Plotting the various points (xz, y) thus obtained and draw- 
_ ing the curve through them, we obtain the graph indicated in 
Fig. 14. It is to be noted that this graph 
lies entirely above the «z-axis, thus not 
cutting (or touching it) in any manner. 2 
The significance of such a result is that 1 
the two roots of (1) are imaginary. If 
they were real, the graph would cut the 1S 
x-axis, as shown in § 25. In reality, we Srao 
find upon solving (1) that its two solu- 
tions have the following imaginary [+0 
values: ; 


r=3tvV —6. eA 


Thus, in general, we have the follow- 


ing result: Bega. 
The solutions of a quadratic equation 1 


0 1 


M 


0 a 
Bae 


are real or imaginary according as its graph 1 5 
does or does not cut or touch the x-axis. Hemi 
EXERCISES 


Find, by drawing the graph, whether the solutions of each of the 
following equations are real or imaginary. 

1. 2? 4+2c+3=0. 3. 2?—-22+3=0. 5. 62°+5¢+1=0. 

2. x’4+2c—3=0. 4. 37°+4r+1=0. 6. 22?—32+4=0. 


27. The Nature of the Solutions Considered Geometri- 
cally. We have seen in §§ 25, 26 that whenever a quadratic 
has two distinct real solutions its graph will cut the x-axis in 
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two points, while if the solutions are imaginary the graph 
fails to cut the z-axis at all. Suppose now that we have a 
quadratic equation whose two solutions are real and equal 
to each other, for example the equation 
(1) 4a2—122+9=0. 

Here the discriminant (§ 22) is equal to 

(—12)?—4X4xX9=144—144=0, 

so that the roots must be equal by the rule 
of § 22. 

If we now proceed to draw the graph 
corresponding to (1) in the usual manner 
by placing y=4a?—122+9, it appears that 
the resulting graph just touches the a-axis 
instead of actually cutting through it. This 
was to be expected, since the equality of 
the roots means that there is but one root, 
and this, when considered as in § 26, can 
be possible only when the graph merely touches (is tangent 
to) the x-axis. 

Thus, in general, we have the followimg result. Jf the two 
roots of a quadratic equation are real and equal, the graph of 
the equation will be tangent to the x-axis, and conversely. 


ERE eES 
HARES SE 
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EXERCISES 


Draw the graph of each of the following equations and examine 
whether they do or do not illustrate the statement at the end of § 27. 
If not, what statement zs illustrated (see §§ 25-27)? 

. 


1. 2?—22+1=0. 5. x7—-27—8=0. 

2. 1?—6r+12=0. 6. 327+4r2+1=0. 
3. 2?+6r+12=0. 7. 327+47+2=0. 
4. 40?+47+1=0. 8. 427-127 +9=0. 


CHAPTER IV 
SIMULTANEOUS QUADRATIC EQUATIONS 


I. OnE Equation LINEAR AND THE OTHER QUADRATIC 


28. Graphical Solution. In §6 we have seen how to 
determine graphically the solution of two simple (first 
- degree) equations each of which contains the two unknown 
numbers x and y. The method consists in drawing the graph 
of each equation, then observing the x and the y of the point 
where the two graphs intersect. The particular pair of 
values (x, y) thus obtained constitutes the solution. 

We often meet with a pair of equations similar to those 
just mentioned except that one (or both) of the equations is 
not of the first degree. For example, consider the pair, or 
system, of equations 
(1) z—y=1, 

(2) ey? = 25. 

In order to solve this pair of equations, that is, to find the 
particular pair (or pairs) of values (x, y) which will satisfy 
them both, we may proceed graphically in a manner precisely 
analogous to that employed in the study of simple equations. 

Thus the graph of (1) is found (as in § 6) to be the straight 
line shown in Fig. 16. In order to draw the graph of (2), we 
first solve this equation for y in terms of 2, thus obtaining 


(3) y= + V/ 25-2’. 

By giving various values to z in (3), we obtain the y-values 
corresponding to each. The table below shows the y-values 
thus obtained corresponding to x=0, +1, +2, etc., tor=-+5. 


then y= | £+/25| +V/24| +V21| +V16| +V9 ae 


= | +5 4.8 +4.5 +4 +3 
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Observe that to z=0 correspond the two values y=-£5; 
similarly to z2=1 correspond the two values y=+4.8 
(approximately), etc. 

Moreover, if we assign to x the negative value, x= —1, we 
find in the same way that corresponding to it y has the two 
values, y=+4.8. Likewise, for 
x=—2 we find y=+4.5, etce., 
the values of y for any negative 
value of x being the same each 
time as for the corresponding 
positive value of x. 

Plotting all the points (a, y) 
thus found and drawing the 
smooth curve through them, we 
obtain as the graph the curved 
line shown in Fig. 16. This curve 
is a circle, as appears when we 
plot more and more of the points (a, y) pertaining to the 
equation (8). 


Note. The form of (3) shows that there can be no points in the 
graph having x values greater than 5, for as soon as x exceeds 5 the 
expression 25—2” becomes negative and hence +/25—22 becomes imag- 
inary, and there is no point that we can plot corresponding to such a 
result. Similarly, it appears from (3) that x cannot take values less 
than —5. 

Thus the graph can contain no points lying outside the circle 
already drawn. 


Returning now to the problem of solving (1) and (2), we 
know (§ 6) that wherever the one graph cuts the other we 
shall have a point whose x and y form a solution of (1) and 
(2), that is, we shall have a pair of values (2, y) that will satisfy 
both equations at once. From the figure it appears that there 
are in the present case two such points, namely (x=4, y=3) 
and («= —3, y= —4). Equations (1) and (2) therefore have 
the two solutions (c=4, y=3) and (w= —3, y= —4). Ans. 
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Cuecx. For the solution (e=4, y=3) we have r—y=4—3=1, 
and 27+y?=16+9=25, as required. 

For the solution (c= —3, y= —4) we have r—y=—3—(—4)=1, 
and 2?+y?=9+16 =25, as required. 

The following are other examples of the graphical study 
of non-linear simultaneous equations. 


Examp.Le 1. Solve the system 
(4) 2x —9y+10=0, 
(5) 42? +97? = 100. 

Sotution. The straight line representing the graph of (4) is drawn 
readily. To obtain the graph of (5), we have 


Oy? = 100 —42”. 
Hence 
y” =4(100 —42”) = $(25—2’), 
and therefore 
(6) y= 43/25 —2’. 
Corresponding to (6), we find the following table: 


£30/ 25 | £31/ 24 | £37/ 21| £37 16 |£37/ 9] +37 O| imaginary 
+2(5) | +2(4.8)|+3(4.5)}+3(4) |+3(8) |40 imaginary 
+3.2 +3.0 +2.6 =+-2 0 imaginary 


For any negative value of x, the y-values are the same as for the 
corresponding positive value of x. (See the ‘discussion of (2).) 


The graph thus obtained for (6), 
or (5), is an oval shaped curve. It 
belongs to the general class of curves 
called ellipses. 


The two graphs are seen to inter- Sena Boos 
sect at the points ified 2) a AL ted 
eae 
(@=4, y=2) and @=—5,y=0). [PTT Perry et te 


Therefore the desired solutions of 
(4) and (5) are (e=4, y=2) and («=—5, y=0). Ans. 
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Example 2. Solve the system 


(7) 2x —y=—2, 
(8) xy =4. 


Sotution. The graph of (7) is the straight line shown in Fig. 18. 
To obtain the graph of (8), we have 


4 


from which we obtain the following table: 


This table concerns only positive values of x, but it appears from 
(9) that for any negative value of x the appropriate y-value is the 
negative of that for the corresponding 
positive value of x. 

The graph thus obtained for (9), or 
(8), consists of two open curves, each | 
indefinitely long, situated as in Fig. 
18. These taken together (that is, re- 
garded as one curve) form what is 
known as a hyperbola (pronounced hy- 
per’-bo-la). The part (branch) of the 
curve lying to the right of the y-axis 
corresponds to the table above, while 
the other branch corresponds to the 
negative «-values. 

The two graphs are seen to intersect 
in the points (e=1, y=4) and (1= —2} 
y= —2). 

Therefore the desired solutions of* (7) and (8) are (x=1, y=4) and 
(c= —2, y=—2). Ans. 


NoTE. Ellipses and hyperbolas are extensively considered in the 
branch of mathematics called analytic geometry. Both of these curves 
are of wide application in physics, astronomy, and engineering, as 
illustrated in the fact that the orbit of each of the planets in the 
solar system is an ellipse. Both curves belong to a wider class of 
curves known as the conic sections. 


ROR RRAVERNEP Sears 
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9 


EXAMPLE 3. Consider graphically the system 


(10) x+y =10, 
(11) ety? =25. 
Sotution. The graph of (10) is found in the usual manner, and 


is represented by the straight line in Fig. 19. The graph of (11) has 
already been worked out (see discussion of (2)), being a circle of radius 


g 

BER Ser nee a 

SueUEE BESSEC Ce Gao 
Fic. 19 


5 with center at the origin. The peculiarity to be especially observed 
here is that these two graphs do not intersect. This means (as it naturally 
must) that there are no real solutions to the system (10) and (11); in 
other words, the only possible solutions are imaginary. 

Likewise, whenever any two graphs fail to intersect, we may be 
assured at once that the only solutions their equations can have are 
imaginary. The system (10) and (11) and other such systems will be 
considered further in the next article. 


EXERCISES 


Draw the graphs for the following systems and use your result to 
determine the solutions whenever they are real. 


1 L=2y, 4 zty=7, 7. Neaaie ge 
* |g? +7? =20. ; ry =10. ly =4a0?4+20+1. 
> | 8a?+ty? =43. " \2Qa+y=7. z—y=2. 
eae — 1 SG fagae 9. inal 
" \a?+4y? =25. yaa: ety =72. 
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29. Solution by Elimination. Let us consider again the 
system (1) and (2) of § 28. 

(2) + y?= 25. 

Instead of solving this system graphically, we may solve 
it by elimination; that is, by the process employed with two 
linear equations in § 28. 

Thus we have from (1) 


(3) y=x—-l1. 


Substituting this value of y in (2), thus eliminating y from 
(2), we obtain 


v?+(e—1)?=25, or 2?2+2?—227+1=25, 


Ohee 2a? —24—24=0. 
or, dividing through by 2 
(4) a? —x—12=0. 


Solving (4) by formula (§ 56), gives as the two roots 
oo ee Vel FR 8) A eee 


2 2 2 ie 

and 
ae Wee /(—1)?—4(1)(— 12) Ley ae 7 
2 2 a 


When z has the first of these values, namely 4, we see 
from (8) that y must have the value y=4—1, or 3. 

Similarly, when x takes on its other value, namely —3, 
we see that y has the value y= +3—1, or —4. 

The solutions of the system (1) and (2) are, therefore, 
(a=4, y=3) and («c=—3, y=—4). Ans.- 

Observe that these results agree with those obtained 
graphically for (1) and (2) in § 28. 

Further applications of this method are NS in the 
examples that follow. 


a a 
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EXAMPLE 1. Solve the system 


(5) 2r+y =4, 

(6) vy" =12. - 
SoLtution. From (5), 

(7) Vea 


Substituting this expression for y in (6), we find 


22+ (16 —16¢+422) =12, ~ 
or -— 


(8) 52*—162+4=0. Pon Mal 
The two roots of (8), as determined by formula (§ 21), are 


_ —(— 16) + V(— 162 —45)(4) _ 16+ V/256—80 _ 16+ V/176 


2(5) 10 10 
_ 1644/11 8229/11 
ee 16 Aaa s 


The first of these values, namely x=(8+24+/11)/5, when substi- 
tuted in (7), gives as its corresponding value of y, 


ee tare ae 

16f4Vil (4—4V il ) Ri nao 
) - as ee ee Palla \7 
zi 5° See § 


The second value, namely «=(8—2-+/11)/5, when substituted in 
(7), gives as its corresponding value of y, 


16—47/i1l 4447/11 } 


a es Ma ta SNE 
4 aes egy: +e 


Gence the desired solutions are 


8427/11 . 8—-2+/11 
= ss SS a? 


5 % 
and 
4—44/11 444/11 
Ue et } eT ae oe ° 


To obtain the approximate values of the numbers thus obtained, 
we have 1/11 =3.31662 (tables), enh Lord the above reduce 


— —, 


to the forms — * ——— ar ae - 
x =2.9266, eer 0.2734, x 
ny? —1.8533, y =3.4533. 4 
These are the solutions of the system (5), (6), correct to four places 
of decimals, which is sufficient for ordinary work. 


$f 
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ExamPLe 2. Solve the system — 
(9) z+y=10, — 
(10) ety? =25. 
Sotution. From (9), y=10—z. Substituting this expression in (10), 
x? + (100 —20x +27) = 


+ OF 


(11) Qa —202+-75 =0. 
Solving (11) by formula, we find its solutions to be, after reduction, 
10+ 5\/—2 10—5+/—2 
oir oe and ieee er 


Since these x-values contain the square root of the negative number 
—2, they are imaginary. The y-values are also imaginary, as appears 
by substituting the x-values just found into (9), which gives the results 


_10— 5/2 _10+5V/—2 
epee ae ee 


and y F 


The desired solutions of the systems (9), (10) are therefore 
10+5+/—2 { 10—5+/—2 
r= eke hn a r= hiicandh Saae ‘ 
and Law \ 
| 10—5\/—2 10+54/—2 : 
ee y=——_—. 
2 2 

This result should now be contrasted with what we saw in Example 
3 of § 28 regarding this same system (9) and (10). There we found 
graphically that the solutions must be imaginary because the graphs 


failed to intersect, but we could not find the actual imaginary numbers 
which form the solutions. 


EXERCISES 


Solve each of the following systems by the method of elimination, 
and, in case surds are present, find each solution correct to two places 
of decimals by use of the tables. 


1 (et+r—s3, | 5 fae 4x Qy 34 

eS aes * | a2—2y=38 9. J3y 5a 1B 
10x+y =3z2y, 2’ +32y—y" =43, = ) 

AN ee a+2y=10. Ae 

P [ebay =, 7, (ee t3ey =P +23, my _et+y_5 

‘| 2—y=2. rs r+3y=9. fo/ zty sy 6 
L—2y =2, 3a? —ay —5y? =5, Qn -+-5y=5: 

Lua 3 382—5y=1. pee 


a 


ae ee 
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Il. NerrHer Equation LINEAR 


30. Two Quadratic Equations. In each of the systems 
considered in §§ 28, 29 one of the two given equations was 
linear. However, the same methods of solving may often 
be employed in case neither equation is linear. In such cases 
four solutions may be present instead of two. 


Exampte 1. Solve the system 
(1) 9x? +-16y? = 160, 
(2) e—yr=15. 


Sotution. Here only 2” and y’ appear and we begin by finding 
their values. Thus, multiplying (2) through by 16 and adding the 
result to (1), we eliminate y” and find that 252?=400, or 


(3) oie 
Substituting this value of x” in (2), we find 

(4) y=, 
From (3) and (4) we now obtain 


(5) z=+4 and y=+1. 


Forming all the pairs of values (z, y) that can come from (5), we and 


obtain as our desired solutions _ 
(7#=4, y=1); @=—-4, y=); (x =4, y=—-)); 
and - , (c= —4, y=—1). Ans. 


Cxecxk. Each of these pairs of 
values of x and y is immediately 
seen to satisfy both (1) and (2). Let 
the student thus check each pair. 


When considered graphically, 
equation (1) gives rise to an ellipse 
(compare § 28, Ex. 1), while (2) 
gives a hyperbola situated as 
shown in Fig. 20. These two 
curves intersect in four points 
which correspond to the four solu- 
tions just obtained. 
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EXAMPLE 2. Solve the system 


(7) a+y? =25, 
(8) xy = —12. 


Sotution. Here we cannot proceed as in Example 1 because we 
cannot find readily the values of 2” and y*. But if we multiply (8) by 
2 and add the result to (7), we obtain 


(9) e+2ey+y?= 
Taking the square root of both members of (9) gives 
(10) e+y= +1. 


Similarly, multiplying (8) by 2 and subtracting the result from (7), 
x —2Qry+y" =49, 
and hence 
(11) x—y= 47. 
Taking account of the two choices of sign in (10) and (11), we see 
that they give rise to the four simple (linear) systems: 


Oe AG ea el alee) | Lid Sah ae! 


(b) e+y=—1, t-y=7; ay el } aes 
(c) «+y=1, c<—-y=—7; Bury + me 
(d@) et+y=—1,e-y=—7. Beeov ee iz Gri 
Thus we have replaced the lf = _— Li-b 
original system (7) and (8) by HA a aK BE 
the four simple systems (a), (6), ae t BA Baza 
(c), and (d), each of which may et tet + Ht 
be immediately solved by elimi- HE} Pf 
nation, as in § 28. Since the itm |_| [|_| 4 
solutions of (a), (b), (c), (d) are HEARSE EAH 
respectively (a =4, =-—83), oo SSEEEEI--H 
bene eee rei teeencces (canes 
and («= —4, y=3), we conclude ia) Sannn 
that these are the desired solu- ARE 


tions of (7) and (8). Ans. 
The graphical significance of 
these solutions is shown in Fig. 21, where the circle 2?+-y?=25 is cut 


Fie. 21 


by the hyperbola «y= —12 in four points that correspond to the four | 


solutions just found. 


Cuecx. That these four solutions each satisfy (7) and (8) appeets at 
once by trial. 


Tg 2 47? +-9y?=73, \ 2+ay=—6, AAA es 
; 227 —y* =31. bot 4. ay ty? =15. y j pee < 
Firs ada the 
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While no general rule can be stated for solving two equa- 
tions neither of which is linear, the following observation 
may be made. Unless the equations can be solved readily 
for x? and z? (as in Example 1), the system should first be 
examined with a view to making such combinations as will 
yield one or more new systems each of which can be solved 
(as in Example 2) by methods already familiar. All solutions 
obtained in this way should be checked in order to avoid false 
combinations of the 2- and y-values thus obtained. 


XA P 2 Jf 
: EXERCISES 
Solve each of the following systems, and draw a diagram for each 
of the first three to show the geometric meaning of your EY 


e pe yr 
+y?=10, a "Ae la Bass 
i 1. : tA ee. ik 5. oe ay =15. hohe g 


ek 


Ss 


[Hint To Ex. 4. “hehe. two FA ecelb thus 
showing that the given system is equivalent to two others each of 
which may be solved as in § 29. Compare Ex. 2, § 30.] 


24oyty=151, <b (4 Atay ii . 
sh} # 


x x+y? =106. ent ihe LK 
ae ee: Ad aa a. 


Tin aes or) s=4e, ae 
* la’ —ayt+y"=37. 


es —6=0, 9x _4y. 
7. e+y=a2yt+7. y «@ 5 
*31. Systems Having Special Forms. The systems of equations 
considered in §§ 29, 30 illustrate the usual and more simple types such 
as one commonly meets in practice. It is possible, however, to solve 
more complicated systems provided they are of certain prescribed forms, 
We shall here consider only two such type forms. 
I. When one (or both) of the given equations is of the form 


ax’ bry +ey =0, 


where the coefficients a, b, c are such that the expression ax’-+-bay-+cy? 


can be factored into two rational linear factors. 
woth D Cathe 


an 


eae 


fre o% +/s) | [ 


, Ue 
ye fs 


/ 
y 
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ExampLe. Solve the system 
(1) xv +22¢—y=7, 

(2) x’ —xy —2y’=0. 

Soutution. Here we see that (2) is of the form mentioned above, 
since «?—xy—2y” can be factored into (r—2y)(ze+y). (2) may thus 
be written in the form D 
(3) (w—2y)(w@+y) =0. 

It follows that either 

x—2y=0, or <+y=0. 


Hence the system (1), (2) may be replaced by the two following systems: 
ve +22 —y=7, xv +2x2—y=7, 
x—2y=0, zt+y=0. 
Each of these two systems may now be solved as in § 30, and we 
thus find that the solutions of the first system are 


and 


(v=2, y=1) and (w= —4, y= —), 
while the solutions of the second system are 


Rca ae apeeelge ee ee 
y=4(3— V7), Kai 5 
and ae 


. =4(-3—-+/37), 
y=4(84+ V7). 

The desired solutions of (1) and (2) consist, therefore, of these four 
solutions just obtained. Ans. 


II. When both the given equations are of the form 
ax +bay+cy” =d, 


where a, b, c and d have any given values (0 included). 1 am 4 
\ ) eo, + t “t } 
Examp ey. Solve the system C \ i“) } 4 
(4) we —ayt+y=3, ee * oN 
(5) a4 2hy =5. . 
Souution. Let v stand for the ratio «/y; that is, let us set “ 4 4 
d . 
(6) w=vy. eed 
Substituting in (4) and (5), we find, 6 _—~a 
(7) Py —vypP+y?=3. oh ol 


(8) vy? +2vy? =5 


¥ x ry 
7, = . 
V\ \ “ 
4 ON f 4 


= 
a 
. 
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Solving (7) and (8) for 7’, 


3 
(9) =< 
- v—v+l1 
(10 ee 
) fe v’+2v 
Equating the values of y” given by (9) and (10), 
5 3 


vy? +2v pb 
Clearing of fractions, 
(11) 20? —11v+5=0. 


Solving (11) by formula (§ 21), 


Fe ata i2i—40 Me V/8l 28 
: = 5 


4 4 
Therefore v=5, or v=4. Substituting 5 for v in (9), or (10), 
va} 
Hence 
1 il 
Se 2, 2 Se 
LES V7 


Substituting 4+ for v in (9) or (10), y7=4. Hence y=+2 or —2. 

The only values that y can have are, therefore, 1/+/7, —1/+/7, 
2, and —2. 

Since +=vy (see (6) ), the value of x to go with y=1/~7/7 is 
£=5(1/+/7) =5/+/7. Similarly, when y= —1/+/7 we have 

2=5(-1/+/7)=—5/ V7. 

Likewise, when y=2 (in which case v=4, as shown above, then 
by (6) we have z= 4- 2=1. 

Again, when y= —2, then x=4(—2)=—1. 

Therefore the only solutions which the system (4), (5) can have are 


(2=5/V7, y=V/V7); @=-8/ V7, y=—-1/V7); (2=1, y=2); 
(x= —1, y= —2); and it is easily seen by checking that each of these 


is a solution. Ans. 


82. Conclusion. Every system of equations considered in 
this chapter has been such that we could solve it by finally 
solving one or more simple quadratic equations. We have 
examined only special types, however, and the student should 
not conclude that all pairs of simultaneous quadratics can be 


68 COLLEGE ALGEBRA [IV, § 32 


solved so simply. In fact, the solution of simultaneous quad- 
ratics in general involves a study of equations of higher degree 
than the second such as considered in Chapter XI. 


MISCELLANEOUS EXERCISES 
Solve the following simultaneous quadratics, The star (*) indicates 
that the exercise depends upon § 31. i 
fa? +y? =25, {ry+2e=5, Ly fat—7 =369, 


Tare m \ x+y=7. ‘ | 2ey —y =3, \2—-y=9. 


/ 3 xy =7. 
: xy(a—2y) =10, 6 fa? —a2y =6, *9 {?—Txy+12y?=0, 
a ‘ xy =10. * |at—yP=s. : \ vy+3y—22 =21. 
eas fee i we yee 
“rR (* ary +2y?=11, rd wig) (tyt2y'=8, apr 


x+y" =50, iz: xy’ +ay =24, Ls. x+y? =100, 
; \ xy --a = 56. * \(@+y)? =196. 


227 -+-5y? = 22. { \a? +2ey =12. 
14 {2a?-+Laey—y? =0, 2 hu” +14 x —xy—y" =20, “NY “\ 
y\ Qe? -+y=1. ot * \a*—S8ay+2y? =8. \ 
942 —29) —72=8 ws Ll ia .— = 
wig, { 20°—-8y-v=8, Yd 5, { t—2y=2(a+), 
62" —5ey —6y?=0. ( \ wy +2y? =2b(b—a). 


APPLIED PROBLEMS 

In working the following. problems, let x and y represent the two 
unknown quantities, then form two equations and solve them. If 
radicals occur, find their approximate values by use of the tables. 

1. The sum of two numbers is 12, and their product is 32. What 
are the numbers? 

2. The sum of two numbers is 82, and the sum of their square roots 
is 10. What are the numbers? 

3. A piece of wire 48 inches long is bent into the form of a right 
triangle whose hypotenuse is 20 inches long. What are the lengths 
of the sides? ‘ 

4. If it takes 52 rods of fence to inclose a rectangular garden con- 
taining 1 acre, what are the length and breadth 
of the garden? 

5. If, in the adjoining figure, the combined 
area of the two circles is 15% square feet and 
the distance CC’ between centers is 3 feet, what 


are the lengths of the two radii? (rake tg -= .) 


— 


IV, §32] SIMULTANEOUS QUADRATIC EQUATIONS 69 


6. Work Ex. 5 in case the circles are situated as in Fig. 23, taking 
the shaded area to be 110 square feet and CC’ to 
be 5 feet. 

7. The area of a triangle is 160 square feet, and 
its altitude is twice as long as its base. Find, cor- 
rect to three decimal places (using tables), the base 
and altitude. 

8. The area of a rectangular lot is 2400 square 
feet, and the diagonal across it measures 100 feet. 
Find, correct to three decimal places, the length and breadth. 

9. The dimensions of a rectangle are 5 feet by 2 feet. Find the 
amounts (correct to two decimal places) by which each dimension must 
be changed, and how, in order that both the area and the perimeter 
shall become doubled. 

10. Two men working together can complete a piece of work in 6 days. — 
If it would take one man 5 days longer than the other to do the work 
alone, in how many days can each do it alone? (Compare Ex. 19, p. 12.) 

11. The fore wheel of a carriage makes 28 revolutions more than the 
rear wheel in going 560 yards, but if the circumference of each wheel 
be increased by 2 feet, the difference would be only 20 revolutions. 
Find the circumference of each wheel. 

12. A sum of money on interest for one year at a certain rate 
brought $7.50 interest. If the rate had been 1% less and the principal 
$25 more, the interest would have remained the same. Find the prin- 
cipal and the rate. 

13. A man traveled 30 miles. If his rate had been 5 miles more per 


Fig. 23 


‘hour, he could have made the journey in 1 hour less time. Find his 


time and rate. (See Ex. 10, p. 9.) 
14. Show that the formulas for the length / and the width w of the 


rectangle whose perimeter is a and whose area is b are 


l=}(at+~V/a@2—16b), w=t(a— Va? — 160). 
15. If the difference of the areas of two circles be d and the sum of 
their circumferences be s, show that their radii 7; and 72, must have 


the following values: 
_And+s* st —And 
ae hae <4 47s 


T 


“ GHAPTER V 
THE PROGRESSIONS 


J. ARITHMETIC PROGRESSION 


33. Definitions. An arithmetic progression is a sequence 
of numbers, called terms, each of which is derived from the 
preceding by adding to it a fixed amount, called the common 
difference. An arithmetic progression is commonly denoted 
by the abbreviation A. P. 

Thus 1, 3, 5, 7, --- is an A. P., since each term is derived from the 
preceding by adding 2 to it. Hence 2 is the common difference. The 
dots following the 7 indicate that the series may be extended as far as 
one pleases. Thus the first term after 7 would be 7+2, or 9; the next 
would be 9+2, or 11; ete. 

Again, 5,1, —8, —7, —11, ---isan A. P. Here the common differ- 
ence is —4, 


EXERCISES 


Determine which of the following progressions are arithmetic pro- 
gressions, and for such as are, determine the common difference. 


93), 6).9;: 12, 25.05 6. 0, 2a, 4a, 6a, +, 2 Ou 

2,3, 5, 6, 8, 2+. WA 7. a, a+4, a+8, a+12, »«-44 
3.6, 3,0, =3,-9F 3 8. a, at+d, a+2d, a+3d,-++. A 
4. 30, 25, 20, 15, ---. 5 9. x—4y, x—2y, e—y, «+. Yo 
5. —1, 2, 5,8, +. YU 10. 80+3y, 6a+2y, 9aty, ++. Ys 


11. Write the first five terms of the A. P. in which ar 
(a) The first term is 4 and the common difference is 2. Hk b # js 
_- (b) The first term is 3a and the common difference is —b. #£- \-. 5a - 


. ee Cato aa 

34. The Formula for the nth Term. From the definition 

(§ 33) it follows that every arithmetic progression is of the 
typical form 


a, a+d, a+2d, a+3d, .... 
Here the first term is a and the common difference is d. 
70 


itis, ani 
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Observe that the coefficient of din any given term is 1 less 
chan the number of that term. Thus, in the third term the 
coefficient of d is 3—1, or 2; likewise in the fourth term the 
coefficient of dis 4—1, or 3. Thus, in general, the coefficient 
of d in the nth term is (n—1). Hence, if we let J stand for 


the entire nth term, we have the formula : ’ \ 
1=a+(n—1)d. } 
Exampre. Find the 11th term of the A. P. 1, 3, 5, 7) Ai 


Sotution. Here a=1, d=2, n=11, l=? Hence, rea in 
the formula, we find /= eine igs 14+10X2= 1+20=21. Ans. 

This Ey, may be checked by actually writing out the series so ag 
to include the 11th term. 


35. The Formula for the Sum of the First n Terms. Let} 
a represent the first term of an A. P., dthe common difference 
and I the nth term, as in §34. Then the sum of the first n 
terms, which we will denote by S, is 
(1) S=a+(a+d)+(a+2d)+(a+3d)+ ---+(U—d)+1. 

This value for S may be much simplified, however, as we, 
shall now show. 

Write the A. P. (1) in its reverse order, thus obtaining 7 
(2) S=l+(l—d)+(—2d)+(l—3d)+ ---+(a+d)+a. 
Now add (1) and (2), noting the cancellation of d with — d, 
of 2d with —2d, etc. The result is 


28 =(a+l+(at)+(at)+---++)+(t+), 


or 
2S=n(a+l). 
Therefore / / x 
rece Nese mega SIS 
If we replace I by its value a+(n—1)d (§ 34), this fornee 
takes the form / S 


S= 7 (20+ (n—1d}. re | 
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ExampLe. Find the sum of the first 12 terms of the A. P. 2, 6, 
10, 14, -- 


Soturion. Here a=2, d=4, n=12, s=? 
Substituting in the second of the formulas just obtained, we find 


12{ \ 


s=2{ 44-114} =0{ 44-44} <6 48 =288. Ans. 


36. Arithmetic Means. The terms of an arithmetic pro- 
gression that lie between any two given terms are called the 
arithmetic means between those terms. 

Thus the three arithmetic means between 1 and 9 are 3, 5, 7, since 
IU}, ayy le, 8) Woman) hal AN 1 

Whenever a single term is thus inserted between two 
numbers, it is briefly called the arithmetic mean of those 
two numbers. 

Thus the arithmetic mean of 2 and 10 is 6 because 2, 6, 10 form 
an A. P. 

A formula for the arithmetic mean between any two num- 
bers a and b is easily obtained. Thus, if 2 is the desired mean, 
then a, x, b must form an A. P. Hence, if d be the common 
difference, we must have c—a=d and b—x=d. It follows 
that we must have x—a=b—wx. This equation, when solved 
for x, gives as the desired formula 


—atb 
Stina: | 
Thus, it follows that the arithmetic mean of two numbers is 
equal to half their swm. 
Note. The arithmetic mean of two numbers is also called their 
average. 
Exampuie. Insert five arithmetic means between 3 and 33. 


Soxtution. We are to have an A. P. of 7 terms in vii a=3, 1=33, 
and n=7. We begin by finding d. Thus 


l=a+(n—1)d (§ 34) so that 33=3-+6d. Solving, d=5. 


The progression is therefore 3, 8, 13, 18, 23, 28, 33, and hence the 
desired means are 8, 13, 18. 28, 28. Ans. 


they contain? 42 f 
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EXERCISES 


Find, by the formulas of §§ 34, 35, the numbers called for in Exer- 
cises 1-6 below. 


1. The 12th term of 3, 6, 9, 12, --. 

. The 21st term of 4, 2,0, —2, —4, +. = 
. The 11th term of x—y, 2x—2y, 38x—By, --. }/ \ 1} “WA 

. The sum of the first ten terms of 3, 6, 9, 12, ---./¢9 ! 

. The sum of the first thirteen terms of 1, 33, 6, -. 2 o8 

. The sum of the A. P. of eleven terms, the first of which is —5 
and the last of which is 20. “/) *, 

7. When a small heavy body (as a bullet) drops vertically downward 
it passes over 16.1 feet during the first second, three times as far during 
the second second, five times as far during the third second, etc. 
Hence answer the following questions. ee es 

(a) How far does it go during the 12th second? ar -f 

(b) How far does it go during the first twelve seconds? 2 © / ¥, - 


z 


an rf WO DY 


8. If you save 5 cents during the first week in January, 10 cents the 
second week, 15 cents the third week and so on, how much will you 
save during the last week of the year. Also, what will be the total of 
the year’s savings?”# 2.620 Fo)’ 7) 7 

@) Find the sum of all odd integers less than 100. < 


10. The first term of an A. P.is $ and the 12th term is 11}. What is 
the sum of the 12 terms? 7 2 

11. In Fig. 24 the sixteen dotted lines are 
equally spaced, and hence their lengths form an 
arithmetic progression. If the highest one is 6 
inches long and the lowest one is 3 feet long, 
what is the sum of all their lengths? ¢ 36 rm Fie. 24 

12. The rungs of a ladder diminish uniformly from 2 feet 4 inches 
in length at the base to 1 foot, 3 inches at the top. If there are 24 
rungs altogether, what is the total length of wood 


= 
SA 
SS 
NN 
SSN 
~ 


13. A piece of rope, when coiled in the usual 
manner shown in Fig. 25, is found to have 12 com- 
plete turns, or layers. If the innermost turn is 4 
inches long and the outermost is 37 inches long, es- 
timate the total length of the rope. 2? Yh" Fie. 25 


bf 


1 £ 
| # 
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( (14) rity-ave logs are to be piled so that the top layer shall contain 
I ier the next layer 2 logs, the next layer 3 logs, etc. How many logs 


a will lie on the bottom layer? SS ¢ « 


\f 


Pe 


; 


a 


ao row of numbers in arithmetic progression is written down 
“an erwards all erased except the 7th and the 12th, which are found 


to be —10 and 15 respectively. What was the 20th number? 


16. A small rope is wound tightly round a cone, as 
shown in Fig. 26, the number of complete turns being 
24. Upon unwinding from the top, the first and second 
turns are found to measure respectively 24 inches and 
3} inches. Estimate the length of the rope. 2 

(17,/Prove that equal multiples of the terms of an 
arithmetic progression form another arithmetic progres- 
sion. 

\18, /Prove that the sum of n consecutive odd inte- 


gers, _ beginning with 1, is n7. 


49.) ) Show that the first formula for S obtained i in § 35 nies 


\may be translated into words as follows: “The sum of n terms of an 


jarithmetic progression is equal to m multiplied by the arithmetic mean 


/ of the first and the last terms.’ 


| 


n the figure below is shown the frustum of a cone with its ‘‘mid- 
section,” or section midway between the bases. Similarly, the frustum 
of a pyramid and its “mid- 
section” are shown. It is 
proved in solid geometry 
that in all such cases the 
perimeter of the mid-section 
is the arithmetic mean of 
the perimeter of the two 
bases. Hence, answer the following questions: 

(a) If the perimeters of the bases are 30 inches and 10 inches 
respectively, what will be the perimeter of the mid-section? 

(b) If the radius of the upper base is 2 inches and that of the lower 
base 8 inches, what will be the perimeter of the mid-section? 


If d=2, n=21 and S=147, find a and I. 


Show that if any three of the quantities a, d, l, n, S are given, 
always possible to find the other two. In particular, prove that 
the value of a in terms of d, 1 and S is given by the formula ; 


a=1dt / UF 4de—208. 


Q. : 
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II. Gromerric PRoGRESSION 


37. Definitions. A geometric progression is a sequence 
of numbers, called terms, each of which is derived from the 
preceding by multiplying it by a fixed amount, called the 
common ratio. A geometric progression is commonly denoted 
by the abbreviation G. P. 

Thus 2, 4, 8, 16, 32, --- isa G. P., since each term is derived from 
the preceding by multiplying it by 2, which is therefore the common 
ratio. 

Likewise, 10, —5, 5/2, —5/4, --- is a G. P. whose common ratio is 
—1/2. The next two terms would be 5/8, —5/16. 


EXERCISES 


Determine which of the following are geometric progressions, and 
for such as are, determin> the common ratio. 


1) 376, 12, 2448.2 ee 
i 


2.3) D tte. 

Se Be oe) «1B i oon, ete ES 

4,4, 0,0, a, -=-, 0 3 cs 

5. (a+b), (a+b)’, (a+b)’, (a+b)’, he + t) 
Oden 6 iri, = 

7. Write the first five terms of the G. P. in which °™ 
(a) The first term is 4 and the common ratio 4. y ‘ (6, £4 95 
(6) The first term is —3 and the common ratio =) ae 2 NO ite 
(c) The first term is a and the common ratio r. a Quan a - 2 . r 

sar, 


/ 38. The Formula for the nth Term. From the definition 
in § 37 it follows that every geometric progression is of the 
type form, 
C,.07 OF, OF, ON, > 2a, 

where a is the first term and r is the common ratio. 

Observe that the exponent of r in any one term is 1 less 
than the number of that term. ‘Thus 2 is the exponent of r 
in the third term; 3 is the exponent of r in the fourth term, ete. 


‘ 
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Therefore the exponent of r in the nth term must be (n—1), 
so that if we let J stand for the nth term we have the formula 


lars 
Exampie. Find the 7th term of the G. P. 6, 4, 8, - 
Sotution. We have a=6, r=#, n=7, l=? Ae 


29 £2} 128 
The formula gives 1=ar”t=6X er =2 X38 Xo [3 ce Ans. 


39. The Formula for the Sum of the First n Terms. Let 
| a be the first term of a geometric progression, 7 the common 
ratio and J the nth term. Then the swm of the first n terms, 
which we will call S, is 
(1) S=a-+er+aer--tar-...-tar’?-+-ar, 
This value for S may, however, be written in a very much 
_ more condensed form, as we shall now show. Mutaply-b both 
_ members of (1) by 7, thus obtaining 
A (2) rS=artar+ar+ar+...ar*ttar”. 
| Now subtract equation (2) from equation (1), noting the 
' cancellation of terms. This gives S—rS=a—ar". Solving 


| this-equation for S, we find a 

' £ aan 8 
ae ( \ S= ce 
. ( No ap 


\ This is the condensed form for S mentioned above. 

\ It is to be observed also that since 1=ar"™ (§ 38), we may 
_ |write rl=ar". Placing this value of ar” into the formula just 
found for S, we obtain as a second expression for S 


a—rl 
eee 
bes 
| Examprtp. Find the sum of the first six terms of the G. P. 3, 6, 
, 24, ++, « 


SOLUTION. oe anes n=6, S=? 
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40. Geometric Means. The terms of a geometric pro- 
gression that lie between any two given terms are called the 
geometric means between those two terms. 

Thus, if we wish to insert three geometric means between 2 and 32, 
they would be 4, 8, 16, since 2, 4, 8, 16, 32 forms a G. P. 

Whenever a single term is inserted in this way between 
two numbers, it is briefly called the geometric mean of 
those two numbers. 


Thus the geometric mean of 2 and 32 is 8, since 2, 8, 32 forms a G. P. 


A formula for the geometric mean of any two numbers, 
as a and 6}, is easily obtained. Thus, if x denote the mean, 
then a, z, b forms a G. P. so that z/a=b/z, each of these 
fractions being equal to the common ratio of the G. P 
Clearing this equation of fractions, and solving for x we find 


t= vV/ab. 
Thus it follows that the geometric mean of two numbers 1s 
equal to the square root of their product. 


Examp.te. Insert four geometric means between 3 and 96. 
Sotution. We are to have a G. P. in which a=3, 1=96 and n=6. 
We begin by finding r. Thus ee 
l=ar"+ (§ 38), so that 96=3-7°, or 7° =32. Hence r=2. 
The progression is therefore 3, 6, 12, 24, 48, 96, and hence the 
four desired means are 6, 12, 24, 48. Ans. 


HistoricaL Note. It is related that when Sessa, the inventor of 
chess, presented his game to Scheran, an Indian prince, the latter 
asked him to name his reward. Sessa begged that the prince would 
give him 1 grain of wheat for the first square of the chess board, 2 for 
the second, 4 for the third, 8 for the fourth, and so on to the sixty- 
fourth. The number of grains of wheat thus called for was (see (3), § 39) 


1—1-2% 2-1 

Poo ital 
This amount is greater than the world’s annual supply at present. 
History does not relate how the claim was settled. (From Godfrey and 


= 2% — 1 =18,446,744,073,709,551,615. 


__ Siddons’ Elementary Algehra, Vol. II, pp. 336, 337.) 
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EXERCISES 


Find, by the formulas of §§ 38, 39, the following numbers. 
1. The ninth term of 2, 4, 8, 16, «+. 2/ 
2. The eighth term of 4, 4, 1, ---. 95y 
3. The tenth term of 4, 2, 1, a oe 
4. The eleventh term of az, a?x? ne CE 
wie. 5) The tenth term of 2, /2, 
~ we The sum of eight terms of % £ x ano, TI 
7. The sum of six terms of 1, 5, 25, ---. > ’ 
r(% The sum of ten terms of ee 4, —h +, - eT 
9. The sum of ten terms of 1, a’, a’, «+. | ies = 4 
¢ 10. What is the sum ¢ of the se series 3, 6, 12, +++, 384? 
11. What is the sum of the series 8, 4, 2, ---, ae? 
12. Find the sum of the first ten powers of 2, 2-* 
pas. Find the sum of the first seven powers of 3. % 
; (14) For every person there have lived two parents, four grandparents, 
Te < Gite great grandparents, ete. How many ancestors does a person have 
a belonging to the 7th generation before himself (assuming no dupli- 
cation)? Answer also for the 10th generation. 


15) From a grain of corn there grew a stalk which produced an eax 
<A! ~~of 100 grains. These grains were planted and each produced an ear of 
es 100 grains. This was repeated until there were 5 harvests. If 75 ears 

make a bushel, how many bushels were there the fifth year? 


ww —_(.16.)A series of five squares is drawn such that a side of the second 
is twice as long as a side of the first, a side of the third twice as long as 
a side of the second, ete. If a side of the first is 2 inches long, find 
(by § 39) the sum of the areas of all the squares. 


17. Half the air in a certain sealed receptacle is removed by each 
stroke of an air pump. What fraction of the original amount of air 
has been removed by the end of the 7th stroke? 


4 Mn 48.)A wheel is making 32 revolutions per second when the steam 
v is turned off and the wheel begins to slow down, making half as many 
~ revolutions each second as it did during the preceding second. How 

long ae: it will be making only 2 revolutions per second? 


\ 19) It i is found that the number of bacteria in milk doubles ay 
3 hours. By how much will it be multiplied by the end of one day? _ 


{ 
“ \ yw ) 
a 
\ 
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\.20. Show that if a principal of $p be invested at r% compound 

interest, the sums of money accumulating at the ends of successive 

years will form a geometric progression, but if the investment be made 

at simple interest, the sums similarly accumulating will form an arith- 

metic progression. 


7 
7 


. From a cask of vinegar 4 the contents is drawn off and the cask 
then filled by pouring in water. Show that if this is done 6 times, the 
cask will then contain more than 90% water. 

[Hint. Call the original amount of vinegar 1, then express (as a 
proper fraction) the amount of water in the cask after the first refilling, 
second refilling, etc.] 


22. In Fig. 28 a series of ordinates equally 
spaced from each other has been drawn, the 
first one being laid off 1 unit long, the second 
one being laid off equal to the first one increased 
by + its length, etc. Show that these ordinates 
represent the successive terms of the G. P. } 
whose first term is 1 and whose common ratio is Wolas 
1}. In this sense, the figure may be called the F 
diagram corresponding to the G. P. in which a=1, r=1}. 


23. Draw the diagram for the G. P. in which 
(a) a=1, r=14, (6) a=2, r=14, (©) a=4, r=t. 
( 24,) Prove that the reciprocals of the terms of a geometric progression 
form another such progression. 
25. If a series of numbers are in geometric progression, are their 


squares likewise in geometric progression? Answer the same question 
for the cubes of the given numbers; also for their square roots and 


their cube roots. 

Answer the same questions for an arithmetic progression. 

[Hinr. See that your reasoning is general; that is, do not base it 
merely upon the examination of special cases.] 
on correct to four decimal places, the 
geometric mean of 6 and 27. (Use the tables.) 

27. In Fig. 29 a square is placed (in any 
manner) within another square whose side is twice 
as long. Show that the area between the squares 
is equal to three halves of the geometric mean of 
the areas of the two squares. 


4 - 


ea ae a 
ali 


4 s 
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41. Infinite Geometric Progression. Consider the geo- : 
metric progression 
(1) ea : 
Here o=1, r=4; and hence, by § 39, the sum of n terms is 


aS ee 


l—r te 1 


Now, if the value selected for n is very large, the expres- 
sion (1/2)” which here appears is very small, bemg the frac- 
tion 4 multiplied into itself n times. In fact, as is selected 
larger and larger, this expression (1/2)” comes to be as small 
as we please, so that the value for S, as given above, comes as 
near as we please to 

1—0 


? 


which is the same as 2. So we say that 2 is the swm to in- 

jinity of the geometric progression above, meaning thereby 

simply that as we sum up the terms, taking more and more 

of them, we come and remain as near as we please to 2. 
The meaning of this result is illustrated in Fig. 30. 


Guta eee klip be ge 


Fie. 30 


Here, beginning at the point marked 0, we first measure 
off 1 unit of length, then, continuing to the right, we measure 
off 4 unit, then + unit, then 4 unit, etc., each time going: to 
the right just one-half the amount we went the time before. 
As this is kept up indefinitely, we evidently come as near as 
we please to the point marked 2, which is 2 units from 0. 
This corresponds exactly to what we are doing when we add 
more and more of the terms of the given progression 


1 


beeen ce thera 
79 4) 8? 16? 


A progression like the one just considered, in which the 


ee . 
ee iat ee ba é 
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value of n is not stated but may be taken as large as one 
pleases, is called an infinite geometric progression. 

Having thus considered the sum to infinity of the special 
infinite geometric progression (1), let us now suppose that we 
have any infinite geometric progression, as 


2 3 
Ch a OY reo 


and (as before) that r has some value numerically less than 
1. Then the sum of the first n terms is, by § 39 


a—ar” 
] 
1l-—r 


and, as 7 is taken larger and larger, the expression r” which 
appears here becomes as small as we please, since we have 
supposed r to be less than 1. Hence, as n increases indefi- 
nitely, the value of S comes as near as we please to 


a—a-0O 
ee a DT? 
l—r 
or 
a 


l—r 
We have therefore the following theorem: J'he sum to 
infinity of any geometric progression whose common ratio r 
is numerically less than 1 is given by the formula 
a 
Veviare 
Exampte. Find the sum to infinity of the progression 


3, 1, 4 4; Ed eer: 
Sotution. a=3, r=4. Since r is numerically less than 1, we have 
by the formula of § 41, 


\ 
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ae a EXERCISES 
Find the sum to infinity of each of the following progressions, and 
state in each case what your answer means, drawing a diagram similar 
to Fig. 30 to illustrate. 


1. 1, 2, 4, 8 --- 2. 4,4, 2, 

Pb ae =e aoe ¢ 

[Hinr. r=—4 and hence is numerically less than 1. The formula La 
of § 41 therefore applies ] ‘ 

4. 4, 4, .04, .004, ---. 3. 2 

5. 4, —v's) BD + 3 


6. 1—2-+2?—23+ --- when c=}. 


ted Ate 
By ay oe oo pee 
poor Zi 5 5/3 15 


10. A pendulum starts at A and swings to B, 
then it swings back as far as C, then forward as 
far as D, ete. If the first swing (that is, the cir- 
cular arc from A to B) is 6 inches long and each 
succeeding swing is five-sixths as long as the one 
just preceding it, how far will the pendulum bob 
travel before coming to rest? 


11. At what time after 3 o’clock do the hands 
of a watch pass each other? 
[Hinr. We may look at this as follows: The 
large (minute) hand first moves down to where 
the small (hour) hand is at the beginning, that is, through 15 of the 
minute cy along the dial. Meanwhile the small hand advances 415 
as far, or +3 of a minute space. This brings the small hand to the 
position indicated by the dotted line in the figure. 
The large hand next passes over this 43 of a 
minute space. Meanwhile the small hand again 
advances 7; as far, which is 742; of a minute 
space. The large hand next covers this 34°; of a 
minute ot but the small hand meanwhile ad- 
vances 3'y as far, or 7434 of a minute space, ete. 
Thus, the Bee moves of the large hand, Fia. 32 


counting from the first one, form the G. P. 15, 48) bp og os J 


Fie. 31 
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42. Variable. Limit. We have seen 8 41) in connection 
with the geometric progression 1, 3, 1, o --+, that the sum of 
its first n terms is a quantity which, as n increases indefinitely, 
comes and remains as near as we please to the exact value 2. 
The usual way of stating this is to say that as n increases, 
the sum of the first n terms approaches 2 as a limit. The sum 
of the first m terms is here called a variable since it varies, or 
changes, in the discussion. A similar remark applies to all 
the infinite geometric progressions which we have consid- 
ered. In every case the sum to infinity is the limit which 
the sum of the first n terms, considered as a variable quantity, 
is approaching. 

_ Note. It may be asked whether the sum of the first n terms of the 
G. P. 1, 4, 4, 4, --- could ever actually reach its limit 2. The answer is 
that it may or it may not, depending upon circumstances. Thus, if 
we think of the terms, beginning with the second, as being added on 
at the rate of one a minute we could never reach the end of the adding 
process, since the number of the terms is inexhaustible and hence the 
minutes required would have no end. In other words, the sum of the 
first n terms could never reach its limit on this plan. But suppose that 
instead of this we were to add on the terms with increasing speed as 
we went forward. For example, suppose we added on the 4 in 4 a 
minute, then the 4 in } of a minute, then the ¢ in } of a minute, etc. 
On this plan we would actually reach the limit 2 in 2 minutes of time. 
Here the constantly increasing speed of the adding process exactly 
counterbalances the fact that we have an indefinitely large number of 
terms to add, with the result that we reach the end of the process in 
the definite time of 2 minutes. This idea is practically illustrated in 
Ex. 11, p. 82, where the hands of the watch would never pass each 
other at all except for the fact that the successive ae of the Bue 
hand, which constitute the terms of the progression 15,43) px 74 3_" 
are added on in less and less time as the process goes on, each ce 
added on in 3/5 the time occupied by the one just before it. 

The question of whether a variable can reach its limit is intimately 
connected with the famous problem considered by the Schoolmen of 
antiquity and known as the problem of Achilles and the tortoise. In 
this problem, Achilles, who is a celebrated runner and athlete, starts 
out from some point, as A, to overtake a tortoise which is at some point, 
as T, the tortoise being famous for the slow rate at which it crawls 
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along. Both start at the same instant and go in the same direction, 
as indicated in the figure. Achilles soon arrives at the point 7’, from 
which the tortoise started, but in the meantime the tortoise has gone 


—_—_—_—_—_ 


A 
Fig. 33 

some distance ahead. Achilles now covers this last distance, but this 
leaves the tortoise still ahead, having again gained some additional 
distance. This continues indefinitely. How, therefore, can Achilles 
ever overtake the tortoise? The Schoolmen never quite answered this 
question satisfactorily to themselves. The secret of the difficulty les 
in the fact that, as in the other problems mentioned above, the successive 
moves which Achilles makes are done in shorter and shorter intervals 
of time, with the result that, although the number of moves necessary 
is indefinitely great, they can all be accomplished in a definite time. 


43. Repeating Decimals. If we express the fraction 43 
decimally by dividing 12 by 33 in the usual way, we find that 
the quotient is .363636 --- , the dots indicating that the divi- 
sion process never stops (or is never exact) but leads to a 
never-ending decimal. However, the digits appearing in 
this decimal are seen to repeat themselves in a regular order, 
since they are made up of 36 repeated again and again. 
Such a decimal is called a repeating decimal. More generally, 
a repeating decimal is one in which the figures repeat them- 
selves after a certain point. Thus, 


.12343434 ---, and 1.653653658 - - -, 
are repeating decimals. 

Let us now turn the question around. Thus, suppose 
that a certain repeating decimal is given, as for example 
.272727 ---, and let us ask what fraction when divided out 
gives this decimal. This kind of question is usually too 
difficult to answer in arithmetic, but it can be easily answered 
as follows by use of the formula in § 41. 

Thus the decimal .272727 --- may be written in the form 


Too + Too + yavoo000 +: 


a 7 Pe ee, th et LAN 
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This is an infinite geometric progression in which a= %%, 
r= z}y- The sum of this progression to infinity must be the 
value of the given decimal. Hence, the desired value is 


a ea (27 100 _ 27 _ 3 
1—r 1— ;4, 100°°99 99 11 


This answer may be checked by dividing 3 by 11, the 
result being .272727---, which is the given decimal. 


Note. It is shown in higher mathematics that every rational frac- 
tion in its lowest terms (that is, every number of the form a/b, where 
a and 6 are integers prime to each other) gives rise when divided out 
to a never-ending repeating decimal (including the cases in which all 
the digits after a certain point are zero), while every irrational number 
(such as 1/2) gives rise when expressed decimally to a never-ending 
non-repeating decimal. 


Ans. 


EXERCISES 


Find the values of the following repeating decimals and check your 
answer for each of the first six. 


1. 0.153153 ---. 2. 0.135135 ++. 3. 0.543543543 +++. 
4. 0.341414] ++. a} 


SotuTion. 0.3414141 ---=.3+.0414141 --- 
= 13+ 1)(.414141 ++) 


{ il 41 
[573 pari eee ae 
Sg 3430 he) 
Se 3 1. 41 ~ 100 


=10' 10100 99 
3 41 338 169 


5. 0.17272 +». BE ees ey 
6. 1.212121 «,  6.008008008 «+. = 


7, 3.2151515 --. & 10. 34.5767676 «+>. 


/ 


rave oe _ Aye Pm 
c= iat h f. ab ‘4 


{ 47 


CHAPTER VI 
VARIATION 


44. Direct Variation. One quantity is said to vary 
directly as another when the two are so related that, though 
the quantities themselves may change, their ratvo never 
changes. 


Thus the amount of work a man does varies directly as the number 
of hours he works. For example, if it takes him 4 hours to draw 10 
loads of sand, we can say it will take him 8 hours to draw 20 loads. 
Here the first ratio is 74; and the second is 35 and the two are equal, 
though the numbers in the second have been changed from what they 
were in the first.( In general, if the man works twice as long, he will 
draw twice as much; if he works three times as long, he will draw three 
times as much, etc.; all of which implies that the ratio of the time he 
works to the amount he draws in that time never eS 


EXERCISES 


Determine which of the following statements are true and which 
are false, giving your reason in each instance. 

1. The amount of electricity used in lighting a room varies directly 
as the number of lights turned on. “* 

2. The amount of water in a cylindrical pail varies directly as the 
height to which the water stands in the pail. ~> 

3. The amount of gasoline used by an automobile in any given time 
(one week, say) varies directly as the amount of driving done. @ » 

4. The time it takes to wall from one place to another at any given 
rate (8 miles an hour, say) varies direc ay: as the distance between the 
two places. 

5. The time it takes to walk any pier distance (5 miles, say) varies 
directly as the rate of walking. &. 

6. The perimeter of a square varies directly as the length of one side. 

7. The circumference of a circle varies directly as the length of the 
radius. 

8. The area of a square varies directly as the length of one side. 

9. x varies directly as 10x. + 

10. x varies directly as 102”. ~~ 
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45. Inverse Variation. One quantity, or number, is said 
to vary inversely as another when the two are so related 
that, though the quantities themselves may change, their 
product never changes. 

Thus the time occupied in doing any given piece of work varies 
inversely as the number of men employed to do it. For example, if it 
takes 2 men 6 days, it will take 4 men only 3 days. The point to be 
observed here is that the first product, 26, equals the second product, 
4X3. In general, if twice as many men are employed it will take half 
as long; if three times as many men are employed, it will take one-third 
as long, etc. In all these cases, the number of men employed multiplied 
by the corresponding time required to do the work remains the same. 

Note. The term varies inversely as is due to the fact that in case ry 
never changes (as required by the above definition), it follows that 
x+(1/y) never changes, since zy=x+(1/y). That is, x varies directly 
as the reciprocal, or inverse, of y (§ 44) 


EXERCISES 

Determine which of the following statements are true and which 
are false, giving your reason in each instance, 

1. The time it takes water to drain off a roof varies inversely 
as the number of (equal sized) conductor pipes. ~*~ 

2. The time it takes to walk any given distance (5 miles, say) varies 
inversely as the rate of walking. = 

3. The weight of a pail of water varies inversely as the amount of 
water that has been poured out of it. ~}- 

4. x varies inversely as 10/z. 

5. x varies inversely as 10/z”. 


46. Joint Variation. One quantity, or number, is said to 
vary jointly as two others when it varies directly as their 
product. 

Thus the area of a triangle varies jointly as its base and altitude, 
for if A be the area of any triangle and 6 its base and h its altitude, we 
have A=4bh, which may be written A/bh=4. Hence A varies directly 
as the product bh (§ 44); that is, the ratio of A to bh is always the same, 
namely + in this instance. 
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EXERCISES 

Determine whether the following statements are true, giving your 
PRSSOI Ur Cacih nsiance. 

t& The area of a rectangle varies jodatly as its two dimensions; that 
iS. a8 tts lengad and breadth, 

R The pay received by a workman varies jointly as his daily wage 
and the number of days he werks. 

R The ameunt ef reading matter in a book varies jointly as the 
thiekness ef the beek and the distance between the les of print on 

4 The interest received dak ene year from an investment varies 
jeintly as the principal and rate, 

& The velume of a rectangular paratlelopiped (such as an erdinary 
revtangular Daped ber) varies jointly as its length, breadth, and height, 

[Bhar Here we have one quantity varving jointly as Uuee others, 
Pie make a dedmition of what such variation Sree 


4T_ Variables and Constants. When we say that the 
amount of work & man does varies directly as the number of 
heurs he werks, we are dealing with two quantities, namely 
the ameunt of werk done and the time used in doing it, But 
it is to be okserved that these are not being regarded as 


fixed quantities, bat rather as changeable ones, the only 


essential idea being that their ratio never changes. In gen- 
eral, quantities which are thus changeable throughout any 
_ dseussiom or problem are called veriadles, while quantitios 
which do not change are called constants. (Compare § 42.) 


4%. The Different Types of Variation Stated as Equa- 
tions. We may now state very briefly and concisely what is 


§$ 44-46 and certain other important types also. To do 
this, let us think of e, y, and 2 as being certain variables 
and & as being some constant. Then we may state the fol- 


=~ 


ee a eee 
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(1) To say that x nieathaicaig gs y means (§ 44) tht 


> | 


<9 f 
orZ= ie phere k is a constant, 


(2) To say that x varies ini y means (§ 45) that 
sy=k, Lam k iz 4 constant. 


(3) To say that z re og y and 2 means (§ 44) tat 
anh o (a= kyzfwherek is 4 constant, 
Two other important types of variation are described 


below: 
(4) To say that x varies Gireclly as the squarpof y means Cat 


=k, of 2 hyp, woherek is 6 constant. 
(5) oc et a <i ch oho ~ 
zy=k, orz=y where k is « constant. 
In all these types of variation it is important to observe 
that the value which must be given to the constant k depends 
upon the particular statement or problem im hand For 


example, consider the statement that “The ares of 2 nex- 
tangle varies jomtly as its two dimensions” This means 


(see [3]) that if we let A be the variable area and a and b 


the variable dimensions, then A=kab. But in this case we 
know by arithmetic that A =ab, so the value of & here xomst 
bel. — 

On the other band, consider the statement that “The 
area of a triangle varies jomtly as its base and altitude” 
Letting A be the variable area and 6 and h the variable base 
and altitude, respectively, this meams that A=ih But 
i eh emia 


_—- 
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EXERCISES 

Convert each of the following statements into equations, supplying 
tor each the proper value for the constant k/ mentioned in § 48. 

1. The circumference of a circle varies directly as the radius. 

(Hint. Let C stand for circumference and r for radius.] 

2. The circumference of a circle varies directly as the diameter. 

3. The area of a circle varies directly as the square of the radius. 

4. The area of a circle varies directly as the square of the diameter. 

5. The area of a sphere varies directly as the square of the radius. , 


6. The volume of a rectangular parallelopiped varies jointly: as its 
length, breadth, and height. ae 


7. Interest varies jointly as the principal, rate, and time. 
8. The volume of a sphere varies directly as the cube of the radius. 


[Hinr. First supply for yourself the definition of what this type of 
variation means.| 


9. The volume of a circular cone varies jointly as the altitude and 
the square of the radius of the base. (See formula (11), § 7). 


10. The distance, measured in feet, through which a body falls if 
dropped vertically downward from a position of rest (as from a window 
ledge) varies directly as the square of the number of seconds it has 
been falling. a 


[Hinr. It is found by aes in physies that the value of the 
constant k is in this case 16 (approximately).| 


11. The following, like Ex. 10, are statements of well-known phys- 
ical laws. Convert each into an equation without, however, attempting 
to supply the proper value of k, since to do so requires a study of physics 
and experiments in laboratories. 


Fie. 34 


(a) When an elastic string is stretched out, as represented in Fig. 34, 
the tension (force tending to pull it apart at any point) varies directly 
as the length to which the string has been stretched. (This fact is 
known as Hooke’s Law). 
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(b) If a body is tied to a string and swung round and round in a 
circle (as in swinging a pail of water at arm’s length from the shoulder), 
the force, 7, with which it pulls outward from the center (called cen- 
trifugal force) varies directly as the square of the velocity of the motion. 

(c) The intensity of the illumination due to any small source of 
light (such as a candle) varies inversely as the square of the distance of 
the object illuminated from the source of light. <> ~ 

(d) The pressure per square inch which a given aroaet of gas (such 
as air, or hydrogen, or oxygen, or illuminating gas) exerts upon the 
sides of the containing receptacle (such as a pee) varies inversely as 
the volume of the receptacle (Boyle’s Law). ) 

For example, whenever air is confined in a rabber’ palloon: as in 
the first drawing in Fig. 35, it exerts a certain pressure upon each square 


Fig. 35 


inch of the interior surface. If the balloon be squeezed, as in the second 
drawing (no air being allowed to escape), until its volume is half of 
what it was before, this pressure will be exactly doubled. 

(e) The cube of the mean distance of any planet in the solar sys- 
tem from the sun varies directly as the square of the time it takes the 
planet to make one complete revolution around the sun (Kepler’s third 
law of planetary motion). 

In the case of the earth, its meat distance from the sun is about 
93,000,000 miles and its time of complete revolution is 1 year, or 
3654 days. 


49. Problems in Variation. The problems naturally 
arising in the study of variation fall into two general classes 
as follows: 

(1) Those in which the value of the constant k mentioned 
in § 48 can be determined from the statement of the problem 


ee Od eee (ee 0 Ne Na OO Nee tee” 
Ny ‘ G a pee? 
“B fo CH (tant 7 
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and forms an essential part in the solution. This kind of 
problem is illustrated by Exs. 1-10 below. The solution 
given for Ex. 1 should be well understood before the student 
undertakes Exs. 2-10. 


(2) Those in which it is not necessary to know the value of 
k. Such problems are illustrated in Exs. 11-20 below. 

The pupil is advised to work several problems from each 
group rather than to confine his attention to either. 


EXERCISES 
I. Intustrations or Case (1) 


1. In a fleet of ships all made from the same model (that is, of the 
same shape, but of different sizes) the area of the deck varies directly 
as the square of the length of the ship. If the ship whose length is 
200 feet has 5000 square feet of deck, how many square feet in the deck 
of the ship which is 300 feet long? 


Sotution. Let A represent the area of deck on the ship whose 
length is /. Then the given law of variation, expressed as an equation 
(§ 48), is 
(1) A=kl?. (k=some constant) 

Since the ship which is 200 feet long has 5000 square feet of deck, 
it follows from (1) that we must have 


5000 =k(200)?. 
This equation tells us that the value of k in the present problem 
must be 
5000 5000 1 


~ (200)? 200X200 8 


Placing this value of & in (1), giyes us an equation which deter- 
mines completely the relation between A and J in the present problem; 
that is, 

(2) A=4P. 

Now the problem asks how many square feet of deck there are in 


the ship whose length is 300 feet. This can be found by simply placing 
1=300 in (2) and solving for A. Thus 


ol 300X300 1 
(2) A=1 x (g00)?=~" = 11,250 s uare feet. Ans. _ 
8 me Ope 54 
O_ oe i< , Bah eat ay 
aa “ My 0 | ’ wr ao ¥' 
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NOTE. Observe that the first step in the above solution is to express 
as an equation the law of variation belonging to the problem. Next, 
the constant k is determined. After this, the first equation is rewritten 
in its more exact form obtained by assigning to k its value. The answer 
is then readily obtained. 


These steps should be followed in working each of the Exs. 2-10 
which follow. 


2. In a fleet of ships all of the same model, the ship whose length Yur t 
is 200 feet contains 6000 square feet in its deck. How long must By 7 
similar ship be made if its deck is to contain 13,500 square feet? “~~ *** 


3. To make a suit of clothes for a man who is 5 feet 8 inches high pape 
requires 6 square yards of cloth. How much cloth will be required to , 
make a suit for a man of similar build, whose height is 6 feet 2 inches? “*...9 

[Hinr. The areas of any two similar figures vary directly as the 
squares of their heights. | 

4. If 10 men can do a piece of work in 20 anys how long will it take 
25 men to do it? 

[ Hint. The time required varies inversely as the number o men 
employed. } 2 4 

5. The horse-power required to propél a ship varies “direbily as thé= fice] 
cube of the speed. If the horse-power is 2000 at a speed of 10 inte 
what will it be at a speed of 15 knots? Leth. sce pairs 

6. A silver loving-cup (such as is sometimes given as a prize in “Ny 
athletic contests) is to be made, and a model is first prepared out of & ~ 
wood. The model is 8 inches high and weighs 12 ounces. What will 
the loving-cup cost if made 10 inches high, it being given that silver 
is 17 times as heavy as wood and costs $2.20 an ounce? 

[Hint. The volumes and hence the weights of any two similar 
figures of like material vary directly as the cubes of their heights. | 


7. When electricity flows through a wire, the wire offers a certain 
resistance to its passage. The unit of tnis resistance is called the ohm, 
and for a given length of wire the resistance varies inversely as the 
Ecuare of the diameter. If a certain length of wire whose diameter is 
4 inch offers a resistance of 3 ohms, phy will be the resistance of a 
similar wire (same length and material) 4 of an inch in diameter? 


8. Three spheres of lead whose radii are 6 inches, 8 inches, and 10 
inches respectively are melted and made into one. What is the radius 


of the resulting sphere? . 3 
dongth 


e) (Arte Unt er A i re Bi HL, Chua 3 } ‘ ; Le 
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boy 3st awd 4 oe 


ee 


94 COLLEGE ALGEBRA [VI, § 49 


9. On board a ship at sea the distance of the horizon varies directly 
as the square root of one’s height above the water. If, at a height of 
20 feet, the horizon is 5.5 miles distant, what is its distance as seen 
from a lighthouse 80 feet above sea-level? 


10. The horse-power that a shaft can safely transmit varies jointly 
as its speed in revolutions per minute and the cube of its diameter. A 
3-inch steel shaft making 100 revolutions per minute can transmit 85 
horse-power. How many horse-power can a 4-inch shaft transmit at a 
speed of 150 revolutions per minute? 


II. IntustRatiIons oF CasE (2) 


11. Knowing that the force of gravitation due to the earth varies 
inversely as the square of the distance from the earth’s center (Newton’s 
Law of Gravitation), find .how far above the earth’s surface a body 
must be taken in order to lose half its weight. 


Sotution. Letting W represent the weight of a given body at the 
distance d from the earth’s center, the law stated above, when expressed 
as an equation, becomes 


k 
(1) Ww= ez (k=some constant) 4 
Now let W, represent the weight of the body when on the surface. 


Remembering that the earth’s radius is 4000 miles (approximately), 
equation (1) gives 

k 

2 VY, =——- 

@) * 4000? 

Next, let 2 represent the desired distance, namely the distance 
above the surface at which the same body loses half its weight. At 
this distance its weight will consequently be 4W,, while its distance 
from the earth’s center is now 4000+. So (1) gives 


a We te 
2 (4000-+2) 

Dividing equation (3) by equation (2), noting the cancelation of 
W, on the left and of the (unknown) & on the right, we obtain 
14000? 

2 (4000-+a)? 

It remains only to solve this equation for 2. 

Clearing of fractions, (4000-+-x)?=2 + 4000?= 4000? - 2. 

Extracting the square root of both members, 4000+<2 = 4000 +/2.. 


“2h 
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Solving, 2 =4000+/2 —4000 = 4000(+/2—1) miles. Ans. 
To find the approximate value of this answer, we have (see tables) 
2=1.41421 
so that x =4000(1.41421 —1) =4000 X.41421 =1656.84 miles. Ans. 


12. Show that the earth’s attraction at a point on the surface is 
over 5000 times as strong as at the distance of the moon; that is, at the 
(approximate) distance of 280,000 miles. 

[Hinr. Call W; the weight of a given body on the surface, and let 
We represent the weight of the same body at the distance of the moon 
from the earth’s center. Then use the law expressed in (1) of the 
solution of Ex. 11.] 

(G3 A book is being held at a distance of 2 feet from an incandescent 
lamp. How much nearer must it be brought in order that the illumi- 
nation on the page shall be doubled? (See Ex. 11 (c), p. 91.) 


14. If two like coins (such as quarter dollars) were melted and made 
into a single coin of the same thickness as the original, show that its 
diameter would be +/2 times as great. 

[Hinr. Call D the diameter of the given coins and A the area of 
each. Note that the area of the new coin will then be 2A. Use the 
result stated in Hint to Ex. 3, p. 93.] 


15. Find the result in Ex. 14 when four equal-sized coins are used. 


16. Show that a falling body will pass over the second 3 feet of its 
descent in about .4 of the time it takes it to pass over the first 3 feet. 
(See Ex. 10, p. 90.) <" Fel a 


17. The time required for a no nes make a mete Sealine 
(swing forward and back) varies directly as the square root of its length. 
By how much must a 2-foot pendulum be shortened in order that its 
time of complete oscillation may be halved? 


18. If the diameter of a sphere be increased by 10%, by what ‘ber 
cent will the volume be increased? 

“(19 how that if a city is receiving its water supply by means not 
a main from a reservoir, the supply can be increased 25% by increasing 
the diameter of the main by about 12%. 

It is desired to build a ship similar in shape to one already in 
use but having a 40% greater cargo space (or hold). By what per cent 


must the beam (width of the ship) be increased? 
[Hinr. See the Hint to Ex. 6, p. 93.] 
wikis 


~ 
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50. Variation Geometrically Considered. If a variable 
y varies directly as another variable z, we know (§ 48) that 
this is equivalent to having the equation y=kz, where k is 
some constant. If the value of k 
; : : Yo 
is 1, this equation takes the defi- Poo 
nite form y=a, and we may now 4 hee 
draw its graph, the result being 
a certain straight line. If, onthe —ttH 
other hand, k=2, we have y=2z, ch 
and this again is an equation 
whose graph may be drawn, lead- : EE ois 
ing to a straight line, but a differ- i Poo err 
ent one. In general, whatever ot 
the value of k, the corresponding u ry 2 X 
equation has a straight-line 
graph. The fact that in all cases the graph is a straight 
line characterizes this type of variation; that is, characterizes 
the type in which one variable varies directly as another. 
Figure 36 shows the lines corresponding to several different 
values of k. 

: oe ¥; 

Tn case a variable y varies in- mE) 

versely as another variable x, we 


TT 


know (§ 48) that there exists an, at : 
equation of the form y=k/az, as ESSE 
where k is some constant. If we a NY 


let k=1, this becomes y=1/a. , HAP CFE | 

By letting « take a series of, Hstick SSF 

values and determining the cor-' KES MSE 

responding values of y from this 

equation (thus forming a table .s 37 - x 


as In § 25) we obtain the graph. 
Similarly, corresponding to the value k=2 we have y=2/z, 
and this equation has a definite graph which is different from 
the one just mentioned. In general, whatever the value of io, 
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the corresponding equation has a graph, but it is now to be 
noted that these graphs are not straight lines; they are 
hyperbolas. (See Ex. 2, § 28.) Figure 37 shows the curves 
corresponding to several different values of k. 

NoTE. Though these curves differ in form, they have the following 
feature in common: Through the origin draw any two straight lines 
(dotted in figure). Then the intercepted ares AB, CD, EF, GH, etc., 
are similar; that is, the smallest arc when simply magnified by the proper 
amount produces one of the others. 


EXERCISES 

Draw diagrams to represent the geometric meaning of each ‘of the 
following statements. 

1. y varies directly as the square of zx. 

2. y varies inversely as the square of zx. 

3. y varies as the cube of z. 

4. y varies directly as x, and y=6 when x=2. 

[Hinr. The diagram here consists of a single line.] 

5. y varies inversely as x, and y=6 when x=2. 

6. The cost of n pounds of butter at 40c per pound is C=40n. 

7. The amount of the extension, e, of a stretched string is propor- 
tional to the tension, t, and e=2 in. when t=10 Ib. (See Ex. 11 (c), 
p. 91.) 

8. The pressure, p, of a gas on the walls of a retaining vessel varies 
inversely as the volume, v; and p=40 lb. per square foot when v=10 
cu. ft. 

9. The length, ZL, of. any object in centimeters is proportional tc 
its length, l, expressed in inches; and L =2.54 cm. when /=1 in. 


CHAPTER VII 
LOGARITHMS 


I. GENERAL CONSIDERATIONS 


51. Definition of Logarithms. If we ask what power of 
10 must be used to give a result of 100, the answer is 2 
because 102?=100. Another common way of stating this is 
to say that “the logarithm of 100 is 2.”’ In the same way, 
the power of 10 needed to give 1000 is 3 because 10?= 1000, 
and this is briefly stated by saying that ‘the logarithm of 
1000 is 3.” Similarly, the power of 10 that gives .1 is —1 
because 10-!=-1,, or .1 by (B), § 8, and this is equivalent to 
saying that ‘the logarithm of .1 is—1.” Likewise, the loga- 
rithm of .01 is —2. 

From these illustrations we readily see what is meant by 
the logarithm of a number. It may be defined as follows: 

The logarithm of a number is the power of 10 required to 
give that number. 

Note. A more general definition will be given in § 67, but this is 
the one commonly used in practice. 

We write log 100=2 to indicate that the logarithm of 100 
is 2. Similarly, log 1000=3, log .1=—1, log .01= —2, ete. 

4 
EXERCISES . 
. What is the meaning of log 10000? What is its value? 
. What is the value of log .001? Why? 
. What is the value of log .00001? Why? 
. What is the value of log 10? 
. What is the value of log 1? (See VIII, § 8.) 


6, As a number increases from 100 to 1000, how does its logarithm 
change? 


a rw DD 


+Parts I and II give definitions and essential theorems which should 
be well understood before Part II, which describes the important 
applications, is taken up. 
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7. As a number decreases from .1 to .01 how does its logarithm 
change? Answer the same as the number goes from .01 to 001; from 
1 to 10; from 1 to 1000. 


8. Explain why the following are true statements: 
(a) log 100000 =5. (b) log .0001 = —4, 
(c) log/10=4. 
[Hinr. Remember +/10=1 2] 
(d) log -V/10=3. 
(e) log ~/100=3. 

—_ ee 2 
[Hinr. Remember ~/100= ~/102=108. (§8.).] 
(f) log V1=—4. 


52. Logarithm of Any Number. Suppose we ask what 
the value is of log 236. What we are asking for (see defini- 
tion in § 51) is that value which, when used as an exponent 
to 10, will give 236; that is, we wish the value of x which will 
satisfy the equation 10”=236. This question resembles 
those in § 51, but is different because we cannot immediately 
arrive at the desired value of x by mere inspection. All we 
can say here at the beginning is that x must lie somewhere 
between 2 and 3, because 10?=100 and 10?=1000, and 236 
lies between these two numbers. In order to find z to a finer 
degree of accuracy, it is now natural to try for it such values 
as 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7, 2.8, and 2.9, all of which lie 
between 2 and 3. The result (which for brevity we shall 
here state without proof) is that when x= 2.3 the value of 107 
is slightly less than our given number, 236, while if we take 
x=2.4 the value of 10” is slightly greater than 236. Thus x 
lies somewhere between 2.3 and 2.4. In other words, the 
value of log 236 correct to the first decimal place is 2.3. 

It is now natural, if we wish to obtain z to still greater 
accuracy, to try for it such values as 2.31, 2.32, 2.33, 2.34, 
2.35, 2.36, 2.37, 2.38, and 2.29, all of which lie between 2.3 
and 2.4 The result (which again is here stated without proof) 
is that when «=2.37 the value of 10” is slightly less than our 
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number 236, while if we take 7=2.38 the value of 10° is 
slightly greater than 236. This means that the second 
figure of the decimal is 7, after which we may say that the 
value of log 236 correct to two places of decimals is 2.37 

Proceeding further in the same manner, it can be shown 
that when «= 2.372 the value of 10” is slightly less than 236, 
while for = 2.373 the value of 10” is slightly greater than 236. 
Thus the value of log 236 correct to three places of decimals is 
2.372 Similarly, it can be shown that the number in the 
fourth decimal place is 9, and this is as far as it is necessary 
to carry out the process, since the result is then sufficiently 
accurate for all ordinary purposes. Hence log 286=2.3729, 
correct to four places of decimals. 

Note. It thus appears that logarithms do not in general come out 
exact, though they do so for such exceptional numbers as 100, 1000, 
10,000, .1, .01, ete. They can be expressed only approximately, yet 
as accurately as one pleases by carrying out the decimal far enough. 
In this respect they resemble such numbers as 1/2, ~/2, V/3, ete. 

Other examples of logarithms are given below. Note 
especially the decimal part of each, which is correct to four 
places. 


log 283 = 2.4518 log 196 = 2.2928 log 17 = 1.2304 
log 6=0.7782 log 3.410 =0.5328 log 5.75 =0.7597 


53. Characteristic. Mantissa. We have seen that the 
logarithm of a number consists (in general) of an integral 
part and a decimal part. These two parts of every logarithm 
are given special names as follows: 

The integral part of a logarithm is called the characteristic 
of the logarithm. 

The decimal part of a logarithm is called the mantissa of 
the logarithm. 

Thus, since log 236 = 2.3729, the characteristic of log 236 is 2, while 
its mantissa is .3729 

Similarly, the characteristic of log 6 is 0, while its mantissa is .7782 
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EXERCISES 

1. What is the characteristic of log 100? What the mantissa? 
Answer the same questions for log 1000, log 10, and log 1. 

2. What is the characteristic of log 185? 

[Hinr. Note that 185 lies between 10? and 10°.] 

3. What is the characteristic of log 310? of log 1287? of log 85? 
of log 21? of log 4? of log 12? of log 13987? 

4. For what kind of number can one tell by inspection both the 
characteristic and the mantissa of its logarithm? (See § 51.) 


54. Further Study of Characteristic and Mantissa. We 
have seen (§ 53) that log 236=2.3729, which is the same as 
saying that 
(1) 102-3729 — 236. 

Let us now multiply both members of (1) by 10. The 
left side becomes 10?379+1 or 103379 (§ 8, Formula I) while 
the right side becomes 2360. That is, we have 1033729= 
2360, which is the same as saying that log 2360 =3.3729 

If, instead of multiplying both sides of (1) by 10, we divide 
both by 10, we obtain in like manner 10?879-1=23.6 (§ 8, 
Formula V). That is, we have 10!3”9=23.6, which is the 
same as saying that log 23.6=1.3729 

Finally, if we divide both sides of (1) by 10’, or 100, we 
obtain 102-379-2=2.36 That is, we have 10-3729 =2.36 which 
is the same as saying that log 2.36=0.3729 

What we now wish to do is to compare the results which we 
have just been obtaining, and for this purpose they are ar- 
ranged side by side in a column below. 


| log 2360 = 3.3729 
(2) log 236=2.3729 
log 23.6 =1.3729 
pee 2.36 =0.3729 


Note that the mantissas here appearing on the right are 
all the same, namely .3729, while the numbers appearing on 


N 
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the left (that is, 2360, 236, 23.6, and 2.36) are alike except 
for the position of the decimal point; that is, they contain 
the same significant figures. This illustrates the following 
important_rule. 

C Ruiz I. J f two or more numbers have the same significant 
figures (that is, differ only in the location of the decimal point), 
their logarithms will have the same mantissas; that vs, their 
logarithms can differ only in their characteristics. 

Thus, log 243, log 2430, log 24.3, log 2.48, log .248, and log .0248 
all have the same mantissas. It is only their characteristics that can 
be different. 

EXERCISE 

Apply Rule I, § 54, to tell which of the following logarithms have 
the same mantissas.__ \ 
log .167 log 8100°-— log 16.7 / log 81 log-0072 
log .081 log 7.2 0 log 7202 leg_1670 5 log 16700 


Il. To DETERMINE THE LOGARITHM OF ANY NUMBER 


55. Purpose of This Part. When we wish to determine 
the value of a logarithm, as for example, to find log 2386, we 
ean work out the characteristic and mantissa as explained 
in § 52, but this requires considerable time. What we do 
in practice is to use certain simple rules for determining the 
characteristic, and we determine the mantissa directly from 
certain tables which have been carefully prepared for the 
purpose. We shall now state these rules (§§ 56-58) and 
explain the tables and how to use them (§§ 59-61). 


56. Characteristics for Numbers Greater Than 1. If we 
look again at the results in (2) of § 54, we see that the char- 
acteristic of log 2360 is 3. Thus the characteristic is 1 less 
than the number of figures to the left of the decimal point. 


NOTE. 2360 is the same as 2360., so that there are four figures here 
to the left of the decimal point. 
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Again, we see from (2) of § 54 that the characteristic of 
log 236 is 2 and this, as in the case already examined, is 1 less 
than the number of figures to the left of the decimal point. 

NOTE. 236 is the same as 236., so there are three figures here to the 
left of the decimal point. 

Similarly, since the characteristic of log 23.6 is 1 (see (2) 
of § 54) this again obeys the same law as just observed in 
the other two cases; that is, the characteristic is 1 less than 
the number of figures to the left of the decimal point. 

Finally, since the characteristic of log 2.36 is 0, the same 
law is again present here. 

The law which we have just observed can be shown in like 
manner to hold good for the characteristic of the logarithm 
of any number greater than 1; hence we may state the 
following general rule. ~ 

BE IL The characicristic of the logarithm of a number 
n 1 is one less than the number of figures to the left 
of the decimal point. 

Thus, the characteristic of log 385.9 is 2; that of log 8.679 is 0. 


EXERCISES 


State, by Rule II, § K, the characteristic of the logarithm of each 


of the iollowimg numbers. 


13854 2- 7. 18.331 
246. 2. 8. 3.1568 ¢ ’ 
3.7962 2, 9. 401.005 7° 
‘278. 10.29676 <. 
5.7554 |: ae oA 
6. 165,781 ¢. 12. 246879 4. 
State how many figures precede the decimal point of a number it 
the characteristic of ite logarithm is 
ieee see s 
ar 15. 1. 17. 5. 


w3. 4s 16.0. | 1.40 


- 
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57. Characteristics for Positive Nuinbers Less Than 1. 
We have seen (see (2) in § 54) that log 2.836=0.3729, which 
is the same as saying that 
(1) 109-3728 = 2.36 

Let us now divide both members of this relation by 10. 
_ We thus obtain (§ 8, Formula V) 

100-3729-1 = 236 or 10—1+0-8729 = 236, 
which means (by § 51) 
log .236 = —1+-0.3729 

Observe that —1-+0.3729 is really a negative quantity, being equal 
to —(1—0.3729) which reduces to —0.6271 However, it is more con- 
venient for our present purposes to keep the longer form —1-+0.3729 
Note that this cannot be written as —1.3729 because the latter is equal 
to —1—0.3729 instead of —1+0.3729 

If, instead of dividing both members of (1) by 10, we 
divide both by 10°, or 100, we obtain 

109.8792 = 0236 (or 107? +0.8729 = ,0236), 
which means that | 
log .0236 = —2+-0.3729 


Similarly, by dividing (1) by 10%, or 1000, we find that 
log .00236 = —3-+0.3729 

Finally, if we divide (1) by 10‘, or 10000, we find that 
log .000236 = —4+-0.3729 


Let us now compare the four results just obtained. Be- 
ginning with the last result, we see that in the number 
000236 there are three zeros immediately to the right of the 
/ decimal point; that is, between the decimal point and the 
“ first significant figure. Corresponding to this, the charac- 

teristic on the right is minus four. Chia the characteristic 
is negative and_1 more numerically than the number of zeros 


between the decimal point and the first significant figure. 
ea artsy erreur USSF estes 


, 


2 
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Similarly, in the number .00236 there are two zeros between 
the decimal point and the first significant figure, and corre- 
sponding to this there is a characteristic on the right of 
minus three. Hence, as before, the characteristic here is 
negative and numerically 1 more than the number of zeros 
between the decimal point and the first significant figure. 
This statement, which is true in all cases mentioned above, 
can be proved for the characteristic of the logarithm of any 
positive number less than 1. Hence we have the following 
rule. 

Rue II The characteristic of the logarithm of a (positive) 
wumber-tess than 1, is negative, and is numerically_1 greater_ 
than the number of zeros between the decimal point and_the. first 
significant figure- 

Thus, the characteristic of log .0076 is —3; that of log .28 is —1. 

Note. The logarithm of a negative number is an imaginary quan- 


tity (as shown in higher mathematics), and hence we shall consider 
here the logarithms of positive numbers only. 


58. Usual Method of Writing a Negative Characteristic. 
In § 57 we saw that 
log .236 = —1+0.3729 
If we add 10 to this quantity and at the same time sub- 
tract 10 from it we do not change its value, but we give 
it the new form 


~9.0.3729—10, > 
which is the same as 9.3729—10. That is, we may write 
log .236 + 9.3729 —10. L— 


This is the form used in practice. 
Likewise, instead of writing log .0236= —2+0.3729 (see 
§ 57) we write in practice 
log .0236 = 8.3729 — 10, 
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and similarly we write 
log .00236 = 7.3729 — 10. 

Thus, the usual method of expressing the characteristic 
whose value is —1 is to write 9—10 for it; if it is —2, we 
write 8—10 for it; if it is —3, we write 7—10 for it, etc. 

For example, log .0076 has the characteristic 7-10. 


EXERCISES 


State, by Rule III, § 57, the value of the characteristic of the loga- 
rithm of each of the following; state how it would be written if expressed 
in the usual form described in § 58. 


1. 06° —2, or8—10. Ans. 6. .0835 ~ 2 = 2 
2. .0071 I. 7. 4573 ~ 1 de l= 7% 
8.81 -ta¥ 8. 00875 —3a- Ie i i 
4. 00053 ee 9, 16681 een! 

Pee ek ey 10. 00008 - S13 -/7 


How many zeros lie between the decimal point and the first sig- 
nificant figure of a number when the characteristic of its logarithm is 


; 


11.-3 2 18-5 ¢ 15. 7-10 (& 
12.9-10 *%¢ 14. 8-10 | 16. 6—10°( 3) 


59. Determination of Mantissas. Use of Tables. Sup- 
pose we wish to determine completely the value of log 187, 
By Rule II, § 56, we know that the characteristic is 2. To 
find the mantissa, we turn to the tables (p. 108) and look in 
the column headed N for the first two figures of the given 
number, that is, for 18. The desired mantissa is then to be 
found on the horizontal line with these two figures and in 
the column headed by the third figure of the given number; 
that is, in the column headed by 7. Thus in the present 
case the mantissa is found to be .2718 

Note. For brevity, the decimal point preceding each mantissa is 


omitted from the tables. It must be supplied as soon as the mantissa 
is used. 


The complete value (correct to four decimal places) of 
log 187 is therefore 2.2718 
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Again, suppose we wish to determine log 27.6. The char- 
acteristic (by § 56) is 1. The mantissa, by Rule I, § 54, is 
the same as that of log 276; and the latter, as given in the 
tables, is .4409 Therefore, log 27.6=1.4409 Ans. 

As a last example, suppose we wish to determine log .0173 
The characteristic (by § 57) is —2, or 8-10. The mantissa, 
by the rule in § 54, is the same as that of log 173 and the 
latter, as obtained from the tables, is .2380 Therefore, 
log .0173=8.2380—10. Ans. 

These examples illustrate how the tables together with 
Rules IJ and ITI, §§ 56, 57, enable us to determine completely 
the logarithm of any number provided it contains no more 
than three significant figures. We may now summarize our 
results in the following rule. 


Rois IV. To Sind the logarithm of a number of three  signifi- 
cant figures: 

1. Look in the column headed N for the first two figures of the 
given number. The mantissa will then be found on the hori- 
zontal line opposite these two figures and in the column headed 
by the third figure of the given number. 

2. Prefix the characteristic according to Rules II and ITI, 
§§ 56, 57. 


EXERCISES 


Determine the logarithm of each of the following numbers, expressing 
all negative characteristics as explained in § 58. 
1. 561 22217" 3. 280 4. 800 
5. 72.5 [Hinr ro Ex. 5. Note how log 27.6 was obtained in § 59.| 


6. 7.25 (7) 98h KQ@)». 9. .0136 
B 936 11. 0036 [Hznt. Write as .00360] 


Ga) 7550. 35 bw 18, .000831' yy 


‘ e Ee 16. 55.7 Xx @ t 
a 17. 25,300 x20) # 


a are. 


) 


oy 


i eee ot. 
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10 |.0000 |.0043 | 0086 | 0128 | 0170 | 0212 | 0253 | 0294 | 0334 | 0374 
11 |'0414 |°0453 | 0492 | 0531 | 0569 | 0607 | 0645 | 0682 | 0719 | 0755 
12 | 0792 | 0828 | 0864 | 0899 | 0934 | 0969 | 1004 | 1038 | 1072 | 1106 
13 | 1139 | 1173 |° 1206 | 1239 | 1271 | 1303 | 1385 | 1367 | 13899 | 1430 
14 | 1461 | 1492 |. 1523 | 1553 | 1584 | 1614 | 1644 | 1673 | 1703 | 1732 
15 | 1761 | 1790 | 1818 | 1847 | 1875 | 1903 | 1931 | 1959 | 1987_| 201 

16 | 2044 | 2068 | 2095 | 2122 | 2148 | 2175 | 2201 -\-2227-) 2253 | 2279 
17.| 2304 | 2330 | 2355 | 2380 | 2405'} 2430 | 2455 | 2480 | 2504 | 2529 
18 | 2553-| 2577 | 2601 | 2625 | 2648 | 2672 | 2695 |«2718 | 2742 | 2765 
19 | 2788 | 2810 | 2833 | 2856 | 2878 | 2900 | 2923 | 2945 | 2967 | 2989 
20 | 3010 | 3032 | 3054 | 3075 | 3096 | 3118 | 3139 | 3160 | 3181 | 3201. 
21 | 3222 | 3243 | 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3385 | 3404 
22°| 3424 | 3444 | 3464 | 3483 | 3502 | 3522 | 3541 | 3560 | 3579 | 3598 
23.| 3617_|.3636 | 3655 | 3674 } 3692 | 8711 | 3729 | 3747 | 3766 | 3784 
24 | 3802°] 3820 | 3838 | 3856 3874 | 3892 | 3909 | 3927 | 3945 |-3962 
25 | 3979 | 3997 | 4014 | 4031 | 4048 | 4065 | 4082 | 4099 | 4116 | 4133 
26 | 4150 | 4166 | 4183 | 4200 | 4216 | 4232 | 4249 | 4265 | 4281 | 4298 
27 | 4314 | 4330 | 4346 | 4362 | 4378 | 4393 | 4409 | 4425 | 4440 | 4456 
28 | 4472 | 4487 | 4502 | 4518 | 4533 | 4548 | 4564 | 4579 | 4594 | 4609 
29 | 4624 | 4639 | 4654 | 4669 | 4683 } 4698 | 4713 | 4728 | 4742 | 4757 
80 | 4771 | 4786 | 4800 | 4814 | 4829 | 4843 | 4857 | 4871 | 4886 | 4900 
31 | 4914 | 4928 | 4942 | 4955 | 4969 | 4985. | 4997 | 5011 | 5024 | 5038 
$2-| 5051 | 5065 | 5079 | 5092 | 5105 | 5119 | 5132 | 5145 | 5159 | 5172 
33 | 5185 | 5198 | 5211 | 5224 | 5237 | 5250 | 5263 | 5276 | 5289 |~5302. 
84 | 5315 | 5828 | 5340 | 5353 | 5366] 53878 | 5391 | 5403 | 5416 | 5428 
35 | 5441 | 5453 | 5465 | 5478 | 5490 | 5502 | 5514 | 5527 | 5539 | 5551 
36 | 5563} 5575 | 5587 | 5599 | 5611 | 5623 | 5635 | 5647 | 5658 | 5670 
87 | 5682 | 5694 | 5705 | 5717 | 5729 | 5740 | 5752 | 5763 | 5775 | 5786 
38,| 5798 | 5809 | 5821 | 5832 | 5843 |] 5855 | 5866 | 587Z | 5888 | 5899 
89 | 5911 | 5922 | 5933 | 5944 | 5955 | 5966 | 5977 | 5988 | 5999 | 6010 
40 | 6021°| 6031 | 6042 | 6053 | 6064 | 6075 | 6085 | 6096 | 6107 | 6117 
41 | 6128 | 6138 | 6149 | 6160 | 6170 | 6180 | 6191 | 6201 | 6212 | 6222 
42 | 6232 | 6243 | 6253 | 6263 | 6274 | 6284 | 6294 | 6304 | 6314 | 6325 
43 | 6335 | 6345 | 6355 | 6365 | 6375 |°6385 | 6395 | 6405.|-64757| 6425. 
44 | 6435 | 6444 | 6454 | 6464 | 6474 | 6484 | 6493 | 6503 | 6513 |~6522 
45 | 6532 | 6542 | 6551, | 6561 | 6571 [ 6580 | 6590 | 6599 | 6609 | 6618 
46 | 6628 | 6637 | 6646 | 6656 | 6665 | 6675 | 6684 | 6693 | 6702 | 6712 
47 | 6721 | 6780 | 6739 | 6749 | 6758 | 6767 | 6776 | 6785 | 6794 | 6803 
48 | 6812 | 6821 |_6830 | 6839 | 6848 | 6857 | 6866 | 6875 | 6884 | 6893 
49 | 6902 | 6911 | 6 6928 | 6937 | 6946 | 6955 | 6964 | 6972 | 6981 
50 | 6990 | 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7059 | .7067 
51-| 7076 | 7084 | 7093 | 7101 | 7140 | 7118 | 7126 | 7135 | 7143 | 7152 
52 | 7160 | 7168 | 7177 | 7185 | 7193 | 7202 | 7210 | 7218 | 7226 | 7235 
58. | 72487) 7251 | 7259 | 7267_| 7275 | 7284 | 7292 700, 7308 | 7316 
54 | 7324 es 7340 | 7348 | 7856 | 7364 | 7372 | 7380 | 7388 | 7396 
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60. To Find the Logarithm of a Number of More Than 
Three Significant Figures. Suppose we wish to determine 
log 286.7 Here we have four significant figures, while our 
tables tell us the mantissas of numbers having three (or 
less) significant figures (as in § 59 and in the preceding ex- 
ercises). In such cases we proceed as follows. 


From the tables on pp. 108-109 we have 


log 286 = 2.4564 
log 286.7=? Difference = 2.4579 — 2.4564 = .0015 
log 287 = 2.4579 


Since 286.7 lies between 286 and 287, its logarithm must 
lie between their logarithms. Now, an increase of one unit 
in the number (in going from 286 to 287) produces an increase 
of .0015 in the mantissa. It is therefore assumed that an 
increase of .7 in the number (in going from 286 to 286.7) pro- 
duces an increase of 

.7 of .0015, or .00105, 
in the mantissa. 

Therefore, 


log 286.7 = 2.4564-++.7 of .0015 = 2.4564-++ .00105 = 2.45745, 
so that 
log 286.7 = 2.4574 (approximately). Ans. 


In practice the answer is quickly obtained as follows: 

The difference between any mantissa and the next higher 
one in the table (neglecting the decimal point) is called t 
tabular difference. The tabular difference in this example is 


4579 —4564, or 15. 


Taking .7 of this, we obtain 10.5, which (keeping only the first 
two figures) we call 10, and adding this to 4564 we find 4574. 
This, therefore, is the required mantissa of log 286.7, so that 


log 286.7 =2.4574 (approximately). - 
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Similarly, in finding log 286.75 the tabular difference (as before) 
is 15. Taking .75 of 15 gives 11.25, which (keeping only two figures) 
has the approximate value 11. 


Hence the mantissa of log 286.75 is 4564+11=4575. Therefore 
log 286.75 =2.4575 Ans. 


Below are two examples further illustrating how the above 
processes are quickly carried out in practice. The student 
should form the habit of writing the work in this form. 


Exampie 1. Determine the value of log 48.731 


Sotution. Manti f log 487= 
i sige ee eae \ Tabular difference =9 
Mantissa of log 488 = 6884 U 


.31X9=2.79=3 (approximately). 
Hence 
mantissa of log 48.731 =6875+3 =6878. 


Therefore 
log 48.731 =1.6878. Ans. 


ExampiE 2. Determine the value of log .013403 


SOLUTION. ete of 134=1271 | Pabnlanditere ies 2. 
Mantissa of 135=1303 J 


.03 X32 =.96 =1 (approximately). 
Hence 
mantissa of log .018403 =1271+1=1272. 


Therefore 
log .013403 = —2+.1272 =8.1272—10. Ans. 


NoTE. The process which we have employed for determining a 
mantissa when it does not actually occur in the tables is called inter- 
polation. When examined carefully, it will be seen that the process is 
based upon the assumption that if a number is increased by any frac- 
tional amount of itself, the logarithm of the number will likewise be 
increased by the same fractional amount of itself. Thus, in finding the 
mantissa of log 286.7 at the middle of p. 110, we assumed that the 
increase of .7 in going from 286 to 286.7 would be accompanied by like 
increase of .7 in the logarithm. Such an assumption, though not 
exactly correct, is very nearly so in most cases and is therefore suffi- 
ciently accurate for all ordinary purposes. 


‘ 
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Tables of fogarithms much more extensive than those on pages 
108, 109 have been prepared and are commonly used. See, for example, 
The Macmillan Tables. By means of these, any desired mantissa may 
usually be obtained as accurately as is necessary directly, that is, 
without interpolation. 


EXERCISES 
Obtain the logarithm of each of the following numbers. 
1. 578.3 12. .07235 
2. 332.2 13. 745.23 
3. 675.3 14. 132.36 
4. 481.6 15. 51.745 
5. 956.7 16. 430.07 
6. 22.17 17. 5.2178 
7. 8.467 18. 4.2316 
8. 3.706 19. 1.6086 
9. 2.408 20. .14653 
10. 2.767 21. .074568 
11. .3456 22. .00738 


61. To Find the Number Corresponding to a Given Loga- 
rithm. Thus far we have considered how to determine the 
logarithm of a given number, but frequently the problem is 
reversed, that is, it is the logarithm that is given and we wish 
to find the number having that logarithm. The method of 
doing this is the reverse of the method of §§$ 59, 60, and is 
illustrated in the following examples. 


Exampte 1. Find the number whose logarithm is 1.9547 


Soutution. Locate 9547 among the mantissas in the table. Having 
done so, we find in the column N on the line with 9547 the figures 90. 
These form the first two figures of the desired number. 

At the head of the columa containing 9547 is 1, which is therefore 
the third figure of the desired number. 

Hence the number sought is made up of the digits 901. 

The given characteristic being 1, the number just found must be 
pointed off so as to have two figures to the left of its decimal point 
(Rule II, § 56). Therefore the number is 90.1 Ans. 
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ExampLe 2. Find the number whose logarithm is 0.6341 


Sotution. As in Example 1, we look among the mantissas of 
the table to find 6341. In this case we do not find exactly this mantissa, 
but we see that the next less mantissa appearing is 6335, while the one 
next greater is 6345. 

The numbers corresponding to these last two mantissas are seen 
to be 430 and 431 respectively. Whence, if x represents the number 
sought, we have 


Mantissa of log 430=6335° | Diff. <6 
Mantissa of log =6341 f a Tabular difference = 10. 
Mantissa of log 431 =6345 


Since an increase of 10 in the mantissa produces an increase of 1 in 
the number, we assume that an increase of 6 in the mantissa will pro- 
duce an increase of 355, or .6, in the number. 

Hence the number sought has the digits 4306. 

Since the given characteristic is 0, it is evident that the number 
must be 4.306 (§ 56). Ans. 


NoTE 1. The student will observe that in Example 1 the given man- 
tissa actually occurs in the tables, while in Example 2 it does not, thus 
making it necessary in this last case to interpolate. (See the Note 
in § 60.) 

NoTE 2. The number whose logarithm is a given quantity is called 
the antilogarithm of that quantity. Thus 100 is the antilogarithm of 
2; 1000 is the antilogarithm of 3, etc. ar 


a! 


EXERCISES 
Find the numbers whose logarithms are given below. 
1. 2.6656 11. 3.7480 20) 0 of Some 
2. 1.8351 12..0.5240.. ) "4 
3. 0.2742 . 13. 0.6970 63) 2S 
A. 2.5855 ‘14. 9.7400—10 : Pegs 
5. 9.6830—10 15. 8.3090—10 § 
6. 8.8028 —10 —10. q 
7. 7.6425 —10 9,0046—10 7: 5 Ste 
8. 6.8842—10 . 8.0012—10 gt ae, 
9. 1.2517 19. 3.4968—10 
10. 2.8583 20. 5.9654—10 é 
i . 23g 
MOOS S974 a. / 
7 rs =) a, i 
J ov rt ae 
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“ Ill. Tue Use or Logartrums in Computation 


62. To Find the Product of Several Numbers. The pro- 
cesses of multiplication, division, raisimg to powers, and ex- 
traction of roots, as carried out in arithmetic, may be greatly 
shortened by the use of logarithms, as we shall now show. 

Let us take any two numbers, for example 25 and 37, and 
determine their logarithms. We find that log 25=1.3979 
and log 37=1.5682 This means (§ 136) that 

25 = 101-3979 and 37 = 1(t-5682 

Multiplying, we thus have 


25 X37 = 101.3979 +1.5682 (§ 8, Formula I) 
The last equality means (§ 51) that 


log (25X37) =1.3979+1.5682, 
or log (25X37) =log 25+log 37. 
Similarly, if we start with the three numbers 25, 37, and 18 
we can show that 


~ log (25X37 X18) =log 25+log 37+log 18. 
Thus we arrive at the following important rule. 
Rute V. The logarithm of a product is equal to the sum of 


—=— 


the the logarithms of uts factors. 


ia einenaneeen 


——Thus log (13 X.0156 X 99.8) =log 13+log .0156+log 99.8 


The way in which this rule is used to find the value of the 
product of several numbers is shown below. 


Exampty 1. To find the value of 13.0156 X99.8 
Sotution. log 13 =1.1139 

log .0156 =8.1931 —10 

log 99.8 =1.9991 
Adding, 11.3061 —10, or 1.3061 


Hence, by Rule V, the logarithm of the desired product is 1.3061 
It follows that the product itself is the number whose logarithm is 
1.3061 When we look up this number (as in § 61) we find it to be 
20.23 Hence 13 X.0156 X 99.8 = 20.23 (approximately). Ans. 
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EXAMPLE 2. To find the value of 
8.45 X.678 X .0015 X 956 X.111 
Sotutton. log 8.45= 0.9269 
log .678= 9.8312—10 
log .0015= 7.1761—10 
log 956= 2.9805 
log .111= 9.0453—10 


Adding, 29.9600 —30 =9.9600 —10. 
Hence, by Rule V, the logarithm of the desired product is 9.9600 —10. 
Therefore the product itself is found (as in § 61) to be .912 (approxi- 
mately). Avs. 
These examples illustrate the following rule. 
Rute VI. To multiply several numbers: 
1. Add the logarithms of the several factors. 
2. The sum thus obtained is the logarithm of the product. 
3. The product itself can then be determined as in § 61. 


EXERCISES 
Find, by Rule V, § 62, the value of each of the following logarithms. 
1. log (88.26.31). 3. log (167 X7.31 X .00456). 
2. log (64.21 X.0015). 4. log (3.81 X.00175 X1.87). 


Find, by Rule VI, § 62, the value of the following products. Check 
your answer in Ex. 5 by multiplying out the long way as in arithmetic. 
Compare the two results and see how great was the error committed 
by following the short (logarithmic) method. Compare also the time 


required for the two methods. Sons 
5. 56.83.47 X.735 //8.)34.56 18.16.0157 LAV 
6. .975 X42.8 X3.72 j int. See § 60.] 
7. 896 X40.8X3.75X.00489 | 576.8 X43.25X3.576X.0576 PLO 


a 


10. 60.573 X8.087 X.008915 X1.2387 , — 
11. 2323 X23 X23 X23 X23 X23, (or 237), UV 
>< GD 1.2x2.3X3.4x45X5.6X6.7X7.8  & 

413. 315.198 X6.831 2.584 X .00312 X.07568 1 

14. Since 25X15 =375 we know by Rule V, § 62, that the logarithm 
of 25 added to the logarithm of 15 is equal to the logarithm of 375. 
Show that the values given in the tables for log 25, log 15, and log 375 
confirm this result. Invent and try out several other similar problems. 


/ 

/ 

ela! » Ay 

? A : 
{ tf PUL“ & ¢ 


M/A 
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63. To Find the Quotient of Two Numbers. Let us take 
any two numbers, for example 41 and 29, and write their 
logarithms. We find 

log 41=1.6128 
log 29 = 1.4624 
These mean that 
Al =10)!.6128 
and 29 = 101-4824 
Whenee, dividing the first of these equalities by the sec- 
ond, we obtain 
11-6128 
101.4624 
The last equality means that 
log (41+ 29) = 1.6128 — 1.4624 =log 41 —log 29. 
This result illustrates the following general rule. 


41+29= 


= | ()1-6128—1.4624 (§ 8, Formula V) 


Rute VII. The logarithm of a quotient is equal to the 
logarithm of the dividend minus the logarithm of the divisor. 


Thus log (467.8 +.00149) =log 467.3—log .00149 
The way in which this rule is used is shown below. 
Exampte 1. To find the value of 236+4.15 


SOLUTION. log 236 =2.3729 
log 4.15 =0.6180 
Subtracting 1.7549 


Hence the logarithm of the desired quotient is 1.7549 (Rule VII.) 
The number whose logarithm is 1.7549 is found (as in § 61) to be 
56.875 , 


Therefore 236 +4.15 =56.875 (approximately). Ans. 

Exampuré 2. To find the value of 1.46+.00578 

SoLurion. log 1.46 =0.1644=10.1644—10 (See Note p. 117.) 
log .00578 = 7.7619—10 

Subtracting, 2.4025 


The number whose logarithm is 2.4025 is found to be 252.64 
Therefore 1.46 + .00578 = 252.64 (approximately). Ans. 


VII, § 63] LOGARITHMS 117 


Thus we have the following rule. 
Rute VIII. To find the quotient of two numbers: 


1. Subtract the logarithm of the divisor from the logarithm 
of the dividend. 

2. The difference thus obtained is the logarithm of the quo-={ 
tient. 

3. The quotient itself can then be determined as in § 61. 

Note. To subtract a negative logarithm from a positive one, or to 
subtract a greater logarithm from a less, increase the characteristic of 
the minuend by 10, writing —10 after the mantissa to compensate. 
Thus, in Example 2, we wished to subtract the negative logarithm 
7.7619—10 from the positive one 0.1644 Therefore 0.1644 was written 
in the form 10.1644—10, after which the subtraction was easily per- 
formed. 


EXERCISES 
Find, by Rule VII, § 63, the value of each of the following logarithms. 
1. log (17+8). 3. log (87.5+.0018). 
2. log (218+7.15). 4. log (8.69+113). 


Find, by Rule VIII, § 63, the value of each of the following quo- 
tients. Check your answer in Ex. 5 by dividing out the long way as 
in arithmetic. Compare the two results and see how great was the 
error_committed by following the short (logarithmic) method. 


(5,246 +15.7 


6. 34.7+5.34 9. 3.25 + .00876 
‘7. 389.7 +4.353 [Hinr. See Note in § 63.] 
[Hinr. See § 60.] 10. 49.6+87.3 
18. 45.67 +38.01 0 20 40.3 X6:35 
Bees = 


[Hinr. Find the logarithm of the numerator by Rule V, § 62.] 


.0036 X 2.36 * 3X .695 X.0831- 4 
, 0084 = 8.40 X.216 


14. Since 27 +9=3 we know, by Rule VII, § 62, that the logarithm 
of 9 subtracted from the logarithm of 27 is equal to the logarithm of 3. 
Show that the values given in the tables for log 9, log 27, and log 3 
confirm this result. Invent and try out several other similar problems 


for yourself. 
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64. To Raise a Number to a Power. Let us take any 
number, for example 25, and raise it to any power, say the 
fourth. We then have 25*, which means 2525x2525. 

Hence, by Rule V, § 62, we have 
log 25'=log 25+log 25+log 25-++log 25, or log 25°=4 log 25. 

This illustrates the following rule. 

( Ruue IX. The logarithm of any power of a number is 

\ equal to the logarithm of the number multiplied by the ex- 
/ ponent indicating the power. 

} Thus log 3.17!°=10 log 3.17; similarly, log .00174°=6 log .00174 

The way in which this principle is used to raise a number 
to a power is shown below. 


Examp_e 1. To find the value of 2.374 


SoLurION. log 2.37 =0.3747 

4 
Multiplying, 1.4988, 
Hence 


log 2.374=1.4988 (Rule IX) 


The number whose logarithm i is 1.4988 is found to be 31.535 
Therefore 


2.374 =31.535 (approximately). Ans. 
Exampie 2. To find the value of .856° 


SoLUTION. log .856= 9.9325—10 

5 
Multiplying, 49.6625 —50 =9.6625 —10 
The number whose logarithm is 9. eer 10 is .4597 
Therefore 


856° = .4597 Repracmatolyys Ans. 
Thus we have the following rule j 
Rute X. To raise a number to a power: 
1. Multiply the logarithm of the number by the exponent 
indicating the power. 
2. The result thus obtained is the logarithm of the answer. 
3. The answer itself can then be determined as in § 61. 


Peel a 
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EXERCISES 
Vind, by Rule IX, § 64, the value of each of the following logarithms. 
1. log 16° 2. log 3.128 3. log .0176? 4. log 36.644 
Find, by Rule X, § 64, the value of each of the following expressions. 
(5) 8.82 X 
Check your answer by raising 8.82 to the third power as in arith- 


metic. Compare the two results and see how great was the error . 


committed by following the short (logarithmic) method. 
(6) 4.12 X (7) 4.123 x 
8. .175° [Hint. See Ex. 2 in § 64.] 
9. 813.015" [Hiyr. Combine the rules of §§ 62 and 64.] 


(40) 43x8.°x.07° yx WA erat 
i) 


Ee 
2.2°X3.15X5.14 = 
[Hinr. Use Rules VI, VIII, X.] ee 


12. Since 9? =729 we know, by Rule IX, § 64, that three times the 
logarithm of 9 is equal to the logarithm of 729. Show that the values 
given in the tables for log 9 and log 729 confirm this result. Invent 
and try out several other similar problems for yourself. 


65. To Extract Any Root of a Number. Let us take any 
number, for example 36, and consider any root of it, say the 
fifth; that is, let us consider -\/36. 

Supposing x to be the value of the desired root, we have 

x =36. 

Now the logarithm of the first member of this equality is 
equal to 5 log « by Rule IX. 

Hence 5 log x=log 36, or log x=} log 36. 

This illustrates the following rule. 

Rute XI. The logarithm of the root of a number is equal 
to the logarithm of the radicand divided by the index of the root. 

Thus log \/2.73 =+ log 2.73; similarly, log ¥/.01685 =+ log .01685 

The way in which this principle is used to extract the roots 
of numbers in arithmetic will now be shown. 
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Exampte 1. To find the value of ~/85.2 
SoLuTION. log 85.2 =1.9304, 

so that 4 of log 85.2 = 0.4826 
Hence log ~/85.2=0.4826 (Rule XI) ge 
The number whose logarithm is 0.4826 is 3.088  (§ 61) 
Therefore 4/85.2=3.038 (approximately). Ans. & 


ExampiE 2. To find the value of ¥/.0875 
Sotution. log .0875=8.9420—10, 

sothat — $ of log .0875=+4(8.9420—10) = (48.9420 —56) 

=9.7884—10. (See Note below.) 

The number whose logarithm is 9.7884—10 is .6143 (§ 61) 
Therefore ~/ 0875 = .6143 (approximately). Ans. 
‘These examples illustrate the following rule. 
Rute XII. To find any root of any number. 
1. Divide the logarithm of the number by the index of the root. 
2. The quotient obtained is the logarithm of the desired root. 
3. The root itself can then be determined as in § 61. 


Note. To divide a negative logarithm, write it in a form where 
the negative part of the characteristic may be divided exactly by the 
divisor giving —10 as quotient as in Example 2. VU 


EXERCISES 


Find; by Rule XI, § 65, the value of each of the following logarithms. 
1. log V/16. 2. log 1/3.12 (@)loe W/ oie 4, log ¥/38.56 

Find, by Rule XII, § 65, the value of each of the following expres- 
sions. Check your answer in Ex. 5;by extracting the square root of 
315 (correct to three decimal places) as in arithmetic. Compare the 


two results and see how great was the error committed by following 
the short (logarithmic) method. 


5. 1/315 ONesxos Fexos BNP 
6. ~/4.32 Hint. Use Rules IX and XI.] 

7. \/4305 oe Xn Sie) ae 

8. 1/0957 * BTOXO1R 

[Hinr. See Example 2 in § 65.] 3. 8X65. 323° ca 
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APPLIED PROBLEMS 
Solve the following exercises by logarithms. 


1. How many cubic feet of air are there in a schoolroom whose 
dimensions are 50.5 ft. by 25.3 ft. by 10.4 ft.? 


2. How many gallons will a rectangular tank hold whose dimensions 
are 8 ft. 10 in. by 9 ft. 3 in. by 10 ft. 1 in.? 


3. How much wheat will a cylindrical bin hold if the diameter of 
the base is 9 ft. 5 in. and the height is 40 ft. 4 in.? 


4. How much would a sphere of solid cork weigh if its diameter 
was 4 ft. 3 in., it being known that the specific gravity of cork is .24? 

[Hinr. To say that the specific gravity of cork is .24 means that 
any volume of cork weighs .24 times as much as an equal volume of 
water. Water weighs 62.5 pounds per cubic foot.] 


5. The diameter d in inches of a wrought-iron shaft required to 
transmit h horse-power at a speed of m revolutions per minute is given 


si 
by the formula d= 4 us Find the diameter required when 135 horse- 
power is to be transmitted at a speed of 130 revolutions per minute. 

6. A wire 135 feet long is suspended from two poles of equal height 
placed 130 feet apart. Compute the sag, using the formula of Ex. 20, 
page 42. 

7. If the three sides of a triangle are of lengths a, b, c respectively, 
and we place s =4(a+b-+c), then the area is expressed by the formula 


A=-/s(s—a)(s—b)(s—c). 


Determine ‘the area of the triangle whose sides are 3.15 inches, 
4.87 inches and 2.68 inches. 


8. The height H of a mountain in feet is given by the formula 


R-r T+t 
H=40,000( 7) (1+ 900 ) 


where R, r are the observed heights of the barometer in inches at the 
foot and at the summit of the mountain, and where 7’, ¢ are the observed 
Fahrenheit temperatures at the foot and summit. 

Find the height of a mountain if the height of the barometer at 
the foot is 29.6 inches and at the summit 25.35 inches, while the tem- 
perature at the foot is 67° and at the summit 32°. 
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66. Solution of Exponential Equations. The equation 
(1) 2” = 32, 
wherein the unknown number, x, appears in the exponent, is 
an example of an exponential equation. In the present 
instance, the equation may be solved immediately by inspec- 
tion, x being equal to 5, since 2?=32. But if, instead of (1), 
we start with the following equally simple exponential equa- 
tion 
(2) 27 =48 
the value of x can be obtained only approximatively, and 
its determination involves the use of logarithms in the 
manner shown below: 

Soutution. Taking the logarithm of each member in (2), 

x log 2=log 48. (Rule IX) 


Therefore 
log 48 1.6812 
Se tee 
log2 0.3010 
EXERCISES 
Solve each of the following exponential equations, using logarithms. 
1. 47=10. 6. 3°°>—20-37+99=0. 
2. 2¢=80. [Hinr, 32*—20-37+99 = 
(8%—9) (8%—11). 
3. 317=23. 7 pes 
:) TE es 
4, 27=3. A 
9Qe-+y =, 
5. 139° =.281 2? aha 3%, 


IV. Genrrat Locarrrams 

*67. Logarithms to Any Base. In § 51 we defined the logarithm 
of a number as the power to which 10 must be raised to obtain that 
number. Thus, from such equalities as 10?=100, 10?=1000, ete., we 
had log 100=2, log 1000=3, etc. Strictly speaking, this defines the 
logarithm of a number to the base 10, or, as it is usually called, a common 
logarithm. 

We may and frequently do use some other base than 10. For 
example, since 3’=9, 3°=27, 3'=81, etc., we can say that the loga- 
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rithm of 9 to the base 3 is 2, the logarithm of 27 to the base 3 is 3,the 
logarithm of 81 to the base 3 is 4, etc. The usual way of denoting this is 
to write log39 =2, log327 =3, logs81=4, etc. The number being used as 
the base is placed to the right and just below the symbol log. 

Similarly, we have logs16 =4, log.64=2, log;125 =3, etc. 

Thus we have the following general definition. The logarithm of 
any number x to a given base a is the power of a required to give x. It is 
written logax. Any positive number except 1 may be used as the base. 

Note. When the base a is taken equal to 10 (that is, in the usual 
case) we write simply log x instead of log, x 


*EXERCISES 
State first the meaning and then the value of 
1. loge4. 2. logs. 3. log,16. 4. logst. 
5. logo}. 6. logy sr. 7. logs.2 8. logs32. 


*68. Logarithm of a Product. We can now show that Rule V, 
§ 62, holds true whatever the base. That is, if M and N are any two 
numbers, and a the base, then 
loga MN =loga M +log,N. 
Proor. Let z=log,M and y=log,N. Then a*=M and a¥=N 
(§ 67). Hence a? - a¥=MN, or a? t¥=MN. But the last equality 


means that 
log, MN =x+y=log,M +log,N. (§ 67) 


*69. Logarithm of a Quotient. Rule VII, § 63, holds true whatever 
the base. That is, if M and N are any two numbers, then 
loga(M +N) =loga M —log,N. 
Proor. Let z=log,M and y=log,N. Then a®=M and aY=N. 
(§ 67). Hence, a? +a¥= M+N, or a ¥=M-+N. But the last equality 
means that 
> logy(M +N) =2—y=loga M —log.N. 


*70. Logarithm of a Power of a Number. Rule IX, § 64, holds 
true whatever the base. That is, if M is any number and n any (positive 
integral) power, then 

log, M” =n logaM. 

Proor. Let =log,M. Then a*= WM (§ 67) and hence a”*= M”. 
But the last equality means that 

log, M” =nx=n loggM. 
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*71. Logarithm of a Root of a Number. Rule XI, § 65, holds true 
whatever the base. That is, if M is any number and n any (positive 
integral) root, then 


log. */M =~ log, M. 


Proor. Let x=log;M. Then a*=M (§ 67) and hence (a*)!/” = 
M*/", or a®/"=  /M. But the last equality means that 
x 


nye _t 1 
loga-\V/M =" =— log, M. 


*72. Summary. From the results established in §§ 67—71 it appears 
that Rules V—XII, §§ 62-65, are not only true when the base is 10 (as 
was there taken) but they are true for any base. Tables exist for various 
bases other than 10, but we shall not consider them. 


Note. The reason why 1 cannot be used as a base is that 1 to any 
power is equal to 1, that is, we cannot get different numbers by raising 
1 to different powers. 


*73. Historical Note. Logarithms were first introduced and em- 
ployed for shortening computation by Jonn Napier (1550-1617), a 
Scotchman. However, he did not use the base 10, this being first done 
by the English mathematician Briae@s (1556-1631), who computed 
the first table of common logarithms. 


*74, Calculating Machines. The Slide-Rule. Machines have been 
invented and are now coming into very general use, especially by engi- 
neers, by which the processes of multiplication, division, involution, 
and evolution can be immediately performed. The construction of 


08 nn PO 


Fie. 38. Tum Stipm Rui» 


these machines depends upon the principles of logarithms, but to 
describe the machines and their methods of working would take us 
beyond the scope of this text. The simplest machine of this kind is 
the slide rule, the use of which is easily understood. A simple slide 
rule with directions is inexpensive and may ordinarily be secured from 
booksellers. A full description of the instrument and its use may be 
found in the Macmillan Tables (The Macmillan Co., New York). 


son f\ ae 
CHAPTER vin 
COMPOUND INTEREST AND ANNUITIES 


75. Compound Interest. .The interest which P dollars 
will bring at the end of one year if placed at the rate of interest 
7 is evidently PX7, or Pi. If the interest Pi thus received be 
added to the principal, or P, the new principal at the end of 
the first year is P+ Pi, or 
(1) P(i+7). 

If the principal (1) be again allowed to draw interest for 
one year at the same rate 7, the interest received will be 
P(1+7) Xi, or P(1+7)1, and if this be added (compounded) 
to the former principal (1), the amount of the principal at 
the end of the second year becomes P(1+7)-+P(1+7)?, which 
may be written P(1+7)(1+7), or 
(2) P(+7)?. 

Similarly, the amount at the end of the third year is 

TALE Ds 
and, in general, we have the following formula for the amount 
A,, which will be realized from a principal P by compounding 


the interest upon it annually for n years at the rate 2: y Ea 
(3) A,=P(1--i)". Khe 
Exampite 1. What will be the amount of $225 loaned for 5 years _| es 
AA 


at 8% compound interest? 

Sotution. Here P=225, i=.08 and n=5. Hence, using thes ee 
formula, we find A; =225(1+. 08) =225 X1.08°, 

The actual computation of A is now best carried out by logarithms 
Thus, taking the logarithm of each member of the last equation, we 
have, by Rules V and IX, §§ 62, 64, 

log A; =log 225-45 log 1.08 =2.3522+5 X0.0334,_ a 
=2.3522-++0.1670=2.5192 = \ MV 


Therefore, by § 61, A; =$330.50 Ans. [| 7 PUL ] 
125 Pas ha ie 


p=2N A= h, ie _ 
ge ee CD H=N C4@) 
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EXAMPLE 2. What principal will amount to $1000 in 10 years at 
5% compound interest? 


Sotution. Here A,,=1000, P=?, i=.05, n=10 so that the formula 
gives 1000=P(1+.05)=P(1.05)". The problem thus resolves itself 
into solving this equation for P, and this is most readily done by use 
of logarithms as follows: 


log 1000 =log P-+10 log 1.05 


Hence log P=log 1000—10 log 1.05 =3 —0.2120=2.788 Therefore, 
by § 61, P=$613.70 Ans. 


EXERCISES 
1. Find the amount of $400 for 10 years at 3% compound interest. 
2. Find the amount of $100 for 20 years at 6% compound interest. 


3. What principal loaned at 4% compound interest will amount to 
ee in 10 years? 


. What sum of money invested at 4% compound interest from a 
ates birth until he is 21 years old will yield $1000? 


5. In what time will $800 amount to $1834.50 if put at compound 
interest at 5%? 


{Hinr. Note that the unknown time becomes determined by an 
exponential equation which can be solved as in § 66.| 


6. How long will it take a sum of money to double itself at 5% 
compound interest ? 


7. What is the rate per cent when $300 loaned at compound interest 
for 6 years will yield $402? 


8. Solve the formula for n in terms of A, P, and 7. 


9. Construct a graph to show the sone amount of 1 dollar at 
6% as the time varies. 


10. If, instead of the interest being compounded annually as in 
the formula of § 67, it is compounded m times a year, show that the 


formula becomes 
4 mn 
Voie (1+ = 
m 


11. In how many years will $300 amount to $400 at 6% compound 
interest, the interest being compounded quarterly? 
12. What sum should be deposited in a bank paying 4% compounded 


semi-annually in order to discharge a debt of $7430 due ten years 
later. 


/ / r= . 
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76. Annuities. An annuity is a series of equal payments 
made at equal intervals during a fixed period of time. For 
convenience, the first payment will here be regarded as made 
at the end of the first year, the second payment at the end of 
the second year, ete. 

Thus, if A has a life insurance policy in the form of an annuity in 
case of death to B of $1000 a year for 10 years, then at the end of the 
first year after A’s death the company issuing the policy is to pay B 
$1000, and a like payment is to be made at the end of the second year, 
third year, etc., up to the end of the tenth year. Evidently, if interest 
be taken into account, such a policy will be worth more to B than the 
mere total of $10,000 thus received, since he may during the 10 years 
be reinvesting the various payments so as to receive additional returns. 

The following fundamental general problem thus arises. 
If we represent the amount of each payment by a, the num- 
ber of yearly payments by n and the interest rate by 7, what 
will be the accumulated value V,, of the annuity at the end 
of the n years? The answer, expressed as a formula for V,, in 
terms of a, n and 2, is readily obtained as follows. 

Using the formula of § 75, we see that the accumulated 
values of the first, second, ---nth payments will be: 


a(1+7)""1, a(1+i)"4, ---, a(1+7)?, a(1+7), a. 


The desired value, V,,, is therefore the sum of these n 
expressions. But they are seen to form a geometric progres- 
sion whose first term is a and whose common ratio is (1+7). 
The sum is therefore readily expressed by use of oe re 
formula in § 39, which gives 
(4) $e oop ad ne VM oe 

i 

By the present value of an annuity of a dollars per Atug 
annum is meant the amount in cash that one could afford to 
pay for the privilege of receiving the payments in their regular 
order. A second fundamental problem thus arises: What 
is the present value P of an annuity of a, payable in n yearly 
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installments when the interest rate is 7? This again may be 
answered by simple considerations based on the properties 
of a geometric progression. Thus, the present value of the 
first payment can be obtained from the formula of § 75 
by placing in it A=a, n=1 and solving for P, thus giving 
a(1+7)—. Similarly, the present value of the second payment 
is a(1+7)~, that of the nth payment being (1+7)"". The 
desired value of P is therefore the sum of these, or 


a(1+7)-!+-a(1+2)?+ ... +a(1+7)™. 


This being a sum of terms forming a geometric progression, 
its value can be’ readily expressed as before by the first 
formula of § 39, which gives as the desired formula 


eile init ; 
(5) ial i ore.:: Ne: 
EXERCISES 


1. What will be the accumulated value of an annuity of $100 for 
10 years at 6%. 
© vette: 
Sotution. V,)=—[(1+i)"—1]= 


0 


100 
06 


By logarithms, (1.06)! is found to be 1.7904, hence (1.06)°—1= 
0.7904 Therefore 


log Vip =log 100+-log 0.7904 —log .06 
=2-+ (9.8978 —10) — (8.7782 —10) =3.1196 
Hence V,)=$1317, the accumulated value of the annuity. Ans. 


[(1.06)—1]. 


2. What is the present value of an annuity of $300 for 10 years 
at 6%? 


3. How much must a man save annually and deposit in a savings 


and loan company paying 5%, compounded annually, in order to pay 
off a mortgage of $2000 after 5 years? 


ie. 4. A man buys a house and lot, paying $1500 down and agreeing 
to pay $1000 annually for the next 4 years. What is the equivalent 
cash price if money is worth 6% per year? 


[Hinr. Note that the $1500 payment is not a part of the annuity.] 
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/ It is estimated that a certain mine will be exhausted in 10 years. 

C4 he mine yields a net annual income of $10,000, what would be a fair 


purchase price, money being worth 5%? 


6. Show that if, instead of the installments being made annually, 
they are made m times a year and the interest compounded at each 
payment, then the two formulas of § 76, remain the same except that 
z/m is to be substituted for ¢ and mn for n. 


7. Using the results of Ex. 6, answer the following question: A 
piano is sold for $100 cash and $50 to be paid semi-annually for 3 years. 
What is the equivalent cash price, if money is worth 6%, compounded 
semi-annually ? 


8. A city is to issue 20-year bonds to the amount of $100,000 for 
the erection of public schools and it is desired to establish a ‘sinking 
fund” to provide for the extinction of the debt when due. How much 
must be deposited in the sinking fund at the end of each year, money 
being worth 4% and compounded annually? 


9. A student borrows $500 at the beginning of each of his four col- 
lege years, agreeing to pay the debt with 6% interest in 4 annual pay- 
ments, the first being due 5 years after the first $500 was borrowed. 
What will be the amount of each payment? 


10. The beneficiary of a $5000 life insurance policy is to receive ten 
equal annual payments, the first to be made when the policy matures. 
Find each payment if money is worth 4% compounded annually. 

11. A debt of $5000 with interest at 6% was contracted on Jan. 
1, 1916. On Jan. 1, 1917, $1,000 was paid and on Jan. 1, 1918, $2,000 
was paid. It was then arranged to pay the remainder in 3 annual in- 
stallments, the first of which should be payable Jan. 1, 1919. How 
much was each installment? 

12. How much should be invested at the end of each year to dis- 
charge a non-interest bearing debt of $10,000 due in 10 years, interest 
being 4%? 

13. A bank pays $940 for a non-interest bearing note due in 1 year. 
If the face of the note is $1000 what rate of interest is involved? 


CHAPTER IX 


MATHEMATICAL INDUCTION—BINOMIAL THEOREM 


77. Mathematical Induction. The three following purely 
arithmetic relations are easily seen to be true: 


142=3(2+1), 
14+2+3=$(8+), 
1424344=4(441). 
We might at once infer from these that if n be any positive 
integer, there exists the algebraic relation 


(1) 142484+44---n=5(n+1), 


the dots indicating that the addition of the terms on the left 
continues up to and including the number n. 

For example, if n=8, this would mean that 

14+243+44+5+6+7+8=$(8+1). 

Again, if »=10, it would mean that 

14+24+3+4+5+46474+8+9+10=12(10+1). 

That these are indeed true relations is discovered as soon as we 
simplify them. Let the pupil convince himself on this point. 

It is to be carefully observed, however, that the inference 
just made, namely that (1) is true for any n, is not yet justi- 
fied, for we have only shown that (1) holds good for certain 
special values of n, and we could never hope to do more than 
this however long we continued to try out the formula in 
this way. 


Something more than a knowledge of special cases must always be 
known before any perfectly certain general inference can be made. 
For example, the fact that Saturday was cloudy for 38 weeks in suc- 
cession gives no certain information that it will be so on the 39th week. 


We shall now show how the general formula (1) may be 
130 
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established free from all objection; that is, in a way that 
leaves no possible question as to its truth in all cases. 

Let r represent any one of the special values of n for which 
we know (1) to be true. Then 


(2) 14 243444---+r=2 (r+). 
Let us add (r+1) to both sides. The result is 
14243444. rt} (+1) = S04) 4(r+ 0). 


In the second member of the last equation we may write 


sot +0+)=0+0(5+1)=+(F)-Erotay 


while the first member has the same meaning as 
US ale et cea ea Ped) 
Thus, (2) being given us, it follows that we may write 


1 
(3) LE2EB EA -f (rt1) = A(r4.2), 


But (3) is seen to be precisely the same as (2) except that 
r+1 now replaces r throughout. This means that if (1) is 
true when n=r, as we have supposed, then it holds true 
necessarily for the next greater value of n, which is r+1. 

The original fact which we wished to establish (namely, 
that (1) is true for any n) now follows without difficulty. 
In fact, we know (see beginning of this section) that (1) is 
true when n=4, from which it now follows that it must be 
true also when n=5. Being true when n=5, the same 
reasoning shows that it must be true also when n=6. Thus, 
we may reach any given integer n, however large it may be. 

_Hence (1) is true for any such value of n. 

This method of reasoning illustrates what is termed 
mathematical induction. Another example of the process will 
now be given, in a more condensed form. 
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Exampie. Prove by mathematical induction that 
(1) 143+5+7+---+(2n—1) =n. (n=any positive integer) 
Sotution. When n=1, the formula gives 1=1?; when n=2, it 
gives 1+3=2?; when n=3, it gives 1+3+5=37, all of which arith- 
metical relations are seen to be correct. 
Let r represent any value of n for which the formula has been 
proved. Then 
(2) 14345+7+4--+(2h-l=r, 
Adding (2r+1) to each member gives 
(8) 1-48+54+7+---+(2r+)) =P 4(r41) =F 42rt1=¢+1. 


But (3) is the same as (2) except that r has been replaced throughout 
by r+1. Hence, if (1) is true for any value of n, such as 7, it is neces- 
sarily true also for that value of nm increased by 1. 

Now, we know (1) to be true when n=3. (See above.) Hence it 
must be true when n=4. Being true when n=4, it must be true when 
n=5, etc., and in this way we now know that (1) is true for any value 
(positive integral) of m whatever. 


EXERCISES 
Prove the correctness of each of the following formulas by mathe- 
matical induction, n being understood to be any positive integer. 
1. 2+4464+8 +---+2n=n(n+1). 
[Hinr. First try out for n=1, n=2, and n=3. Let r represent a 


number for which the formula holds. Add 2(r+1) to both members 
of the resulting equation and compare results.] 


Soueeiegrd o-Ps: +8n=— (nt). 


12422432 4424..-4n2=4n(n+P)(2n+1). 
PLP +G?tee + (Qn)? =3n(n-+1)(2n-+1). 
‘ Dabiseeaenis 82 
1 n 
¥ potato Owe rey 
7, 24271231944 ...197—2(2"—1), 
8. Prove that if n is any positive integer, a” —b” is divisible by a—b. . 


[Hinr. Since a’+!—b"tt=a(a"—b")+b" (a—b), it follows that 
a’ +1 pb’ +1 will be divisible by a—b whenever a’ —b" is divisible by a—b.] 
9. Prove that a?” —b2" is divisible by a+b. ~ 


art Ww bd 


; , 
PP oe wri gait a ea Je 


ze 4 FLA y; 
t = { (AKL ‘ 
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78. The Binomial Theorem. If we raise the binomial 
(a+z) to the second power, that is, find (a+<)?, the result 
is a*+2ax+2*. Similarly, by repeated multiplication of 
(a+2) into itself, we can find the expanded forms for (a+2)5, 
(a+2)*, (a+2)*, etc. The results which we find in this way 
have been placed for reference in a table below: 


(a+a)?=e?4+2ar+22. 

(a+2)?§=@+3e2+3a2?+23. 

(a+2)!=a'+4a%x+ 6022?+ 4a23+21. 

(a+2)'=a'+5ate+ 10a%2?+ 10072?+ 5axt+2°%, 

(a+2x)§=a'+ 6a'a+ 15a4x?+ 20a'x3+ 15072!+6a2'+25, ete. 


Upon comparing these, it appears that the expansion of 
(a+x)", where n is any positive integer, has the following 
properties: 


1. The exponent of a in the first term 1s n, and tt decreases 
by 1 in each succeeding term. 


The last term, or x”, may be regarded as a® x” (See § 8). 


2. The first term does not contain x. The exponent of x in 
the second term is 1 and it increases by 1 in each succeeding 
term until 1t becomes n in the last term. 


3. The coefficient of the first term is 1; that BE the second 1 
term ts Nn. 

4. If the coefficient of any term be multiplied by the exponent 
of a in that term, and the product be divided by the number of 
the term, the quotient is the coefficient of the next term. 

For example, the term 6a2z”, which is the third term in the expansion 
of (a+z)4, has a coefficient, namely 6, which may be derived by mul-\ 
tiplying the coefficient of the preceding term (which is 4) by the exponent ) 
of a in that term (which is 3) and dividing the product thus obtained / 
by the number of that term (which is 2). 


5. The total number of terms in the expansion is n+1. 


We, 
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The results just observed regarding the expansion of 
(a+zx)”, where n is any positive integer, may be summarized 
and condensed into a single formula as follows: 


(a-+x)"=a"-++na""x+4" _ mn are 
ai Lins pe a eee x 
the dots indicating that the terms are to be RENE in fhe. 
manner indicated up to the last one, or (n-+1)st. 

This formula is called the binomial theorem. By means 
of it, one may write down at once the expansion of any 
binomial raised to any positive integral power. 


That the formula is true in all cases, when n is a positive integer, 
will be proved in detail in § 80. We assume its truth here for those 
small values of n for which its correctness is easily tested. 


Exampie 1. Expand (a+<)°. 
Sotution. Here n=6, so the formula gives 


6-5-4 6-5-4-3 
+2)* = a®+ 6a", +o vt 33 4 ——_______q2y4 
(a+a) ax ax one ee rs 
6-5-4-3-2 6-5-4-3-2-1 
$e? + 6 
ere Fewer” 1-2-3-4-5- 6. 


Simplifying the various coefficients by performing the possible 
cancelations in each, we obtain 


(a+x)® =a°+6a'a+ 15a? +20a%x? +15022t+6a2®+a°, Ans. 


Note. It may be observed that the coefficients of the first and 
last terms turn out to be the same; likewise the coefficients of the second 
and next to the last terms are the same, and so on symmetrically as 
we read the expansion from its two ends. 


Examp.e 2. Expand (2—m)’. 
Sotution. Here a=2, x=—m, and n=5. The formula thus gives 


(2—m)5=2-45 - 24(— =m) +> Stan peo. 22(—m)? 
BAB Qa ag 5+4-3-2-1 
Rear Twi AWB RCeT cory me 
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Simplifying the coefficients (as in Example 1), this becomes 
(2—m)°?=2°+5 - 24(—m)+10 - 23(—m)?+10 - 22(—m)8 


+5 + 2(—m)*+(—m)5. 


Making further simplifications, we obtain 
(2—m)? =32 —80m-+80m?—40m?+10m!—m®. Ans. 


NoTE. The result for (2—-)° is the same as that for (2+2)* except 
’ that the signs of the terms are alternately positive and negative instead 
A similar remark applies to the expansion of every 
binomial of the form (a—zx)” as compared to that of (a+z)”. 


of all positive. 


. (c+y). 
(a--b) 
(x—y)*. 
(a—b)*. 
(2+r)*. 
(a+z)'. 
(g—3)°. 
. (+2). 


EXERCISES 
Expand each of the following powers. ; 2 
. (ee —24, \ Leys 
a ci pee ON 7 (La ae a 
10. (2a+1)*. io 
os ls - ane 
12. (1+27)°. (: :) 
13. (1—zx)8 


G0 -1 > oT A oo pO 


NM 


_ 1). Arcata (A9.) (a+). 


(74) (2 a 
2 4 \4 f 3 
at BS ae. | Qo, (v2+3) 


16. (a+z)”. 


79. The General Term of (a+x)”. The third term in the 
expansion of (a+2)", as given by the formula in § 78, is 


Observe that the exponent of x is 1 less than the number ~ ss 


n(n—1) 
1-2 


ax’, (third term). 


of the term; the exponent of a is m minus the exponent 
of x; the last factor of the denominator equals the exponent 
of x; in the numerator there are as many factors as in the 


denominator. 


Precisely the same statements can be made as regards 
the fourth term, or 


n(n—1)(n—2) 
ere 


n—8y3_ (fourth term). 


a 
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In the same way, it appears that the above statements can 
be made of any term, such as the rth, so that the formula for 
the rth term is 

th t n(n—1)(n—2)---(n—1r+2) 
pt oe Ls Fn Suslpoat) 

Exampie. Find the 7th term of (2b—c)™. 

Sotution. Here 

a=2b, «=(—c), n=10, and r=7. 
Therefore (using the formula), the desired 7th term is 
10-9-8-7-6-5 
= = Sin 47. ,\6 
Seventh term ied Se See (2b)"(—e) 
=210(2b)4(—c)® = 3360b%C°. Ans. 


: qrr lat . 


EXERCISES 


Find each “of fhatellane indicated_terms. 


fs) 
8 1 § y 
5th term of (4+2)8. re grand ot ( (+) BAe : 

6th term of (~x—y)'. x 72 he, 
7th term of (2a) Oo term ot ( (f-»)” a aaa 


1 
2 
3 
4. 10th term of (m—n) 
5 
6 


= yy 


; ve 4 g ay, 

6th term of (a2—b?), Os term of ( (2-2) ; xt7 

. 20th term of (1-+2)*. (10, dn term of (2+/2— +/3)'? °° 
ved 


80. Proof of the Binomial Theorem. The way in which 
the binomial formula was established in § 78 is, strictly 
speaking, open to objection because we there made sure of 
its correctness only for certain special values of n, such as 
n=2, n=3, n=4, and n=5. Though the formula holds 
true, as we saw, in these cases, it does not follow necessarily 
that it is true in every case, that is, for every positive integral 
value of n. We can now establish this fact, however, by the 
process of mathematical induction, when n is a positive 
integer. 

Let m represent any special value of n for which the for- 


ome 


Mee oe Oe On Ee ip eee Beeran. Ph See 
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mula has been established (as, for example, 2, 3, 4, or 5). 
Then we have 
m m m—1 m (m— 1) —2 
(a+a2)”"=a"+ma os pues “grt eee 
m(m— ws -(m—r+2) 
1; ++ (r—1) 
Let us now Pace both members of this equation by 
a+z. On the left we obtain (a+a)”"*". On the right we shall 
have the sum of the two results obtained by multiplying the 
right side of (1) first by a and then by 2, that is we shall have 
the sum of the two following expressions: 


cat! 
a4 mama mm) dre. 


Ce yee be ee 


(1) 


m(m—1) -: Ee ape 


Per oeye Coe peas 


and 
a ee Pe UKE A) ANT eS ne eg 
a” atma™ atte bt tie Tae a x 
.tmar™ +a}, 
Adding these, and making the natural simplifications in 
the resulting coefficients of a”zx, a” ‘a’, etc., and equating 


the final result to its equal on the left (namely (a+z)™"1, as 
noted above) gives 
1 
(a+2)"*t=a"**+ (m+1)a"a+ meee aa ma" ae. 
(2) saint: ‘(m— TH8) m-rt2y ta wap gte 


1-2-3.-- (r—1) 

But (2) is precisely (1) except for the substitution of m+1 
for m throughout. Hence, if the binomial formula holds for 
any special value of n, as m, it necessarily holds for the next 
larger value, namely m+1. But we have already observed 
that it holds when n=5. It must, therefore, hold when 


SE PCa Lee sas Iie: 
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n=5+1, or 6. But if it holds when n=6, it must likewise 
hold when n=6+1, or 7. Thus we may proceed until we 
arrive at any chosen value of n whatever. That is, the for- 
mula must be true for any positive integral value of n. 


*81. The Binomial Formula for Fractional and Negative Exponents. 
In case the exponent n is not a positive integer but is fractional or 
negative, we may still write the expansion of (a+ a)” by the formula of 
§ 78, but it will now contain indefinitely many terms instead of coming 
to an end at some definite point; that is, we meet with an infinite series. 
(Compare § 41.) 

For example, 


(a+n)t=a?+408- 


ni —} x(—$)(—38) _5 
‘. yey ee pier Vita eS Se 
OTag iar pees so Ie ae 


=aF 41a te —ta_ batts Tq 2ab tose 
Here we have written only the first four terms of the expansion, but 
we could obtain the 5th term in the same way and as many others in 
their order as might be desired. 


82. Historical Note. The binomial formula for cases in which 
the exponent 7 is a positive integer was known to the early Greek and 
Arabic mathematicians, but its significance when m is fractional was 
first pointed out by Sir Isaac Newton (1642-1727). 


*83. Application. If in (a+2)” the value of x is small in comparison 
to that of a (more exactly, if the numerical value of x/a is less than 1) 
then the first few terms of the expansion furnish a close approximation 
to the value of (a+a)". This fact is’ often used to find approximate 
values for the roots of numbers in the manner illustrated below. 

Exampie. Find the approximate’ value of 4/10. 

Sotution. Write ~/10= ~/9-+1= ~/(32+1) and expand this last 
form by the binomial formula. Thus (using the final result in the 
worked example of § 81), we have 


V/10= Cas 1-43) #. Maer a4. 
id 1 
wate 


=3 
a3 82 3.39 16 
=3+.166666 —.004629 + .000257 =3.162294 (approximately). 
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Observe that the value of +/10 as given in the tables is 3.16228, 
thus agreeing with that just found so far as the first four places of 
decimals are concerned. 

Whenever extracting roots by this process we use the following 
general rule. 


Separate the given number into two parts, the first of which is the 
nearest perfect power of the same degree as the required root, and expand 
the result by the binomial theorem. 


*EXERCISES 


Write the first four terms in the expansion of each of the following 
expressions. 


1. (a+z)3- 5. (2a-+b)* 
2. (atx). 6. (a—22) # 
3. (1+2)3- 7. °/242. 
4. (2-2) * Soa 
9. Find by the formula in § 79 the 6th term in the expansion of 
(ata)? 
Find the 
10. 5th term of (a+z)?- 13. 9th term of (a—z)-. 
11. 7th term of (a-+zx) 3 14. 10th term of ~/(a+y)3. 
12. 8th term of (1-+2)3- 15. 6th term of ~/2a—6. 


Find the approximate values of the following to six decimal places 
and compare your results for the first three examples with those given 
in the tables, 


16. +/17. 7 17. 4/27. 18. 7/9. 


19. ~/14. 20. ¥/35. 
[Hinr. Write 14=16—2=2'—2.] 


CHAPTER X 
FUNCTIONS 


84. The Function Idea. In ordinary speech we make 
such statements as the following: 

1. The area of a circle depends upon its radius. 

2. The time it takes to go from one place to another de- 
pends upon the distance between them. 

3. The power which an engine can exert depends upon the 
pressure per square inch of the steam in the boiler. 

Another way of stating these facts is as follows: 

1. The area of a circle is a function of its radius. 

2. The time it takes to go from one place to another is a 
function of the distance between them. 

3. The power which an engine can exert is a function of 
the pressure per square inch of the steam in the boiler. 

The idea thus conveyed by the word function is that we 
have one magnitude whose value is determined as soon as we 
know the value of some other one (or more) magnitudes upon 
which the first one depends. This idea is at once seen to be 
universal in everyday experience and for that reason it be- 
comes of great importance in mathematics.} In the present 
chapter we shall indicate briefly some of its most essential 
features, noting especially the significance of the idea when 
considered graphically. 


85. Types of Algebraic Functions. An expression of the 
form 


(1) AX Ay, 
where the coefficients a) and a, have any given values (except 
that a must not be 0) is called a linear function of x. 


jThe extended formal study of the function idea enters into that 
branch of mathematics known as the Calculus. 


140 
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Observe that every such expression depends for its value 
upon the value assigned to 2, and is determined as soon 
as «is known. Hence it is a function of x in the sense ex- 
plained in § 84. It is called a linear function since it is of 
the first degree in x. (Compare § 6.) 


For example, 27-++3 is a linear function of x. Here we have the form 
(1) in which a)=2 and a,=3. Similarly, 3r—2, r—4, —x+4 and 32 
are linear functions of x. (Why?) 

Likewise, 3¢+2 is a linear function of ¢, while —r-+-5 is a linear 
function of r, ete. 

As an example of a linear function in everyday experience, suppose 
that in Fig. 39 a person starts from the point P and moves to the right 
at the rate of 15 miles per hour, and let Q be the point 10 miles to the 


Q P 
— — 


Fie. 39 


left of P. Then we may say that the distance of the traveler from Q is 
a linear function of the time he has been traveling, for if t represent 
the number of hours he has been traveling, his distance from P is 15t 
(see § 7, formula 4) and hence his distance from Q is 15t+10. This is 
a linear function of ¢, being of the form (1) in which a) =15 and a,=10. 

Likewise, the interest which a given principal, P, will yield in one 
year is a linear function of the rate, for, if r be the rate, the interest in 
question is given by the formula P Xr, or Pr, and this is seen to be of 
the form (1) in which ay=P, and a,=0, r being here the variable. 


An expression of the form 
(2) Ax? +a,X+O, 


where do, ai, and a have any given values (except that ao 
must not be 0) is called a quadratic function of x. 


For example, 27?+3xr—1 is a quadratic function of x because it is 
of the form (2) in which a=2, a,=3, a@=—1. Likewise, 2’+147; 
+4; —2°+32; 52”; x are quadratic functions of z. 

Again, we may say that the area of a square is a quadratic function 
of the length of one side, for if x be the length of side, the area is 2” 
and this is of the form (2) in which a =1, a =a,.=0. 

Similarly, the area of a circle is a quadratic function of the radius r 
since it is equal to 77°. 


142 COLLEGE ALGEBRA [X, § 85 


An expression of the form 
(3) QxX?+ aX? @x+43, 
where do, a, @2 and a3 have any given values (except that ao 
must not be 0) is called a cubic function of x. 

For example, 32°—2?+42—1; 423-2; 2°—227+1; 52°; 2%, etc. 


Again, we may say that the volume of a cube is a cubic function of 
the length of one edge. Also, the volume of a sphere is a cubic function 


of the radius 7, since it is equal to $77°. 


It may now be observed that the expressions (1), (2), and 
(3) are but special forms of the more general expression 


(4) Qox™ a,x? 1+ anx? 2+... Lan ixtan, 
where it is understood that n can be any positive integer, 
while the coefficients do, a1, do, «+: a, have any given values 


(except that a must not be 0). This is called the general 
integral rational function of x, or more simply, a polynomial 
in x. It reduces to the linear function (1) when n=1; to 
the quadratic function (2) when n=2; ete. 

In addition to these, expressions such as 

= £29 52% 
Vt, V 2; V x, 3Vr+Va2, oP ar*, eh 

and others that involve powers and roots of may occur in 
the expression of functions in algebra. 


EXERCISES 
1. Show that the thickness of a book is a linear function of the 
number of its pages. : 


[Hinr. Let 2 be the number of pages, d be the thickness of each 
page, and D the thickness of each cover. Now build up the formula 
for the thickness of the book and note which of the functional types 
in § 85 is present. ] 

2. The supply of gasoline in a tank was very low, its depth being 
but 1 inch all over the bottom, when it was replenished from a pipe 
which delivered 3 gallons per minute. Show that the amount in the 
tank at any moment during the filling was a linear function of the time 
since the filling began. 
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3. Show that the force which a steam engine has at any moment at 
its cylinder is a linear function of the area of the piston; also that it is 
a linear function of the boiler pressure of the steam per square inch. 

4. A certain room contains a number of 16-candle-power electric 
lights and a number of Welsbach gas-burners. Show that the amount 
of illumination at any time is a linear function of the number of electrie 
lights turned on. Ir this true regardless of the number of gas-burners 
already lighted? 

5. Show that the perimeter of a square is a linear function of the 
length of one side; also that the circumference of a circle is a linear 
function of its radius. 

6. Show that if each side of a square be increased by z, the corre- 
sponding increase in the area will be a quadratic function of z. 

[Hinr. Let a=the length of one side of the original square. Then 
the area is a” and the area of the new square is (a+a)”. Now formulate 
the expression for the increase in area.| 

7. Show that if the radius of a circle be increased by z, the corre- 
sponding increase in area will be a quadratic function of z. 

8. Show that if the edge of a cube be increased by x the corresponding 
increase in volume will be a cubic function of x. State and prove the 
corresponding statement for a sphere. 

9. Show that if y varies directly as x (see § 48), then y is a linear 
function of x. Is the converse of this statement necessarily true; namely, 
if y is a linear function of x, then y varies directly as x? 

10. When y varies as the square of x, to which one of the functional 
types mentioned in § 85 does y belong? Answer the same question 
when y varies directly as the sum of x3, 5x2, and 32. 

11. A certain linear function of x takes the value 5 when x=1 and 
takes the value 8 when «=2. Determine the form of the function. 

Sotutton. Since the function is linear, it is of the form ayr-ay. 
Since this expression must (by hypothesis) be equal to 5 when «=1, we 
have a)-1-++a,=5. Likewise, placing x=2, gives a): 2+a,=8. Solving 
these two equations for a) and a, we obtain a)=38, a,=2. The desired 
function is therefore 3r-+2. Ans. 

12. A certain linear function of x takes the value 14 when +=3, 
and takes the value —6 when x=—1. Determine the function. 

13. A certain quadratic function takes the value 0 when x=1, and 
the value 1 when x=2, and the value 4 when x=3. Determine com- 
pletely the form of the function. 
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86. Functions Considered Graphically. By the graph of 
a function is meant the line or curve which results when some 
letter, as y, is placed equal to the func- 
tion and the graph is drawn of the 
equation thus obtained. The purpose 
of the graph is to bring out clearly 
and quickly to the eye the relation 
between the given function and the 
quantity (variable) upon which it de- 
pends for its values. 

The method of drawing such graphs 
is precisely the same as that given in 
§ 6 for equations of the first degree, 
and in § 25, for quadratic equations. 


Thus, in order to obtain the graph of the 
function 2°, we place y=2* and proceed to 
assign various values to « and compute (from 
this equation) the corresponding values of y, 


then we plot each point thus obtained and L{/] YI} TT Tt | 

finally draw the smooth curve passing through ttt | 

all such points. tt Ped oh tobe sl] 
Below is a table of several values of x Fie. 40 


and y thus computed; and the graph is shown in Fig. 40. 


The portion of the curve lying to the right of the y-axis extends upward 
indefinitely, while the portion to the left of the same axis extends 
downward indefinitely. Note that, from the way this curve has been 
drawn, it at once brings out to the eye the value of the given function 
x for any value of the letter 2 upon which this function depends, the 
function values being the ordinates (§ 6) of the points on the curve. 
For example, at «=2 the corresponding ordinate measures 8, which 
is the function value then present. 

This curve may be used as a graphical table of cubes of numbers. 
Thus, if « = 1.5, y = 3.4, approximately, etc. Likewise, if y is given 
first, the curve shows the cube root of y; for example, if y = 4, x is about 
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1.6. The figure may be drawn by the student on a much larger scale; 
the values of x and y can be read much more accurately from such a 
figure than from Fig. 40. 

Another means of improving the ac- 
curacy of the figure is to take a longer dis- 
tance on the horizontal line to represent 
one unit than is taken to represent one 
unit on the vertical scale. 


Considering now the various types 
of functions described in § 85, it is to 
be noted first that the graph of every 
linear function is a straight line. 


For example, in considering the graph of 
the linear function }¢—5, we place y=32—5. But this is an equation 
of the first degree between x and y and hence (§ 6) its graph is a 
straight line. Fig. 41 shows the result. 


Note that the graph cuis the z-axis 
in one point. The abscissa of this partic- 
ular point is 4, which indicates that 4 is 
the root, or solution, of the equation 
$2—5=0, for it is this value of «x that 
makes y=0. 


The graph of every quadratic 
function belongs to the class of 
curves known as parabolas. A para- 
bola resembles in form an oval, open 
at one end. It never cuts the z-axis 
in more than two points. In some 
cases it lies entirely above or be-- 
low the z-axis, thus not cutting it 
at all. 

CeReRE asses Fig. 42 shows the graph of the quad- 

Fie. 42 ratic function z2+a¢—2. Note that the 
curve cuts the a-axis at two points whose abscissas are —2 and 1, 
respectively. This indicates that —2 and 1 are the roots of the 
quadratic equation 


z’+a2—2=0. 
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The general form of the graph of a cubic function is that 
of an indefinitely long smooth curve which cuts the z-axis 
in no more than three points. 

Fig. 43 shows the graph of the cubic 
al function «?—32?—2x+3. It cuts the z-axis 
if at three points whose abscissas are respec- 

10 tively —1, 1, and 3. These values, there- 
2 fore, are the roots of the cubic equation 
a —32?-z+3=0. 

Similarly, the general form of the 
graph of the rational integral func- 
pe tion of the fourth degree is that of an 
indefinitely long smooth curve which 
cuts the z-axis in no more than four 
points. And it may be said lkewise 
that the graph of the general integral 
function of degree n (see (4), § 85) is 
an indefinitely long smooth curve 
which cuts the z-axis In no more 
Fie, 43 than n points. 


Fig. 44 shows, for example, the graph aa 
of 2a*—523+5a—2, this being a function 
of the fourth degree. The four points 
where the curve cuts the z-axis have 
abscissas which are equal respectively to 
—1, 4, 1, and 2. These values, therefore, 
are the roots of the equation 2a*—5a°+ 
5a—2=0. 

Fractional expressions give rise to more 
complex graphs, which may have more 
than one piece. Tig. 45 shows, for ex- 
ample, the graph of 1/x. If we let y=1/z, 
y varies inversely as x (§ 45). The curve 
is therefore similar to that drawn in § 50, 
Fig. 387. The graph consists of two 
branches and belongs to the class of curves 
known as hyperbolas. These we have 
already met in § 28. 
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EXERCISES 


Draw the graphs of the following functions by plotting several 
points on each and drawing the curve through them. Try to plot 
enough points so that the form and location of the various waves, or 
arches, of the curve will be brought out clearly, as in the figures of § 86. 
Note how many times the curve 
cuts the z-axis and make such 
inferences as you can regarding 
the roots of the corresponding 
equation. 

[Hinr. When the graph of a rr? 
quadratic function fails to cut the 
z-axis, this indicates that the 1 
roots of the corresponding quad- 
ratic equation are imaginary. 
(See §§ 26-27.) Similarly, when 2 
the graph of a cubic function 
cuts the z-axis in but one point, =] 
this indicates that there is but 
one real root to the correspond- 
ing equation, the other two roots 
being imaginary. In general, the 
number of times the graph cuts 
the x-axis indicates the number 
of real roots of the corresponding equation, the number of imaginary 
roots being the degree of the equation minus the number of real 
roots. | . 


Fig. 45 


1. 3744. 2. x. 3. 2’°—2—2. 4. o?—4, 
6.241. | 6. 2° —32?—-2+3. 7. 2132?+22+6. 
8. 2 —4x 9. z*—16 10. 3a?—x 11. 1/2? 


87. The Derivative of a Function. An examination of the 
curves shown in Figs. 42-45 shows at once that the steepness 
of any one of them changes from point to point. 

For example, in Fig. 42, which is the graph of the function 
y=2?+a—2, if we select a point on the curve near to its lowest point, 


the curve is almost horizontal there. At the lowest point itself, where 
r= —1/2, the curve becomes actually horizontal. But if we are at 
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the point whose z is 2 or 3, the steepness is seen to be decidedly greater. 
In fact, as x increases from the value x = —1/2 the steepness also is seen 
to increase, the curve becoming nearer and nearer vertical. The same 
is true as x decreases steadily through negative values below —1/2. 
We shall now show how to obtain an expression that will 
measure the steepness of a graph at any given point upon it. 
In Fig. 46, where the curve is the 
same as in Fig. 42, suppose that P 


| 
is any given point upon the curve. | 
| 


Boie eo 


Draw the short line PQ parallel to 5 
the x-axis, and at Q erect a perpen- ne 
CI 


dicular ‘meeting the curve at P’. 
Then the value of the ratio L 
, 

(1) 7 P: 
may be taken as a fairly good 
measure of what we mean by the 
steepness of the curve at P, for it PEO X 
measures fairly well the rise QP’ in ) : 

the curve at P as compared to the 
small change PQ in the horizontal 
position of the point. Fia. 46 


Thus, the length of QP’, as measured on the scale of the drawing, 
is seen to be about 5} units, while that of PQ is about 14 units. The 
ratio (1) thus becomes 53+1}3, which reduces to 33. The steepness at 
P may therefore be taken as about 33. If P be selected at a some higher 
elevation on the curve and the corresponding lines PQ, QP’ be 
drawn and measured, the ratio (1) will be found to be greater than 
33, indicating that the curve is steeper at such a point than at the 
point P of the drawing. 

On the other hand, if P be selected at some elevation lower than 
the one used in the drawing and the same process be carried out, it 
will turn out that (1) has a value less than 32, indicating less steep- 
ness. Evidently, the steepness may be measured, at least roughly, at 
any point in this manner. It is to be noted, however, that it is 
essential to the method that PQ be taken small. 
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Moreover, the smaller PQ be chosen (thus reducing also 
the length of QP’) the closer will the resulting ratio (1) tell 
the exact status of the steepness at P. Hence, the limit (§ 42) 
of (1) as PQ is taken closer and closer to zero may be regarded 
as the exact measure of the steepness at P. 

Let us now formulate these ideas algebraically. Calling 
x the abscissa of P and letting the small length PQ be repre- 
sented by h, the abscissa of P’ will be x+h. Since the curve 
of Fig. 46 is the graph of the equation y=2?++x—2 (see § 86), 
it follows that the ordinate of P will have the value 


(2) yta¢—2 
while the ordinate of P’ will have the value 
(3) (tah) (e-h) 2. 


Hence, the length of QP’, which is the difference of the 
ordinates of P’ and P, will be 
QP’ = (a+h)?+ (ath) —2—(2?+a—2) 
(4) =742het+h?+ae+h—2—2?—24+2 
=2hr+h?-+h. 
Therefore the ratio (1), in the case before us, is given by 
the formula 
QP’ 2Qha+h?+h 
(5) Oa ve 
which reduces to 


Pp! 
(6) = O7+h+t. 


The limit of this ratio as PQ (or h) comes closer and closer 
to zero is evidently 2z-+1. Hence we arrive at the following 
conclusion: If x be the abscissa of a point on the graph of the 
function z?+x2—2 (Fig. 46); then the steepness of the curve at 
that point is equal to 2~-+1. 

Thus, atthe point for which x=1, the steepness is 2-1+1, or 3; 
at x=2, it is 2-2+1, or 5; at x=3; it is 2-3+1, or 7; at z=0 itis 1, 
etc. Note the meaning of these statements in Fig. 46. 
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It is also to be noted that if 2 has a value greater than —1/2 
the value of 22-+1 is positive, which indicates that at such a 
point the curve is ascending as x increases. This is illustrated 
at the point P of Fig. 46. On the other hand, whenever x 
has a value less than —1/2, 2x-+1 is negative, indicating that 
at a point corresponding to such a value of z the curve is 
descending as x increases. That this should be so appears 
directly upon choosing such a point (7.e. one for which z is 
less than —1/2) and carrying through the steps of the 
reasoning on page 149, noting that the expression on the right 
in (4) will then be necessarily negative, whereas in the case 
there discussed it was necessarily positive. The reasoning 
for the new case should be carried through by the student at 
this point. 

Thus, the fact that when x= —3/2 we have 2x+1=—2 indicates 
that at the point whose x is—3/2 the steepness is —2 and that the 


curve (Fig. 46) is descending as x increases. Compare with the situa- 
tion at 2=1/2. 


Similarly, if we start with the function z3—32?—a+3 and 
consider its graph (Fig. 43) we may show by the same process 
of reasoning that the expression, or formula, determining its 
steepness from point to point is 32?—62—1. 

In general, the same process enables us to find for any 
given function a new function which determines for any 
given x the steepness} of the graph. This new function is 
called the derived function, or briefly, the derivative of 
the given function. ‘ 


{Students familiar with trigonometry will note that what we have 
defined as the steepness of a curve at a point P is equal to the tangent of the 
angle between the tangent line at P and the positive z-axis. In fact, 
the ratio (1) is seen to be equal to the tangent of the angle between PQ 
and a straight line joining P to P’, and as PQ (and hence QP’) become 
smaller, this angle approaches as its limit the angle between the tangent 
line at P and the positive z-axis. In higher mathematics the tangent 
of this angle is called the slope of the tangent line at P. 
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EXERCISES 


1. Show (by means of the expression representing the derivative) 
that the curve in Fig. 46 is twice as steep at the point where x=5} as 
it is at the point where x=24. 

2. Show (using the derivative expression) that the curve in Fig. 46 
is three times as steep at the point where r= —3 as it is at the point 
where x= —14. Interpret the geometric meaning of the negative signs 
of the derivative met with in this example. 


3. Prove the statement (see end of § 87) that the derivative of the 
{uuction 2° —32?—2+3 is 32?—6r—1. 

[Hinr. Take any point P upon the graph shown in Fig. 43 and 
proceed as in § 87, obtaining an expression analogous to (6) for the 
ratio (1), and then noting its limit as h approaches zero. It will be 
necessary first to work out the value for QP’ analogous to (4).| 


4. Using the expression for derivative given in Ex. 3, compare the 
steepness of the curve in Fig. 43 at the points upon it at which «= —3, 
—2, —1, 0, 1, 2, 3. Interpret negative results geometrically. 


5. Prove, following the method of § 87, that the steepness of the 
graph of the function ?z—5 is everywhere the same, and explain how 
this result is illustrated in Fig. 41. 


6. Find (as in § 87) the derivative of the function 2x —52*+52—2, 
(For the graph, see Fig. 44). 
7. Find the coordinates of the point upon the graph of 
y=2—4e+1 
at which the ordinate is increasing twice as fast as the abscissa as one 
passes along the curve from left to right. 


8. Work Ex. 7 in case the ordinate is to be decreasing twice as 
fast as the abscissa. 


9. Find the coordinates of the points upon the graph of 
y=40+30"+40 
at which the steepness is twice as great as at the origin. Draw a figure 
to illustrate your results. 


10. Determine the quadratic function of 2 whose graph passes 
through the origin and the point (2, 1) and is twice as steep at the latter 
point as at the former. 
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88. Derivative of the General Polynomial. The deriva- 
tives thus far considered have been of certain particular 
functions forming special cases of the general polynomial 
mentioned in § 85, that is, of functions of the type form 


(1) aox” ay") aga”? + On t+ On, 


where n is a positive integer and do, a, de, «+a, are given 
coefficients. Instead of working out the derivative of each 
special function as required, it is preferable to work out once 
for all the expression for the derivative of this general func- 
tion (1). We shall then be able to write down the derivative 
of any special function immediately, saving much labor. 

Supposing the graph of (1) to have been drawn, select any 
point P upon it and let its abscissa be x Then, as in § 87, 
let x increase by a slight amount, h. The ordinate of the first 
point will have the length (compare (2), § 87) 


(2) aot” bay” agn” + + tanta, 
while the ordinate corresponding to the point x+A will have 
the length (compare (3), § 87) 


(3) ao(a-+h)" +a, (a+h)” + a2(a-+h)” + ---+a,_,(a+h)+a,. 

We must now subtract expression (2) from expression (3) 
(compare (4), § 87). In order to do this, it is desirable first 
to expand the terms (x-+h)", (x-+h)""", (a+h)"~, ete., by the 
binomial theorem (§ 78). After we have done so in (3) and 
have subtracted (2) from the result, all the terms of (2) 
cancel with like terms in the expanded form of (3), leaving 
the following expression (compare (4), § 87): 


h { naw” *+ (n—1)a0" + (n—2) a,x" *+...+.4,-4} 
2 
ae [renee (n—D(r—2aat 4 
4) ia 


n 


+i9em {nn 1)(n—2)-- ahaa, 
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It only remains to divide this expression by h and deter- 
mine the limit approached by the quotient as h approaches 
zero (compare (5) and (6), § 87). Evidently upon dividing 
(4) by h we obtain 
(5) naow”*+ (n—1) aya” ?-+ (n—2) apr” 3+..-+a,1+R, 


where FR contains h as a factor and therefore approaches zero 
as its limit, so that we reach the following theorem. 

THEOREM. The derivative of the polynomial 

aon” aye" + age” +e ta, 12+, 

is 
nao” *+- (n—1)ayx" + (n—2)agu” 3+ «+24, +O,-1- 
An examination of this result shows that the derivative of 
any polynomial (1) may be immediately written down in 
accordance with the following rule. 


RULE FOR DETERMINING THE DERIVATIVE OF A POLyY- 
NOMIAL. Multiply each term by the exponent of x in that term 
and diminish the exponent of x by unity. 


Thus the derivative of 22°—32?+5zr—1 is 2-327—3-2z%+5, or 
622—6r2+5. Similarly, the derivative of «*+32?—2?+4+2r+3 is 
473 + Qa? 27-2. 


EXERCISES 


Obtain, by use of the Rule in § 88, the derivative of each of 
the following functions. 


1. 2?—32+2., 5. +324 229 4+42?—2+8. 
2. 5¢+1. 6. v”+2?. 

3. +a?+e+1. 7. 32°™42¢m4-1, 

4, 324—4a3 +2. 8. 2? /?2 132? +2P, 


9. Prove that if any polynomial be multiplied by a constant, ite 
derivative will be multiplied by the same constant. 


10. Prove that the derivative of any constant is equal to zero. 


11. Show that the graph of 3;2*—7452°+42?+2-—1 is twice as steep 
when x=2 as when v=1. 
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89. Maxima and Minima Points of the Graph of a Func- 
tion. It was shown in § 87 that whenever a value of x renders 
the derivative positive, the graph of the corresponding func- 
tion, considered at the point having this value of z as its 
abscissa, will be ascending as x increases. Similarly, it was 
shown that if the derivative has a negative value, the graph 
at the point in question will be descending as x increases. It 
follows that if x be so chosen that the derivative is equal to 
zero, thus being neither positive nor negative, then at the 
corresponding point on the graph the curve will be neither 
ascending nor descending; that is, 
its direction will be horizontal. At ame 
such a point (or points) the graph sce: 
may be either at a highest point or HH 
a lowest point of one of its arches, ATH 
as illustrated at the points A, B, C, oy 
D, E in Fig. 47. In the former ® x 
case; that is, at points such as A, 
C, HE, the graph is said to attain a “4 
maximum, while in the latter case, 
that is, at such points as B, D the =2 
graph is said to attain a minimum. 
Points such as A, C, FE are called 
maximum points of the graph, while 
points such as B, D are its minimum points. The points 
at which the derivative of a function equals zero are called 
the critical points of its graph.; A quadratic function has 
one critical pot, a cubic function has two such points, ete. 
See Figs. 42, 48. 


In summary, then, we have the following result: The 
values of x at which the derivative of a function vanishes (equals 
zero) are the abscissas of the critical points of its graph; the 
function may be at a maximum or at a minimum at any one 
of these points. 


iM 


Fia. 47 
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The value of this result in the graphical study of functions 
is illustrated by the following example. 


Exampte. Determine the critical points of the graph of the function 


(1) y=$8(P+2—fr4+4) r y 

Sotution. The derivative of this func- 
tion, as immediately written down by the erceoets 
Rule of § 88, is 
(2) £8 (327422 —4)- z= RAL 

The values of x for which this expression Fi 
vanishes are the roots of the quadratic @t}4! : 3 
equation 327+2r—}=0, or, clearing of | 
fractions, 4 nae 
(8) 1227+82—7=0. ol 

Solving the quadratic equation (3) by Roc D 
any one of the usual methods, its roots are | 
found to be x=4 and x= —1}- 

Fia. 48 


Therefore, according to the result in 
§ 89, we may say that the abscissas of the critical points of the graph 
of (1) are x=4 and r=—1}- To find the ordinates of the same points 
we need only substitute these values of x in (1) to determine the cor- 
responding values of y. Thus we find that when x=4, y=0 and when 
SU 1j, L= 13: 

The desired critical points of the graph of (1) are therefore the two 
points whose coordinates are respectively (4, 0) and (—14, 14). Note 
how this fact is illustrated in Fig. 48, where the graph of (1) is shown. 

The student should observe that as soon as the location 
of the critical pots of a graph are known, the essential char- 
acter of the graph is determined and the curve can be at once 
sketched with good approximation, thus avoiding the labo- 
rious work of plotting a large number of points. 

Thus, in the Example above, when once it was ascertained that the 
critical points were located at (4, 0) and (—14, 14), the curve in Fig. 48 
could be sketched, at least in its essential form and character. Added 
accuracy in the drawing could then be obtained by plotting (as in § 25) 
a few individual points, such as P, Q, R, S, and shaping the curve so 


as to pass through them also. 
In Fig. 48 the z-axis is a tangent line to the curve. 
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EXERCISES 

‘1. Prove (by the result in § 89) that the lowest point of the curve 
in Fig. 42 has its abscissa equal to —1/2. What, therefore, is its ordi- 
nate? 

2. Prove that the two critical points of the curve in Fig. 43 have 
as their abscissas x=1+3+/3, and find these values approximately 
by use of the tables. 

3. Sketch the graphs of each of the following functions by first 
locating the critical points of each. (See the Example worked in § 89.) 


(a) «2—x-+1. (e) 3—2a—2”. 

(b) 42°82. (f) $2? +32?4+82+4+1. 
(c) 22—82+20. (g) a®—7x-+6. ; 
(d) «?—8x+16. (h) 2? —6a?+1lz—6. 


90. Further Applications of the Derivative. Aside from 
the applications which may be made of the derivative of a 
function in drawing its graph, as described in § 89, there are 
many other applications related at once to geometry, physics, 
engineering, etc. This will be best understood from an 
example. 


Examp.e. Of all rectangles having a perimeter of 10 inches, which 
one has the greatest area? ‘ 

Soxtution. Let x represent the length of any 
rectangle having a perimeter of 10 inches. Then 
the breadth will evidently be }(10—2z), or 5-2, © 
and hence the area will be the product x 
(1) x(5—2), or 5a—2?, Fie. 49 

As thus formulated, the area is clearly a function of x, and the 
problem becomes that of determining the special value of x that will 
give this function its greatest, or maximum, value. To determine this 
value of 2 we now proceed as in § 89. 

Finding (by the result in § 88) the derivative of (1) and placing it 
equal to zero, we have the equation 5—2¢%=0, the solution of 
which is = 24. 

Therefore, by § 89, the area (1) will be a maximum when «=2} 
inches, which means (see Fig. 49) that the rectangle must be a square. Ans. 

Note. That x=2} gives a maximum rather than a minimum 
appears directly upon drawing the graph of (1). 


=X 
5-x 
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APPLIED PROBLEMS 


In each of these exercises first formulate, as a function of some 
suitable variable x, an expression for that which is to be made a maxi- 
mum ora minimum. Proceed as in the solution of the Example in § 90. 


1. Divide 15 into two parts such that their product is a maximum. 


2. Divide h into two parts such that the sum of their squares is a 
minimum. 

3. Find the number that exceeds its square by the greatest possible 
amount. 


4. A garden plot is to be fenced off alongside of a house, using 32 
feet of wire fence. What should be the dimensions used in order that 
the enclosed area shall be the greatest possible. 


5. It is desired to make an open-top box of 
greatest possible volume from a square piece of tin 
whose side is a by cutting equal small squares out 
of each corner and then folding up the tin to 
form the sides. What should be the length of a 
side of the squares cut out? 


6. A rectangular piece of ground is to be fenced 
off and divided into three equal parts by fences parallel to one of 
the sides. What should the dimensions be in order that as much 
ground as possible may be enclosed with 160 rods of fence? 


7. The strength of a beam having a rectangular cross section varies 
jointly as its breadth and the square of its depth. What are the dimen- 
sions of the strongest beam that can be sawed out of a round log whose 
diameter is 14 inches? 

8. Show that the altitude of the cone of maximum volume that 
can be inscribed in a sphere of radius r is $r. 

[Hinr. Volume of cone =4 X area of base X allti- B 
tude=47AC’r. But, DAB being a right angled 
triangle, we have 

AC? =BC XCD =2(2r—z). 
Therefore, the volume of the inscribed cone, expressed AQ) 7 
as a function of its altitude z, is Naas 


Feer-2)] Fig. 51 
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9. Prove that a window of the shape here shown (Norman window) 
and having a given perimeter, p, will admit the most light when the 
height of its rectangular base equals the radius of its 
semicircular top. 


10. Prove that the altitude of the cylinder of 

maximum volume that can be in- 

scribed in a given right cone is 

equal to one-third the altitude of 

the cone. Eres 52 
[Hinr. Determine DG in terms of x, h and r 

by making use of the fact that the triangles BGD 

and BCA are similar. Then express the volume of 

the cylinder by formula 9, § 7, and find the value 

Fic. 53 of « for which it is a maximum.] 


11. A length of wire is cut into two portions which are bent into the 
shapes of a circle and a square respectively. Show that if the sum of 
the areas obtained in the two figures is the least possible, the side of the 
square will be equal to the diameter of the circle. 


91. The Further Study of Functions. The studies of the 
present chapter have been confined for the most part to 
functions of the simplest typé, namely, the type of the general 
rational integral function (4) of § 85. It should be under- 
stood, however, that the method explained in § 87 for finding 
the derivative may be applied to other extended classes of 
functions also, leading to results which are interesting 
graphically and of great importance in their applications. 
For example, one may consider in this way such functions as 
the following: 1/(1—2), +/z,°10", log x, or in fact, any 
expression containing the variable x. The extended study 
of this subject belongs to the branch of mathematics known 
as the Calculus. 


CHAPTER XI 


THE THEORY OF EQUATIONS 


92. Introduction. In Chapter IX it was pointed out that 
if one draws the graph of any polynomial of z, that is, of any 
function of the type form 


(1) aye” tae" +agr"?+ ----+a,_7+a,, 


where 7 is a positive integer, the abscissas of the points where 
the graph cuts the z-axis will be the roots (or solutions) of 
the corresponding equation, namely of the equation 


(2) at” +a" * +a," + ----+a,¢-+a, =0. 

For example, Fig. 43 (page 146) which is the graph of the function 
x°—3x*—z+38, brings out the fact that the roots of the equation 
x —32?—2+3=0 are —1, 1 and 3. 

This graphical method of determining the roots of an 
equation cannot ordinarily be relied upon, however, when it 
is desired to determine the roots accurately, since measure- 
ments on any drawing, however perfect, are subject to certain 
inaccuracies of instruments and of eyesight. If the roots are 
to be determined exactly, or at least to any desired degree of 
accuracy, it is necessary to employ certain special theorems 
and processes of algebra. These will be considered in the 
present chapter, together with certain other facts of general 
interest regarding equations of higher degree than the second. 

We shall assume throughout that every equation (2) of 
the nth degree has n roots, and no more, as was indicated in 
§ 86. In saying this, it is to be understood that both real 
and imaginary roots are being counted; also that double roots, 
though equal, are counted as two, triple roots as three, etc. 
Compare § 22. 

+This fact may be actually proved, but the proof lies beyond the 
scope of the present book. 

159 
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I. PRELIMINARY THEOREMS 


93. The Remainder Theorem. For convenience, let us 
represent the general polynomial with which we are to deal 
by the symbol f(x), called “function of x” or more briefly 
“f of x.” That is, let us place 


f(x) =a,0" +0" +aen" ? +--+, 42 +ay. 


We may then state the following theorem regarding f(z), 
it being understood that the letter r used below represents 
any given number. 


REMAINDER THEOREM. If f(x) is divided by x—r, the 
remainder is f(r), where f(r) indicates the value of f(x) when r 
is substituted for x. 

For example, if 2x? —2?+2x—1 (which is a special f (x)) be divided 
in the usual manner by «—1, the quotient will be found to be 2z?+2+4+3 
with a remainder of 2, that i we have 

203 —7? +29 —1 
z—1 

The above theorem says that this remainder, 2, is the same as the 

result obtained by placing a=1 in 2x3—2x?+2z—1, that is, the same as 


2-18—1?+2-1—1. The correctness of the statement may be verified 
immediately. 


The student is advised to check the theorem at once in several other 
similar instances, such as in dividing 32?—2z2?+a+1 by «— —2, or 
a+323—22?+a—1 by x+2. In the latter case, r= —2. 


PRooF OF THE REMAINDER THEOREM. We have 


f(x) =agu” + a2" +--+ ay,2-+a, 


= Gates 
z—1 


and 


S17) = ar" Far far tan. 
Hence 
(1) fe) —f(r) =ag(a" —1") Fay (a 1") 4 +a (@—7), 
Since each of the expressions (x"—r”), (a t—r"), «+ 
(x—r) is exactly divisible by (t—r) (see Ex. 8, page 132), it 
follows that the entire rignt hand side of (1) is exactly divis- 


\XT, § 94] THE THEORY OF EQUATIONS 161 


ible by (x—r). For brevity, let us indicate the quotient thus 
obtained by Q(x). We then have 


(x 7 
) fO=1 _a@), 
where (since the division is exact) Q(z) is itself a polynomial, 
but of degree one less than that of f(x), that is, n—1. 
But the relation (2) may be written in the form 


O _Q(a4 20 


which states, as desired, that f(r) is ane eas obtained 
when f(x) is divided by x—r. 


EXERCISES 

In the following exercises, obtain the answer by means of the 
remainder theorem, checking its correctness in the first three exercises 
by long division as in elementary algebra. 

Find the remainder when 
. 8a +2?—42¢-+1 is divided by x—2. 
. 8228 +a?—4ar+1 is divided by +4+2. 
xi+23 —22?+3 is divided by x+1. 
. 2*—32?+2 is divided by x—3. 
. axz’+br-+c is divided by x—h. 
. Prove, by the remainder theorem, that when 22*—1123+132?— 
32 —4 is divided by x—4 the division is exact; that is, the remainder is 
zero. 

7. Prove, by the remainder theorem, that 

(a) 2”—a” is exactly divisible by «—a for any positive, integral 
value of n. 

(b) 2”-++-a” is exactly divisible by x+a in case n is any odd integer. 
Test also the truth of the statement in case n is any even integer. 


Oarwone 


94. Synthetic Division. If it is desired in one of the cases 
of division considered in § 93 to find not merely the value of 
the remainder, but also the form of the quotient, the labor 
of doing so may be very much simplified by following an 
abridged method known as synthetic division. 
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Suppose, for example, that it is desired to divide the 
expression 27?—2?+2x¢+1 by x—1. By the ordinary long 
division method, the process would be as follows: 

Qa3— a?+2r+1|2—1 


203 — 22? 222+2+3 = Quotient 
v+2x 
v’— 2x 
32+1 
3x—3 


+4= Remainder. 

As a first step at simplification, we may evidently concern 
ourselves only with the coefficients, since, if we knew the 
coefficients of the quotient to be 2, +1, 3 we could at once 
supply the needed powers of x, obtaining 22?+2+3. This 
reduces the process to the following form: 

2-—1+2+1\1-1 


2-2 2+1+3 
+142 
Liat 
+ Siu 
3-3 


+4 = Remainder 
The numbers in bold type are the same as the coefficients 
of the quotient, hence the latter may be dispensed with. 
Moreover, the +2 in the third line of the process and the +1 
in the fifth line are mere repetitions of the numbers directly 
above them in the dividend, hence they may likewise be 
dispensed with, as also the 2, 1, 3 which appear directly 
beneath the bold-faced numbers, being mere repetitions of 
the latter. Thus the process 7n its essentials is as shown below. 
2-14+2+1/1-1 
—2-1-3 
Loa 
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But, masmuch as the divisors which we are considering 
(see § 93) are always of the simple form x—r, the coefficient 
of x in the divisor is always 1. Hence, in the above process, 
this 1 may be suppressed, thus replacing |1-1 by | —1; 
and the work may be written as follows. a= 

2—14+2+1|—1 
—2—1-—3 
+1+3-+4 

Finally, in order to reduce the process to the easiest form 
for work, we may replace the |-1 by | +1 and add through- 
out the resulting process instead of subtracting, as follows. 

2121 
424143 — 
2+1+3+4 

Thus, the quotient is read off as 27?-+-2+3 and the re- 
mainder as 4. Similarly we have the following rule. 

RuLeE FoR SyntHETIC Division. To divide f(x) by x—r 
arrange f(x) in descending powers of x, supplying all missing 
powers by using zeros as their coefficients. 

Detach the coefficients, writing them horizontally in the order 
Ao, G1, Ar, ***) An—1) In- 

Bring down the first coefficient a), multiply it by r and add 
the result to a; multiply this sum by r and add the result to ds. 
Continue this process. The last sum will be the remainder and 
the preceding sums in their order from left to right will be the 
coefficients of the various powers of x, arranged in descending 
order, of the quotient. 

Thus, in dividing z—7z2—5 by x—3, we first write 2t—7z?—5 in 
the form 2*+0-2?—72?+0-2%—5. The work of division is then as 
follows. 


1+0—-7+0— 5|8 
+3+9+6+18 
14+3+42+4+6+13 
Hence, the quotient is x +32?4+22¢+6, and the remainder is 13. 
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EXERCISES 
In each of the following exercises, find the value of the quotient and 
remainder by synthetic division. 


1. 2? —42?4+32—1 divided by x—2. 

. @—422+32—1 divided by x+2. 

. 8et+e+1 divided by x+1. 

. w+23 —32?—172—30 divided by +42. 
. ax’+bae+ce divided by «—h. 


a fF WwW bd 


95. Solutions by Trial, Depressed Equations. The results 
indicated in §§ 93, 94 afford a rapid way of determining 
whether a given number is a root of any given equation f(x) 
=(0. 

Examp.e 1. Determine whether 6 is a root of the equation 

22+ —82? — 50x? —272+10=0. 

Sonurton. The result of placing x=6 in the first member is (by 
§ 93) equal to the remainder obtained by dividing it by x—6, and this 
remainder, as indicated by the work below, turns out to be —8. 

2-— 3—50—27-+10|6 
+12+54+24—18 
2+ 9+ 4— 3-— 8 
Thus, when «=6 the first member of the given equation is not zero 


(as the equation requires), but —8. We therefore conclude that 6 is 
not a root. 


Exampie 2. Determine whether 4 is a root of the equation 
x —a?—1l¢—4=0. 
Soutution. The work in brief is as follows: 
LaJ—1124|4 
+4+124+4 
1+38+ 1+0 
The remainder being zero, it follows that 4 zs a root. 
The solution of Example 2 indicates not only that 4 is a 
root of the given equation 
(1) x —2*—llz—4=0, 
but also that the quotient obtained by dividing the first 


| ar oe 
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member by x—4 is 2?+3z+1. Hence, (1) may be written 
in the form 
(x—4)(a?+3a+1) =0, 
from which it follows (§ 16) that, aside from the root 4 
already obtained, the remaining roots of (1) are those of the 
simpler equation 
v’+32-+1=0. 

Whenever a new equation is thus obtained from an original 
one through a knowledge of one of its roots, the new equation 
(whose degree is one lower than the original) is known as the 
depressed equation corresponding to that root. Evidently, 
whenever a depressed equation can be substituted in this 
way for an original, the process of determining solutions by 
trial becomes simplified, and in some cases it leads directly 
to a determination of all the roots of the original equation, 
as illustrated in the following example. 

Examp.Le 3. Obtain, by the method of trial and the use of depressed 


equations, such information as is available concerning the integral 
roots of the equation 
(2) x — 22° —20z?—21z—18=0. 

Sotution. Upon performing the tests such as indicated in Examples 
1 and 2, with x=1, 2, 3, 4, 5, 6, we find that the remainder in each case 
is not zero, except for c=6, the work for this case appearing below. 

1—2—20—21—18]|6 
+6+24+24-+18 
1+4+ 4+ 34+ 0 
The depressed equation corresponding to the root 6 is therefore 
. 447?+474+3=0. 

Testing this equation for x=1, 2, 3, etc., we find that the remainders 
steadily increase. This indicates that the equation has no positive 
integral root. We proceed, therefore, to test for the negative integers 
—1, —2, —3, etc. It thus appears that —3 gives a zero remainder, 


as shown below. 
14+4+4+3|—3 
—3-3-3 
1+1+1+0 
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The corresponding depressed equation is ¢?+2+1=0, and this, 
being a quadratic equation, may be solved by formula (§ 21). Its roots 
are thus found to be 4(-14 V —3). They are therefore imaginary 
(§ 10). In summary, therefore, equation (2) has the two real roots 
6, —3 and the two imaginary roots }(—14+~/—3). 


EXERCISES 


Obtain, by the methods of § 95, such information as is available 
regarding the integral roots of each of the following equations. If a 
depressed equation of the second degree is finally obtained, solve it, as in 
Example 3, § 95, thus obtaining all the roots of the given equation. 


1. 22?+32?—11¢—6=0. 4. e*+22° —32?—87—4=0. 
2. 203 —5a?—11x—4=0. 5. 324-2122 +-220?4+372+15=0. 
3. 2 —a?—192—5=0. 6. ot —42?+11¢—6=0. 


7. If r is a root of the cubic equation ax*+b2?+cx+d=0, determine 
the corresponding depressed equation. 


96. Transformations of Equations. The determination of 
the roots of a given equation is frequently facilitated by 
transferring its study to that of a related, or transformed 
equation. In this connection, the theorems stated below are 
especially important, as will be seen in §§ 98, 99. 


TuHeEoreM 1. Having given an equation of the form 
(1) aoe" aya" + aga”? --+a,42+a4, =0, 
one may obtain an equation each of whose roots is m times the 
corresponding root of (1) as follows. Multiply the successive 
coefficients of (1), beginning with that of x”, by m, m?, m,--- 
respectively; in other words, build up the following new (trans- 
formed) equation: 


(2) aoa" + maya" + mage” + «+m 4,,_,2-+m"a, =0. 
Thus, whatever the roots of the equation 33—22?+2—4=0 may 
be, the roots of the equation 323—2-2a?+42?7—23.4=0, or 323—4a?+ 
4x —32=0, are twice as great. 
The transformed equation (2) may be obtained at once 
from (1) by multiplying the respective terms of (1), beginning 
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with the term a;2"~", by m, m?, m3, --- m”. It should be noted, 
however, that in applying this process to a given equation 
(1), all missing terms are to be supplied with zero coefficients. 

Thus, in order to obtain the equation whose roots are three times 
the roots of the equation z*—2z?+a2—1=0, one proceeds as follows. 
Supplying the missing coefficient, we may write the given equation in 
the form x*+0-a3—2z?+zr—1=0. Hence, by Theorem 1, the desired 
equation is 2*+3-0-a2°—2-37x?+3'-x—3'=0, which reduces to 
x*—182?+27x—81=0. Ans. 

Proor oF THEOREM 1. What we are to prove may be 
stated as follows. If r be any root of (2), then the quantity 
s=r/m will be a root of (1). This, in fact, means that any 
root of (2) is m times a corresponding root of (1). 

Since 7 is a root of (2) we have 
(3) dor”-+mayr” + mag”? + + -+m" Ia, r-+m"a, = 0. 
Substituting for r its value ms and dividing the resulting 
equation through by m”, (3) becomes 

as" +ays" + ans" ?+-+-+a,s +a, =0, 
which states, as desired, that s is a root of (1). 

CoroLuary. To obtain an equation each of whose roots is 
equal numerically to a root of a given equation (1), but opposite 
in sign, change the signs of the coefficients of the terms of odd 
degree. 

Thus, the equation whose roots are equal numerically but opposite 
in sign to the roots of 2¢*+32? —2?—42+1 =0 is 2r*— 32 —2?+42+1=0. 

THEOREM II. Having given an equation of the form 
(1) Oot" bay” t+agr” ?+---+a, cx ta, =0, 
one may obtain an equation each of whose roots vs less by a given 
amount h than the corresponding root of (1) as follows. Divide 
(1) by —h and indicate the remainder by R,,, then divide the 
quotient by «—h and indicate the remainder by R,-. Continue 
this process n times, obtaining a as the last quotient and Ry as 
a last remainder. Then, the desired (transformed) equation is 

doe" + Rix" *+ Rot” ++ +h, 2 +h, = 0. 
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In applying this theorem, the various divisions should be 
performed by the method of synthetic division (§ 94). 

Thus the process of finding the equation whose roots are each less 
by 2 than the roots of the equation 2z°—192?+59x—60=0 is, when 
arranged in condensed form, as follows. 


2—19+59—60 [2 


4—30-458 

AED R= 
4-22 

5210/47 R.=+7, 

a4 

ates aj=2, Ry=—7. 


The coefficients of the desired new equation are therefore, in 
accordance with the above theorem, 2, —7, +7 and —2. 


Hence, the required equation is 223 —72?+7x —2=0. 


Proor oF THEOREM 2. In order to obtain an equation 
whose roots are less by h than the roots of (1), it suffices to 
replace x throughout (1) by x+A, thus giving 

a(a+h)”+a,(~+h)" 1+ ---+a, (a +h) +a, =0. 
But, the various powers of (a+h) here appearing may be 
expanded by the binomial theorem (§ 78) so that the last 
equation, after collection of terms and rearrangement 
according to descending powers of x, may be thrown into 
the form 


(3) aot” + Aya" + Aon” ?-+..-+A,  2+A,=0, 
where Aj, Ag, +++ A,-1, A, are certain coefficients whose values 
we shall now determine. . 

From the manner in which we just obtained (8) from (1) 
it follows that, if we replace x in (3) by x—h, we shall return 
to (1), that is, we may say that the following equation: 

(4) ao(t—h)"-+Ar(a—h)"*+As(a—h)"?-+--- 
+Aga@—h) +A,=0 

is the same as (1). But the form of (4) shows that A,, is 

equal to the remainder obtained by dividing the first member 
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of (4) (or(1)) by z—A that is, A,=R,. Similarly, A,_, is 
evidently the remainder obtained when the quotient of the 
last-named division is divided by x—h. Continuing this 
process to divisions, A, is the last remainder and a the last 
quotient. Hence, in summary, we have, as required, 

A, =f n= lig ys A= fi. 


EXERCISES 


1. By use of Theorem 1, obtain the equation whose roots are 3 times 
the roots of the equation 3x?—10z-+3 =0, and verify the correctness of 
your result by solving both equations and examining the comparative 
sizes of their roots. 

2. Obtain equations whose roots are equal to those of the following 
equations multiplied by the number opposite. 


(a) 2—622+2—1=0. (3) (c) a eee 
ee a3 2 4 1G PiGm ee 
(b) 24—322+24+2=0. (—2) (d) 23924 5=0, (—8) 


3. Obtain equations whose roots are equal to those of the following 
equations multiplied by the smallest number which will make all the 
coefficients integers and also make the coefficient of the highest power 
equal to unity. 

(a) 323—22?+2—1=0. 

[Hint. As the problem requires that the coefficient of the highest 
power of x be 1, begin by dividing the equation through by 3, thus 
giving it the form 2?—%2?+4x2—4=0. Now write the equation whose 
roots are m times the roots of this, and then assign to m the least value 
necessary to make the new coefficients all integers.] 

(b) 224-523 +32?—2r7—4=0. (d) 32*+32?—5=0. 

(c) a8—42?+4=0. (e) 223 —42?+1=0. 

4. Obtain the equations whose roots are numerically equal but of 
opposite sign to the roots of the equations in Exs. 2-3. 


5. Obtain (using Theorem 2) equations whose roots are the roots 
of the following equations diminished by the number opposite. 

(a) 22—1222+477-—60=0. (3) (d) 2a*—32?+4r-—5=0. (-2) 

(b) 223—192?+-592-—60=0. (2) (e) 2*+9a?+18=0. (—5) 

(c) 2a4—32?+42--5 =0. (2) (f) #+82+1=0. (1) 
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97. Theorem Regarding Rational Roots. Another general 
theorem which it is desirable to state before attempting to 
solve any equation of higher degree than the second (as we 
shall show how to do in §§ 98, 99) is as follows. 


THEOREM. An equation of the form 
(1) at pie” + pew" + a “FDailt Dn = 0, 


wherein the coefficients p1, p2, +++; Pn are all integers, can have no 
rational roots except integers (positive or negative). 

Moreover, any integer that is a root will be an exact dwisor 
of the last (constant) term, py. 


Thus, in the equation 
2 —27?+2r+4=0, 
the coefficient of the highest power of x is 1, and all the remaining 
coefficients are integers. Hence, the only possible rational roots are 
the exact divisors of the last term, 4; namely 1, 2, 4, —1, —2, and —4. 
Whether any one (or more) of these 7s a root can be determined by the 
methods explained in § 95. It thus appears that none of the six values 
just mentioned is a root except —1. The fact that —1 zs a root appears 
from the work below. 


1-142+44|-1 
sof A. 
12-14 440 


Note. It will be recalled that rational numbers comprise all num- 
bers of the form a/b, where a and b are integers (positive or negative). 
They therefore include such fractions as 4, 3, £, —} etc., and all integers. 
This is in contrast to such numbers as \/2, +/3, ¥/2 ete., which cannot 
be so expressed, and are therefore called irrational. The roots of an 
equation may be all rational, all irrational, or partly one and partly 
the other. Also, some or all may be imaginary. Compare § 22. 


Proor or Turorem. Suppose that (1) had a rational root 
that was not an integer. Then this root could be expressed 


as a fraction in its lowest terms, a/b, where a and bare integers, 
and we would have 


a\n a\n-1 a\n-2 
(2) (5) +n(7) +p.(5) +--+ Bsa( 5) + PaO. 


u 
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Multiplying (2) through by b""', we obtain 


5, tp + pea” b+ oes +p,ab"°+-p,b" = 0, 


or 
n 


Be = Sm (p,a"* +poa"~b+ S50 +p,_,ab" + p,b") ; 


Since a and 6 as well as pi, po, ---, p, are integers, the right 
member of the last equation likewise must be an integer. 
The left side, however, cannot be an integer since, if a/b is a 
fraction in its lowest terms as we have supposed, it follows 
from arithmetic that a”/b will be again a fraction in its lowest 
terms. 

Thus, we reach an absurdity upon the assumption that 
a/b is aroot. This leaves only integers as possible rational 
roots, as was to be shown. 

To prove the last part of the theorem, suppose that r is a 
root where r is an integer. Then 

pr per + $F Dn af + Dy = 0. 
Transposing p, and dividing through by 7, we obtain 

Po pit oo pat” bE Boy = a 
The left member of this equation is an integer since each 
term in it is an integer. Hence the quotient p,/r on the right 
must also be an integer, that is, p, must be exactly divisible 
by 7, as was to be shown. 


EXERCISES 


State all the possible rational roots of each of the following equations, 
and for each possibility determine, by the method of § 95, whether it 
zs a root. 

1. 2? —42°—2x+10=0. 4. xt—15a?—7r+12=0. 

2. 22 +52?—22—-10=0. 5. 24 +72? -—2+18=0. 

3. 2t—52°+42"—2+27=0. 6. 2° —42°+a2—2=0. 
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Il. DETERMINING THE REAL Roots or ANy EQUATION 


98. Rational Roots. We have seen how the theorem of 
§ 97 affords a means of determining the rational roots of an 
equation provided the equation has the coefficient of its 
highest power of x equal to 1 and the remaining coefficients 
are integers. We shall now illustrate how the rational roots 
of any equation may be obtained, provided only that the 
coefficients are rational numbers. 


Exampie. Find the rational roots of the equation 
(1) 32+ 1622—32—6=0. 


SoLution. Since the coefficient of the highest power of x 
is not 1, the theorem of § 97 cannot be applied, hence we 
proceed as follows. First make the coefficient of 2 equal to 
1 by dividing through by 38: 


16 
OA tated == (). 


Now transform this (by Theorem I, § 96) into an equation 
whose roots are 3 times as large: 


16 
B43. — 3a —3.2=0, 


or, reducing, 
(2) a+ 16a2—97—54=0. 

The theorem of § 97 now applies to (2), indicating that 
its only possible rational roots are the integers +1, +2, +3, 
+6, +9, +18, +27, +54. Of these, the method of § 95 
shows that +2 is the only value satisfying (2). The work 
for this case appears below. 


ti6= 9—54|2 
+ 2436454 
1--184427--0 


XI, § 98] THE THEORY OF EQUATIONS 173 


The corresponding depressed equation is seen to be 
xv?+18x+27=0, 
and, as the roots of this quadratic equation are at once found 
to be irrational (see § 22), it follows that the only rational 
root of (2) is 2. 

Therefore, recalling that each root of (2) is three times 
the corresponding root of (1), it follows that (1) has but one 
rational root, the value of which is one-third of 2, or 2/3. 

Similarly, the rational roots of any equation 

f(z) =0 
whose coefficients are themselves rational numbers may be 
found by the following rule: 


RULE FOR DETERMINING RATIONAL Roots. Divide both 
members of the equation by the coefficient of the highest power 
of x, thus obtaining 1 as its new coefficient. 

Transform this equation into one whose roots are m times 
as large, choosing m in such a way that the coefficients of the 
new equation will all be integers. 

Determine the integral solutions of the last equation by trial, 
using the theorem of § 97, and divide each root thus obtained by m. 


EXERCISES 
Find the rational roots and if possible all the roots of each of the 
following equations. 
1. 32°+22?—47+1=0. 
. 2a —2?—7r+6=0. 
. 2a*—32° —2027+272 +18 =0. 
. 2at 92° —2727+1342 —120=0. 
. 242° —342?—5r+3 =0. 
. 182° +32?—7r—-2=0. 
92° — 272? 232 —5=0. 
. 223 —112?+82+7=0. 
. 72a*+90a —52?—402 —12 =0. 


COND 1 PR wb 
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99. Irrational Roots. Horner’s Method. Suppose that 
the given equation is 


(1) f(x) =a? +32?—102—6=0. 


In this case the only possible rational roots, as indicated by 
§ 97, are +1, +2, +3 and +6, but none of these, when 
tested as in § 95, satisfies the equation. Hence, any real 
roots that can be present must be irrational. If such roots 
are to be determined correct to any given place of decimals, 
it is best to begin by sketching the graph of the given func- 
tion, 2°-+32?—10¢—6, thus obtaining an approximate value 
for each of the roots by inspection, as in § 86. 

The graph may be drawn readily as follows. If we place 
y=x2+32?—10x%—6, the value of y when x=3, for example, 
will be the remainder obtained by dividing x#°+3z?—102—6 
by «—8 (see § 93). This remainder may be calculated 
- rapidly by synthetic division, as below. 


1-43=10= 6 [3 
e182 4 
1+6+ 8+18 


Hence, when «=3, y=+18. Similarly, the value of y corre- 
sponding to any given value of x may be found. The graph 
is as indicated in Fig. 54, where, for the 
convenience of the drawing, each space 
along the y-axis is counted as.5 units. 
Three real roots are thus seén to be 
present. In particular, one root lies be- 
tween 2 and 3 and we shall now proceed 
to determine with accuracy this partic- 
ular root, following the process known as 
Horner’s Method. The other two roots 
could be determined similarly if desired, as will be shown 
later. 


a ae 
- 
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Since the root in question lies between 2 and 3, we first 
transform the equation into one whose roots are each less 
by 2 than those of the original equation, using for this pur- 
pose Theorem II of § 96. The work appears below. 


143 —10 —6|2 
eee hes Se 


1+5 + 0/-6 
+2 +14 
1+7 | +14 
+2 
149 
Hence the transformed equation is 
(2) 2+9a2+ 14¢—6=0. 


Recalling what has been said of the roots of (1) and that the 
roots of (2) are each less by 2 than those of (1), we see that 
the root of (2) in which we are interested lies between 0 and 1. 
Equation (2) may be called the first transformed equation. 
We proceed now to note the changes in value which the 
first member of (2) undergoes as x ranges by successive tenths 
from 0 to 1, that is, we evaluate this member, using the 
abridged method already explained, when « takes successively 
the values 0.0, 0.1, 0.2, 0.3, ---, 0.9. It is thus found (in 
particular) that when x=0.3 this member equals —0.963; 
while if x=0.4, it equals +1.104. The work is shown below. 


1+9.0+14.00—6.000|0.3 — 149.0+14.00—6.000|0.4 


+0.3+ 2.79-+-5.037 +0.4+ 3.76+7.104 
1+9.3+16.79 —0.963 1+9.4+17.76+1.104 


Noting from this that when z=0.3 the first member of (2) 
is negative in value, while for x=0.4 it is positive, we see that 
this member, when regarded as a function of x, must be equal 
to*zero for some value of x lying between 0.3 and 0.4 In 
other words, (2) must have a root between these two values. 
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Recalling that the roots of (1) are 2 greater than those of 
(2), we see, in turn, that (1) must have a root between 2.3 
and 2.4, so that the root of (1) in which we are interested, 
when computed correct to one place of decimals, is 2.3 We 
proceed now to get this root correct to two places of decimals, 
and finally to three, the process admitting of indefinite con- 
tinuation, so that the root in question may be determined as 
accurately as one desires. Less labor, is required to deter- 
mine the digits of the decimal beyond the one in tenth’s place. 

Transforming (2) into an equation whose roots are .3 less, 

1 +9.0 +14.00 —6.000].3 
0.8 + 2.79 +5.037 


1 +9.3 +16.79| —0.963 
obs ow ets, 

1 +9.6| +19.67 
+0.3 


1 +9.9 
we find the second transformed equation to be 
(3) x°+9.92?+ 19.672—0.963 =0. 


Since the root, x, of (2) in which we are interested lies be- 
tween .3 and .4, and each root of (8) is .8 less than the corre- 
sponding root of (2), the root of (3) which we are to determine 
lies between 0 and .1 Hence it is relatively small. In fact, it 
is so small that we may, with reasonable safety, drop off the 
terms of (3) which contain higher powers of « than the first, 
since they are very small in gomparison to zx itself. The 
equation then reduces (3) to the simple form 
(4) 19.67% —0.963 =0, 
whose solution is evidently 0.963 + 19.67, or, approximately, 
04+ Hence, although the root of (8) which we are seeking is 
not exactly equal to the solution of (4), its value, when com- 
puted merely to the first significant figure, may safely be 
taken as .04 
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NOTE 1. In order to remove all existing doubt at this point, one 
may determine (by the usual synthetic process) the values of the first 
member of (3) when x=.04 and x=.05 respectively. If the results are 
of opposite sign, no mistake has been made in taking .04 as the root 
desired (correct to the first significant figure) of (3), but if the results 
are of the same sign, the root can evidently not lie between .04 and .05 
One should in such eases proceed to find also the results for .03 and 
.06 to ascertain between what two consecutive hundredths the change 
of sign in the left member of (3) does occur. It is usually desirable to 
check in this way the value which has been determined as a probable 
value of the root, especially if it is greater than .05, but it is usually 
not necessary to check the similar tentative roots obtained from time 
to time in continuing the process which follows below. 


It follows that the root of (2) in which we are interested, 
correct to two decimal places, is .34; hence the desired root of 
(1) to a similar degree of accuracy 1s x= 2.34 

In order to determine the next figure of the root, we now 
proceed as before, that is, we first transform (3) into an equa- 
tion whose roots are less by .04 The work appears below. 


1+ 9.90 +19.6700 —0.963000 | .04 
+ .04 + 3976 +0.802704 


1+ 9.94 +20.0676 | — 0.160296 
EO e309 

1+ 9.98|+20.4668 

+47.04 


1+10.02 
Thus the third transformed equation is therefore 
(5) x'+10.022?+ 20.4668x—0.160296 =0, 


and its root in which we are interested must lie between 0 
and .01. To obtain it to the first significant figure, we solve 


the equation 
(6) 20.4668x — 0.160296 =0 


thus obtaining «=.007+ Hence the root of (1), correct to 


? 
_ = 4 
> ee 
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three decimal places, is r=2.347 Evidently the process may 
now be continued indefinitely, thus determining the root in 
question to any desired degree of accuracy. It is to be noted 
finally that the preceding work may be conveniently and 
compactly arranged as follows. 
1+3 —10 —6|2 
+2 +10 +0 


1+5 + 0|-6 

42 +14 

+2]. 

149 414 -6 |3 
+0.3 + 2.79 +5.037 
149.3 +16.79 |—0.963 


“L0i3 4-F~9.88 
1+9.6 ia 


+0.3 


1+9.9 +19.67 —0.963 | .04 
+ 04 + .3976 +0.802704 


1+9.94 +20.0676 | —0.160296 
eir-04 ceo 

_ 149.98 |+20.4668 
+ .04 


1+10.02-+20.4668 —0.160296 | .007 


In summary, then, we have the following rule. 
RvuLE FOR DETERMINING A Positive IRRATIONAL Root. 


1. Sketch the graph and thus locate the root between two 
consecutive integers (subject to the remarks in Note 2 below). 

2. Obtain an equation whose roots are less than those of the 
gwen equation by the smaller of these two integers. This equation 
will have the root in question lying between 0 and 1. 

3. Locate this root (by trial) between two successive tenths, 
and obtain a new equation whose roots are less than those of the 
last one by the smaller of these tenths. This equation will have 
the root in quesyon lying between 0 and 0.1 


ae oe ee te 
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4. Locate this root correct to its first significant figure by 
Horner’s Method of approximation (subject to the remarks in 
Note 1 above) and obtain a new equation whose roots are less 
than those of the last one by the smaller of the hundredths thus 
determined. This equation will have the root in question lying 
between 0 and 0.01 

5. Continue the process to any required number of decimal 


places. 
6. The sum of all the diminutions of the roots gives the value 


of the required root correct to the last decimal place appearing in 
the process. a 


In order to determine a negative irrational root of an equa- 
tion f(x) =0, we have merely to determine the corresponding 
positive root of the equation f(—zx)=0. See corollary, § 96. 


NOTE 2. It may happen that two (or more) roots of a given equa- 
tion are so nearly equal that it is difficult to distinguish between them 
on the graph and hence difficult to obtain for each a first approximation 
that will be different in the two cases. Under such circumstances, it is 
necessary to begin by determining each by trial cor- 
rect to the first place of decimals rather than merely 
to the first integer. For example, the equation 


f(a) =42 —242?+ 447 —23 =0 


has two roots lying between 2 and 3, as appears 
upon sketching its graph, which is shown in Fig. 55. 
By evaluating f(x) as x takes on the successive 
values 2, 2.1, 2.2, 2.3, ---, 2.9, 8, we see that f(x) 
changes sign between +=2.2 and x=2.3, and again 
between 2.8 and 2.9 One root, correct to one decimal place, is there- 
fore 2.3, and another is 2.8 Hither may now be determined accurately 
by the transformation process described above, combined with 
Horner’s Method. 

The cases in which two or more roots are actually equal can be 
treated by introducing the notion of the derivative (§ 87) but the 
detailed explanation of the method will not be attempted here. In such 
cases the z-axis is a tangent line to the graph. When two roots thus 
coincide they are said to form a double root, when three roots coincide 


they form a triple root, etc. 
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EXERCISES 


Determine each of the following roots correct to three decimal 
places, accompanying each equation with its graph. 

1. The root of z?—32?+6z—9=0 lying between 2 and 3. 

. The root of x? —3z?—3x—7=0 lying between 4 and 5. 

. The root of 2?+132?+572—16=0 lying between 0 and 1. 

. The root of 2°?+62?+92r+1=0 lying between —3 and —4, 

. The root of 2*+423 —4x?—122+3=0 that lies between 1 and 2. 

. Determine, correct to two decimal places, the roots of the equa- 
tion x*—623+52?+142—4=0 between 3 and 4. See Note 2, § 99. 

7. Determine, by use of Horner’s Method, the value of the fourth 
root of 473 correct to four places of decimals. Note that this is equiva- 
lent to solving the equation 24=473. 

8. Determine, correct to three decimal places, the fifth root of 100. 

9. Obtain, correct to two decimal places, the positive solutions 
x, y of the following simultaneous quadratic equations (compare 
§§ 29, 30) ay=1, y=2?—2. 

10. The edge of a cube measures 3 inches. By how much, correct 
to two decimal places, should each edge be increased in order that the 
volume may be increased by 50 cubic inches? 

11. The dimensions of a rectangular box are 8 by 10 by 12 inches. 
By what amount, correct to three decimal places, should each be in- 
creased in order that the volume may be increased by 400 cubic inches? 

12. How long is the edge of a cube if, after cutting off a slice 3 
inches thick from one side, there remain 20 cubic inches? 

13. A right circular cylinder has its upper base 
hollowed out into the form of a hemisphere. In 
order that the solid thus formed may have the 
same volume as a sphere 4 feet in diameter, de- 
termine, correct to three decimal places, what must 
be the radius of its base if the height is 10 feet. 

[Hinr. See formulas in § 7.) Fie. 56 

14. Answer Ex. 13 in case both bases of the cylinder are hollowed 
out in the manner indicated. 

15. The depth of flotation in water of a material sphere is the posi- 
tive root of the equation 2°—3rz?+44r°s=0, where r is the radius and 
s is the specific gravity of the material. Find, correct to two decimal 
places, the depth at which a cork sphere of radius 1 foot will sink, it 
being given that the specific gravity of cork is 0.24 


a ar © Dd 


XI, § 100] THE THEORY OF EQUATIONS 181 


100. Algebraic Solutions. It has been shown in an earlier 
chapter that if one considers the general quadratic equation, 
namely 


(1) ax?+br+c=0, 


it is possible to determine formulas for its two roots, thus 
expressing them in all cases in terms of the coefficients a, }, c. 
In fact, it was shown in § 21 that the roots of (1) are 


(2) —b+ Vb —4ac 
_ 26 
Similarly, one may now inquire whether formulas exist 
which express the three roots of the general cubic, namely, 
the three roots of the equation 


(3) ax>+ba’?+cr+d=0. 


Such formulas exist, but they are difficult to use, and are 
of theoretic interest only. We shall therefore merely state 
the following facts. Equation (8) may be transformed into 
the more simple form 


(4) v+gr+th=0 
and the roots of (4) are given by the formula 


ao hy yo FP, |b ee ~yi4". 


Since any given quantity has three cube roots (real or 
imaginary), this formula determines the three roots of (4), 
just as (2) determines the two roots of (1). 

Similarly, the general equation of the fourth degree (com- 
monly called the general biquadratic, or the general quartic) 
may be solved, the formulas for its roots being, however, 
highly complicated. As regards the general equation of the 
fifth degree (quintic) and all higher degrees, it is not possible 
in general to express their solutions in terms of radicals. 


a. 


CHAPTER XII 


PERMUTATIONS AND COMBINATIONS 


101. Introduction. Consider the following question. 
How many signals may be given by hoisting 2 flags on a pole, 
it being understood that there are 10 flags of different colors 
to select from? 

The answer can be reasoned out as follows. The first flag may 
be chosen in any one of 10 ways and, having chosen it, the sec- 
ond flag may be chosen in any one of 9 ways. Since to each of 
the 10 choices of the first flag there thus correspond 9 choices 
of the second, the answer must be 109, or 90 signals. 

Again, if we ask in how many ways 3 letters may be mailed 
on a street where there are 5 letter-boxes, we may reason as 
follows: The first letter may be mailed in any one of 5 ways, 
and, having been mailed, the second letter may likewise 
be mailed in any one of 5 ways. Hence, as in the example 
above, the first two letters may be mailed in 5X5, or 25 ways. 
But to each of these correspond 5 ways also of mailing the 
third letter, hence the number of ways in which all three 
letters may be mailed is 255, or 125 ways. 

If a man can travel on any one of four routes from New 
York to Buffalo, and thence on any one of three routes from 
Buffalo to Chicago, he may make the whole trip (via Buffalo) 
in any one of twelve routes. 

Similar reasoning leads to the following general principle. 

FUNDAMENTAL PrincipLE. If one thing can be done in my 
different ways, and, having done it, a second thing can be done 
in me different ways, and having done it, a third thing can be 
done in ms different ways, and so on, then the number of ways 
in which the various things can be done jointly is the product 
M1 -Me2+Mg°**. : 

182 
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EXERCISES 

1. How many signals can be given by hoisting 3 flags if there are 
8 different flags to select from? 

2. In how many ways can 4 letters be mailed if there are 5 mail boxes? 

3. In how many ways can 4 different positions be filled if there 
are 3 applicants for the first position, 2 for the second and 4 for each of 
the others? 

4. Answer Ex. 3 in case there are 12 applicants in all, each of whom 
is eligible to either place. 

5. If a person owns a 5-seated automobile, in how many ways can 
he seat a party of four for a ride? 

6. How many base-ball nines can be formed out of 9 men, it being 
understood that any man can play in any place? 

7. Answer Ex. 6 in case either A or B must pitch, while either B or 
C must catch. 

[Hinr. Solve first on the supposition that A pitches and B catches. 
Then consider similarly all possibilities and add results. | 

8. How many signals can be given with 6 different colored flags 
which may be hoisted either singly or any number at a time? 

9. How many even numbers can be formed using the digits 1, 2, 3, 
4, 5, 6, 7, it being understood that all of the digits are to be used and 


each used but once? 
[Hixr. Determine first how many ways the last digit of the number 


may be chosen. ] 

10. Answer Ex. 9 in case any number of the digits may be used, 
but no digit more than once. 

11. In how many ways can an ace, king, queen and jack be drawn 
from a pack of cards in the order named in case 

(a) they may be of different suits, 

(b) they must be of different suits, 

(c) they must be of the same suit? 

12. If a half-dollar, quarter-dollar, dime and nickel be tossed, in 
how many ways can they come up? 

18. If there are four convenient routes from Chicago to San Fran- 
cisco, in how many ways can one conveniently make the round-trip? 

14. In how many ways can one draw a square 1 inch on a side if 
he has black, red and green ink at his disposal, using only one color 
on any one side? 


a 

A 

te - \ 5 
vo ee ee, en ‘ 
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102. Permutations. Consider the three letters a, b, c, and 
let it be asked how many different arrangements, or permu- 
tations, of these letters among themselves are possible. The 
answer is six, as all such arrangements, or permutations, are 
evidently the following: 


abc, acb, bac, bea, cab, cba. 


We might have asked a different question as follows. 
How many permutations are possible with the four letters 
a, b, c, d in case only two of them are used at a time. The 
answer would now be twelve, such permutations being 


ab, ba, ac, ca, ad, da, be, cb, bd, db, cd, de. 


In general, if we have n objects (regarded as different from 
each other) there will be a certain number of possible ar- 
rangements, or permutations, of them when taken r at a time. 
If we represent the number of such permutations, as is 
customary, by the symbol ,P,, we may show that ,P, is 
determined by the formula 


(1) nP, =n(n—1)(n—2) --- (n—r+1). 


For, the object to be placed first in the arrangement may 
evidently be chosen in any one of n ways, and, having chosen 
it, but n—1 objects remain, so that the object to be placed 
second may be chosen in any one of n—1 ways; similarly, 
the third object may be chosen in any one of n—2 ways, the 
fourth object in any one of n—3 ways, and so on, until finally 
the last, or rth object may bé chosen in any one of n—r+1 
ways. Hence, applying the fundamental principle stated in 
§ 101, we see that the total number of ways of arranging, or 
permuting, the n objects when taken r at a time will be the 
product n(n—1)(n—2) «+» (n—r+1). That is, we arrive at 
formula (1). 


Thus, the number of possible permutations of the 4 letters a, b, c, d 
when taken 3 at a time is, in accordance with (1), equal to 4-3-2, or 24. 
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This may be verified by actually writing out all such permutations, 
the result being as shown below. 
abe bac cab dab 
ach bca cba dba 
acd bcd cbd dbc 
adc bde cdb dcb 
abd bad cad dac 
adb bda cda dca 
Similarly, the number of permutations of 5 letters when taken ail 
at a time would be determined by formula (1) by placing in it n=5 
and r=5, the result thus being 5-4-3-2-1, or 120. If, on the 
other hand, we use only 3 of the letters at a time, the result would be 
5-4-3, or 60. If we use 2 ata time, the result would be 5-4 or 20, etc. 


103. The Factorial Numbers. If in formula (1) we place 
r=n, the last factor becomes n—n-+1, or 1, so that the right 
member becomes 

n(n—1)(n—2) --- 2-1. 


This expression, which represents the product of all the 
integers from 1 to n inclusive, is called factorial n, and is 
commonly designated by the symbol n! 

Thus, 3!=1-2-3=6; 4!=1-2-3-4=24; 5!=1-2-3-4-5=120, 
6! =720, 7!=5040, 8!=40320, 9!=362880, 10! =3628800, etc. 

NoTeE. From the definition of n! it follows that, whatever the value 
of n, we shall have n!=n-(n—1)!. Placing n=1 in this relation gives 
1!=1-0!, or 1=O0!. Hence, the value of 0! must be taken as 1. (Compare 
the meaning of a° as obtained in § 8). 


Inasmuch as n! is the result of placing r=n in formula (1), 
it follows that the number of permutations of n things taken all 
at a time is n} 

Expressed as a formula, this result becomes 


(2) nPnp=n(n—1) ---2-1=n! 


Thus, the five letters a, b, c, d, e may be permuted among themselves 
m 5!=120 ways. 
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EXERCISES 


1. In how many ways can the letters a, b, c, d, e be arranged if 
taken 3 at a time? 


2. How many numbers can be made out of the digits 1, 2, 3, 4, 5, 6 
using four of them at a time, no digit being repeated? 


3. In how many ways can 10 trees be planted in a row? 


4. In how many ways can the letters A, B, C, a, b, c be arranged 
so that the three capital letters shall stand first, and the three small 
letters shall stand last? 

[Hinr. First find how many ways the capital letters can be ar- 
ranged among themselves, then similarly as regards the small letters, 
then use the Principle of § 101.] 


5. Work Ex. 4 in case either the three capital letters or the three 
small letters may stand first. 


6. In how many ways can 5 French books, 3 Latin books and 2 
Spanish books be arranged on a shelf so that the French books shall 
stand together, the Latin books together, and the Spanish books to- 
gether? 


7. Work Ex. 6 when it is required that the French books shall 


stand first as a group, but the remaining 5 books may be arranged in 
any manner thereafter. 


8. In how many ways can a program of 3 speeches and 3 musical 
numbers be arranged so that speeches and music shall alternate through- 
out? 


9. In how many ways can the knives, forks and spoons be distrib- 
uted at a table where there is to be a dinner party of 6 people, each 
of whom is to have a dinner knife, a bread and butter knife, a dinner 
fork, a salad fork, a soup spoon, a teaspoon and a coffee spoon? 

10. In how many ways can the colors red, green, blue, indigo, 
violet be arranged so that red and green do not stand together? 

[Hinr. The answer may be regarded as the difference between the 
number of arrangements when no restrictions whatever are made and 
the number when red and green stand together in either order.| 


11. In how many ways can 4 different coins be stacked one upon 
the other provided that at least one must be left with its face side up? 


12. Show that formula (1) of § 102 may be written in the form 


Pie ies 
nt r (n—n)! 
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104. Combinations. A set of things regarded without 
reference to the order in which they are arranged, is called a 
combination of them. 

Thus, abc, acb, bac, bea, cab and cba are the same combination 
because each is made out of the same letters a, b, c and in this respect 
there is no difference between them. It is only when, the arrangement 
of the letters is taken into account that any such distinctions are 
possible. 

Let us ask how many combinations, in the sense defined 
above, are possible out of the four letters a, b, c, d when taken 
3 at a time. The answer is 4; namely, abc, abd, acd, bed. 
Note that each of these is different from the three others in 
that it is made up of different letters. Similarly, if we ask 
how many combinations of the letters a, b, c, d are possible 
when taken 2 at a time, the answer is 6; namely ab, ac, ad, 
be, bd, cd. Finally, if taken 4 at a time, the answer is 1; 
namely abcd. 

If we ask in a more general sense how many combinations 
are possible out of n different things taken r at a time, we 
may arrive at a formula for it as follows. Consider any one 
combination. It contains r letters, which, if arranged in 
all possible ways would give rise to r! permutations. (See 
formula (2), § 103.) Since this is true of every different com- 
bination, it follows that if we let ,C, represent the total 
number of such combinations, we shall have the equation 

al, M=_P,, 
where ,,P, is the total number of permutations of the n things 
taken r at a time. From this equation we have 
pl edt 
r! 
which, when we substitute for ,P, its value as given by (1), 
§ 102, becomes 


(1) nCr 


pontn—1)- 3 ata rl). 
cr r! 
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This, therefore, is the formula desired. By multiplying 
both its numerator and denominator by (n—7r)!, observing 
that the numerator then becomes 

n(n—1) «+ (n—r+1) - (n—7r)!= 
n(n—1) +++ (n—r+1)(n—1r)(n—r—1) «+» l=nl, 
the formula takes the more condensed form 
n! 
@) aay (n—n! 


Note. It may be noted that formula (1) for ,C; is the same as is 
obtained if, in the formula as given in § 79 for the coefficient of the rth 
term of the binomial expansion for (a+2)”, one uses (r-+1) in place of r. 
The bmomial theorem for positive integral exponents may therefore 
be written in the form 


(a+-a)" =a" +nCia" e+ nCoa” a? + ++ +n Cnsan" t+ nCna™. 


Exampie 1. How many committees of 3 men each can be formed 
from 8 men? 


Sotution. Since the personnel of a committee isin nowise changed 
by a different arrangement of the men in it, the question resolves itself 
‘unto finding the number of combinations of 8 men when taken 3 at a time. 

Hence, using the first of the formulas above, we obtain the answer 

6 
1- es 3 


Exampitp 2. How many selections each consisting of 3 oranges 
and 2 apples may be made from a basket containing 6 oranges and 4 
apples? 


Sotution. The number of ways in which the 3 oranges may be 
selected is ; 


8C3= =56. 


Hence, by the fundamental principle of § 101, the 3 oranges and 
2 apples may together be selected in 20X6=120 ways, Ans. 
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EXERCISES 

1. A captain having under his command 20 men wishes to form a 
guard of 3 men. In how many ways may the guard be formed? 

2. How many peals may be rung with 7 different bells by striking 
them 4 at a time? 

3. How many hands of cards, each made up of 5 hearts, are there 
in a pack of cards? 

[Hint. The pack contains 52 cards, there being 13 each of hearts, 
diamonds, spades and clubs. ] 

4. A chandelier contains 10 lights. In how many ways may the 
room be lighted if only 8 lights are used? 

5. How many straight lines may be drawn through 8 points no 
three of which lie in the same straight line? 

6. Out of 8 different English books and 7 different French books, 
how many selections of 6 books may be made each containing 3 English 
and 3 French books? 

7. Work Ex. 6-in case each selection of 6 books must contain at least 
2 English and 2 French books? 

[Hinr. Consider separately the various possibilities, as in Ex. 7, 
page 183, and add results. | 

8. A candidate for a certain office is to be elected in case he receives 
a majority of the votes cast by 10 people. In how many ways could 
the majority be secured? 

9. Out of 15 men how many selections of 4 men each can be made 
each of which will contain a certain particular man? 

[Hint. Take out the particular man and then consider the remaining 
14 men.] 

10. A whist-hand contains 13 cards. How many such hands each 
made up of 4 spades, 4 hearts, 4 diamonds and 1 club is it possible 
to form? 

11. Out of a basket containing 6 oranges, 8 apples and 3 peaches, 
how many selections of 5 each may be made that shall contain at least 
one orange? 

[Hinr. The answer may be regarded as the difference between the 
number of selections of 5 indiscriminately and the number when no 
oranges are taken. | 

12. Show that the number of combinations of n things taken r at 
a time is the same as when taken n—r at a time. 


a 
a 
«. . ver i Bek ot 
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*105. Distribution into Groups. If it be asked in how many ways 

10 different things may be distributed among 3 persons A, B, C so that 

A shall receive 5, B shall receive 3, and C shall receive 2, the answer 

may be determined as follows. Starting with A, he may receive his 
5 things in 

10! 

10C's = F5! ways. (See formula (2), § 104) 

B may now be given his 3 things out of the remaining 5 things in 

5! 


5C3= 31a! ways. 


Finally, C may be given his 2 things out of the remaining 2 things in 
— ways. (See Note, § 103) 


Applying the Theorem of § 101, the 10 things may therefore be 
distributed in the manner specified in 
TOMS mel 


Bel s3talvat “2 


Noting cancellations, we may reduce this product to the form 


4 
10! 9% 34 4 8. 87-98% 9-10 
BIBIQl 2 3% 4’ 5 2s 3% 
The same method of reasoning when applied more generally leads 
to the following result. 
The number of ways in which n different things may be distributed into 
a specified number of groups such that the first group shall contain p things, 


the second shall contain q things, the third shall contain r things, etc. is 
given by the formula 


=2520 ways. Ans. 


’ 
(1) N= elt De 
piqir!.--- 

ExampPLE. In how many ways may 14 apples be distributed among 
four children so that the oldest shall receive 5, the next younger 4, the 
next younger 3 and the youngest 2. 

Sotution. By means of the above general formula, the answer is 

14! 


PTETECTE limitation wanes sata 
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NOTE. It is to be observed that if the number of things to be put 
in each group is the same that is, p=q=r=---, and if there is no dis- 
tinction made between the groups (such as first, second, etc.), then the 
formula above must be slightly changed, becoming 


! 
(2) iNjraoe ee eeee hy SS 
g! piqitri--- 
where g is the number of the groups. The reason for this may be 
immediately implied from the following example. 
Exampite. In how many ways may 12 men be divided into three 
groups of 4 each? 


Sotution. Formula (1) would give 
12! 
4! 4! 4! 


But to take this as the answer implies that any way of dividing the 
men into the three equal groups gives rise to another way by redis- 
tributing the same three groups among themselves, which can be done 
in 3! ways. Since the question is merely as to the number of possible 
groups without reference to their order, the result above must therefore 
be divided by 3!, giving as the correct answer 
12! 
sidigiate ee 


and thus agreeing with the result given by (2) for this example. 


*106. Permutations of Things not all Different. In the previous 
discussions of this chapter all the things dealt with have been regarded 
as different, or distinguishable, from each other. In distinction from 
this, consider the following example. 

Exampite. How many permutations are possible of the letters of 
the word infinite when taken all together? 

Sotution. Since no new permutation arises by interchanging the 
three 7’s among themselves, or the two n’s among themselves, let us 
suppose at first that the 7’s are made dissimilar by calling them respec- 
tively 71, 72, 73, and likewise the n’s by calling them respectively m1, ne. 
- Under such a supposition, the answer, by formula (2) of § 103, would 
be 8!, since there would then be a total of 8 dissimilar letters. If the 
three 7’s be now regarded as the same, each of these 8! permutations 
gives rise (by permuting the 3 7’s among themselves) to 3! permutations 
that are identically the same. Hence, if the 7’s alone be regarded as 
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the same, the answer would be 8!/3!. But if the two n’s be now re- 
garded as the same, each of these 8!/3! permutations gives rise by similar 
reasoning to 2! permutations that are the same. Hence, the correct 
answer is 


The same method of reasoning when applied more generally leads 
to the following result: 


The number of permutations among themselves of n things of which n4 
are alike of one kind, nz are alike of another kind, ng are alike of another 
kind, etc., is given by the formula 

n! 


PS 
n,! ny! ns! siere 


MISCELLANEOUS EXERCISES 


Success in working an example in permutations and combinations 
depends chiefly upon one’s ability to determine to what extent the 
order of the things considered must be taken into account. Examples 
in the following list accompanied by the star (*) depend upon §§ 105-106. 


1. On a railroad there are 20 stations. How many tickets are 
required to connect every station with every other one? 

2. The Greek alphabet contains 24 letters. How many Greek letter 
fraternity names can be formed, each containing 3 letters, a repetition 
of letters being allowed? 


3. In how many ways can 6 ladies and 6 gentlemen form couples 
for a dance? 


*4, Hight persons are to play cards, In how many ways can partners 

be formed? 

5. Show that the number of ways in which n persons may be distri- 
buted among themselves at a round table is (n—1)! 

6. In how many ways can a selection of at least 4 oranges be made 
from a basket of 8 oranges? 

7. A box contains 6 red cards, 5 white cards and 4 blue cards. In 
how many ways can a selection of three cards be made such that 

(a) all three are red? 

(b) none are red? 

(c) at least one is red? 
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*8. How many arrangements of the letters of the word Mississippi 
are possible? 

*9. How many signals can be made with 7 flags, of which 2 are red, 
1 white, 3 blue and 1 yellow, displayed altogether one above the other? 


10. How many dominoes are there in a set numbered from double 
blank to double ten? 

*11. A collection of 12 books is to be distributed equally among 4 
people. In how many ways can it be done, no regard being had for 
the order in which they are given out? 

*12. A collection of 12 books is to be divided into 4 equal piles. In 
how many ways can it be done, no regard being had for the order in 
which they appear in each pile? 

13. Answer Ex. 12 in case regard is taken of the order of the books 
in each pile. 

14. How many committees, each containing 4 men, can be formed 
from 5 Republicans and 5 Democrats, it being understood that at least 
one Republican and one Democrat must be on the committee? 


15. From a basket of 8 apples, in how many ways can a selection 
be made, it being understood that any or all of the apples can be taken? 


16. How many triangles can be formed by joining the angular points 
of a decagon, that is, each triangle having its three vertices at vertices 
of the decagon ? 

17. There are 20 points in a plane, no three of which are in the same 
straight line with the exception of 5, which are all in one line. Find 
the number of straight lines that result from joining them. 

18. Find the number of triangles which can be formed by joining 
the points mentioned in Ex. 17. 

19. A boat’s crew consists of 8 men, 3 of whom can row only on the 
port side and 2 of whom can row only on the starboard side. In how 
many ways may the crew be seated? : 

20. Out of 6 friends, in how many ways can you invite one or more 
of them to dinner? 

21. From 3 peaches, 4 apples and 2 oranges, how many selections of 
fruit can be made, taking at least one of each kind? 


Bay 
Z fa 
Bis. i aa 


CHAPTER XIII 


PROBABILITY 


107. Introduction. If a letter be chosen at random from 
the alphabet the chance, or probability, that it will be a is 
naturally regarded as 1/26 since, out of the 26 ways in which 
a letter may be drawn, only 1 gives a. Similarly, the proba- 
bility, or chance, of drawing any single letter, as m, would 
be 1/26. However, if we a#k the probability of drawing a 
vowel, the answer would be 5/26, since a vowel may be drawn 
in any one of 5 ways; namely, either a, e, 7, 0 or u. 

As another example, suppose that a bag contains 4 red 
balls and 5 white balls, and that a ball is drawn at random. 
The probability that it will be red is then 4/9, since out of the 
total of 9 ways of drawing a ball, 4 give red ones. Similarly, 
the probability of drawing a white ball is 5/9. These and 
other illustrations which may be readily supplied lead to the 
following definition. 

Derinition. The probability of an event is the ratio of the 
number of ways in which rt can happen (all regarded as equally 
likely) to the total number of ways in which it can either happen 
or fadl. 

Thus the probability of drawing an ace from a pack of cards is 
4/52, or 1/13, since there are 4 ways in which the event can happen out 
of a total of 52 ways in which it can either happen or fail, the latter 
being the total number of cards in the pack. 

This definition, when stated in algebraic language, is as 
follows. Let a be the number df ways in which an event can 
happen, and let b be the number of ways in which it can fail 
(all ways being regarded as equally likely). Then the proba- 
bility, p, that the event will happen is 


a 
1 pe Eat 
(1) P a+b 


194 


vee on Mi nity n 
ee ee wr ee ee 
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Corotiary 1. If an event is certain to happen, tts proba- 
bility is 1. For in (1) we then have b=0, giving p=a/a=1. 

Corotiary 2. The probability that an event will happen 
and the probability that it will fail, when added together, give 1. 
For, just as the fraction (1) is the probability that the event 
will happen, so the fraction 


(2) jp 


eee s 
is the probability that the event will fazl, and it is evident 
that the sum of the expressions (1) and (2) is 1. 


108. Value of an Expectation. If a person is to receive 
$100 in case a certain event happens, and the probability of 
the event is 3/5, then the value of his expectation is naturally 
3/5X100=$60. This amount, in other words, is what he 
should pay for the privilege of being the possible recipient 
of the $100. In general, we thus adopt the following definition. 


DEFINITION. If a person is to receive the sum of money M 
in case an event occurs whose probability vs :p, then the value of 
his expectation is pM. 

EXERCISES 

1. A bag contains 6 red balls, 4 white balls and 3 blue balls. If a 
ball be drawn at random, what is the probability that it will be (a) red, 
(b) white, (c) blue? 

2. From a suit of 13 hearts, 3 cards are drawn. What is the chance 
that they will be the ace, king and queen? 

[Hint. Three cards may be drawn in 3303 ways.] 


3. The four capital letters A, B, C, D and the four small letters 
a, b, c, d are shaken together in a hat after which three letters are drawn 
out at random. What is the probability that they will all be capitals? 
Sonution. Since there are 8 letters in all, the total number of ways 
of drawing 3 letters of any kind is 
8-7-6 


Cs=T5 


— = 56. 
12-3 
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Similarly, the number of ways of drawing 3 capital letters is’ 
4-3-2 
Ft 4 
109 ae 


14 
4. Find the probability in Ex. 3 that the three letters drawn shall 
consist of two capitals and 1 small letter. 
[Hinr. The number of ways of drawing 2 capitals and 1 small letter 
is 4C,X,C1. (§§ 104, 101).] 
5. A portfolio contains 15 bills, 6 of which are $5 bills, 4 are $2 bills 
and 5 are $1 bills. If 4 bills be taken at random find the chance that 


(a) all are $5 bills, 

(b) 3 are $2 bills and 1 is a $5 bill, 

(c) all are $1 bills. 

6. A history of Rome in four volumes is placed on a library shelf at 
random. What is the probability that the volumes will be in their 
correct order: I, II, II, IV? 

7. If 4 cards be drawn from an ordinary pack, what is the proba- 
bility that 

(a) they will all be hearts? 

(b) that there will be 1 card of each suit? 


4 1 
Hence the desired probability is Be. Gis AWS 


8. If two tickets be drawn from a package of 20 tickets markea 
1, 2, 3, «++, 20, what is the probability that both will be marked with 
odd numbers? 


9. If three coins be tossed, what is the probability that 
(a) all will be heads? 

(b) there will be exactly two heads? 

(c) there will be at least two heads? 


10. If three cards be drawn front a pack, what is the probability 
that they will be an ace, king and queen of different suits? 


11. A person is to receive $5 in case he tosses two coins and they 
both come up heads. What is the value of his expectation? 


12. What can a person properly afford to pay for the privilege of 
receiving $7.50 in case that he draws 2 tickets from a box containing 
tickets marked from 1 to 15 inclusive and finds that the one is odd and 
the other even? 
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109. Definitions. The preceding discussions and _illus- 
trations of the theory of probability are the immediate conse- 
quences of the definition of the term “probability,” as given 
in § 107. If one is to proceed farther into the subject, it is 
desirable to make certain fundamental distinctions between 
the possible kinds of events, as indicated below. 

Two or more events are called dependent or independent 
according as the happening of one of them does or does not 
affect the happening of the others. 


Thus, if a drawing be made at random of one letter from a box 
containing the letters a, b, c, d, e and this be followed by another similar 
drawing, the two events would be independent in case the letter first 
drawn was replaced in the box before the second drawing, while the 
events would be dependent in case this was not done. 


110. Theorem Concerning Independent Events. In deter- 
mining the probability that two or more independent events 
will all happen, one may employ the following theorem. 


THEOREM. The probability that two or more independent 
events will all happen is equal to the product of their respective 
probabilities. 

Thus, suppose that two coins are tossed. The probability that the 
one will come up heads is evidently 1/2, and the probability that the 
other will come up heads is likewise 1/2. Therefore, the probability 
that both will come up heads is, by the above Theorem, 1/21/2=1/4. 

This result may be verified by noting that the total number of ways 
in which the two coins may fall is 2*%2=4, and of these only 1 gives 
two heads. Hence, the answer, as before, is 1/4. 

Similarly, the probability that three coins will all come up heads is 


1/2X1/2X1/2=1/8. 

Proor or THEOREM. Suppose that the probabilities of 
the separate events are respectively pi, p2, ps, -++, Pr; and let 
a, be the number of ways in which the event corresponding 
to p; can happen and 6; the number of ways in which this 
event can fail; similarly let a, be the number of ways in 
which the event corresponding to p, can happen, and 6, the 


— Te 
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number. of ways in which this event can fail, etc. Then, by 
the definition stated in § 107, we shall have 


a a2 a, 
(1) Pi 


ai een eres 


Moreover, by the principle of § 101, all the separate events 
can happen together in a1 - d2- a3 +++ a, ways out of 
(ay +01) (a2+bz) +++ (a,+0,) 


possible ways of either happening or failing. Hence, if P be 
the probability that all the events will happen, we have by 
the definition in § 107, 


(2) P 


= 1Qq°+O, ; 
~ (ar +bx) (a2+bx) -++ (a, +6,) 


But, upon using (1), the expression (2) may be written in 
the form 


P=1p2 ++" Dry 
which was to be proved. 


111. Dependent Events. Although the theorem of § 110 
pertains only to independent events, it may frequently be 
applied to determine probability in the case of dependent 
events, since the latter may usually be separated so as to be 
regarded as independent. 


Examptr. One letter is drawn from a box containing the letters 
a, b, c, d, e and a second drawing is then made (the first letter obtained 
not being replaced before the second drawing). What is the probability 
that the letters thus drawn are first a and second 6? 

Sonution. The probability of dbtaining a on the first drawing is 
evidently 1/5 and, a having been drawn, the probability of obtaining 
b on the second drawing is 1/4, since but 4 letters remain after the first 
drawing. Therefore, by the theorem of § 110, the desired proba- 
bility is 1/5X1/4=1/20. Ans. 

This result may be verified as follows. The total number of ways 
of drawing 2 letters is 5><4=20 and of these there is but one that gives 
first a and then 6. Hence, the probability is 1/20, which agrees with 
the former result. 


77 ee 


ee 
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112. Theorem Concerning Events That Can Happen in 
Several Ways. In determining the probability that an event 
will happen in case it can happen in any one of two or more 
different ways which are mutually exclusive, one may 
employ the following theorem. 

THEOREM. If an event can happen in any one of two or 
more different ways which are mutually exclusive, the proba- 
bility that it will happen is the sum of the probabilities of 
its happening in these different ways. 

Thus, if it be asked what is the probability of getting either two 
heads or two tails when two coins are tossed, we may reason as follows. 
The probability of getting two heads, as shown in § 110, is 1/4, and 
similarly the probability of getting two tails is 1/4. Therefore, by the 
theorem above, the probability of getting either two heads or two tails 
is 1/4+1/4=1/2. 

This result may be verified by noting that the total number of ways 
in which the two coins may fall is 2X2=4, and of these 1 gives both 
heads and 1 gives both tails. Hence, the probability of getting either 


1 
is =2/4=1/2, thus agreeing with the 


1 
both heads or both tails is 


former result. 


Proor or THEOREM. Suppose that the event can happen 
in two mutually exclusive ways, and let p:=a;/b; and p.= 
a2/b. be their respective probabilities. Then, out of a total 
of 6b; - bs possible cases leading to success or failure in either 
of the two ways, there are a; b2 in which the event can happen 
in the first way and ab; in which it can happen in the second 
way. Hence, out of the bib. cases there are aybo+a2b cases 
in which the event can happen in the one or the other of the 
two ways, the probability of which is therefore 


Aibo+d2b; di , Ae 
bibs at : Pit Pr. 
The theorem thus becomes proved in case there are bu 
two ways in which the event can happen. Similar reasoning 
leads directly to the more general case. 
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113. Theorem Concerning Repeated Trials. If the proba- 
bility of the happening of an event in a single trial is known, 
the probability that it will happen exactly r times in n trials 
may be determined by use of the following theorem. 

TueorEM. If p is the probability that an event will happen 
in any single trial, then the probability that it will happen 
exactly r times in n trials is ,C,p'q” ", where q ts the probability 
that the event will fail in any one trial. 


Thus, if it be asked what is the probability of throwing exactly 
8 aces in 5 throws with a single die, the answer is 


AL ee ne 
ed (5) () - 216 36 3888 


Proor oF THEOREM. The probability that the event will 
happen in r specified trials and fail in the remaining (n—r) 
trials is, by § 110, p’g””. But the r trials can be selected out 
of the n trials in ,,C, ways. Hence, applying the theorem of 
§ 112, it follows that the probability in question is the result 
of adding p’q” ” to itself ,,C,. times; that is, it is equal to 

nCr DQ - 

It is to be observed that if we expand (p+q)” by the 

Binomial Theorem (§ 104, Note), we obtain 
pCi gt Gsp C4 Gaep ¢ °-----1-9". 

Thus, the terms of this expansion represent respectively the 

probabilities of the happening of the event exactly n times, 

(n—1) times, (n—2) times, --- in v trials. 

Moreover, by combining this result with that of § 112, 
we obtain the following corollary. 

CoroLtary The probability that an event will happen 
at least r times in n trials is 

p+ ,Cip" q+nCop” r+ ee, +nCrp'?", 


where p and q have the meanings indicated above. In fact, by 
§ 112, this expression comes to represent the probability that 


bee 
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the event will happen either exactly n times, or exactly (n—1) 
times, or exactly (n—2) times, --- or exactly r times; that 
is, that it will happen at least r times. 


Thus the probability of obtaining at least 3 aces in 5 throws with 
a single die is 


1 5 i 4 5 al 3 ENED late k 
(:) +01-(2) (° aly « (EY. (3)? 145-5+10-25 276 _ 23 | 
6 6 6 6 6 6 6° 648 
EXERCISES 

1. Find the probability of throwing an ace in the first only of two 
successive throws with a die. 

2. If three cards be drawn from a pack, find the probability that 
they will be an ace, a king and a queen in the order named. 

3. Work Ex. 2 in case no regard is had for the order in which the 
three desired cards are obtained. 

(Hint. Consider each possible order and apply the theorem of 
§ 112 to the separate results.] 

4. Find, by use of the theorem of § 112, the probability of throwing 
doublets in a single throw with a pair of dice. 

5. In three throws with a pair of dice, find the probability of throw- 
ing doublets at least once. 

6. A bag contains 5 white and 3 black balls, and 4 are successively 
drawn out and not replaced. What is the probability that they are 
alternately of different colors? 

7. A, B, C in the order named each draw a card from an ordinary 
pack, replacing the drawing each time. If the first one to obtain a 
spade is to win a prize, show that their expectations are in the ratio 
16:12:9. 

(Hint. First find the probability that A obtains a spade; second, 
the probability that A fails to obtain a spade, but B obtains one; etc. 
It is understood that a total of only three drawings can be made.] 

8. A and B throw with one die for a stake which is to be won by 
the player who first throws an ace. A has the first throw and the 
throwing is to continue alternately until either the one or the other wins. 
Show that their respective probabilities of winning are 


seG)oG) +=) mid SoG) +6) +] 


and hence that their respective expectations are in the ratio of 6:5. 
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114. Probability of Human Life. Mortality Table. Ifa 
person 19 years of age asks what the probability is that he 
will live to the age of 75, the question may be answered with 
good accuracy by consulting a so-called Experience Table of 
Mortality. Such a table is shown on the opposite page and 
is readily understood upon examination. It shows in par- 
ticular that out of 93,362 persons living at the age of 19 it 
may be expected that at the age of 75 there will remain 
26,237. Hence, the answer to the preceding question is 
26,237 /93,362, or about 0.28 Otherwise stated, the chances 
that a person of 19 will live to be 75 are about 28 out of 100. 

The table on page 203 was compiled from the averaged 
observations of thirty American insurance companies to the 
end of the year 1874. Such a table is evidently of vital 
importance in answering the questions which ordinarily come 
before a life insurance company, or any person entrusted to 
work out a proper pension system for a group of employees, 
or the judge who wishes to determine what is a proper life 
interest of a client in an estate. Such questions depend upon 
the probable extent of life of an individual at a given age. 


EXERCISES 


1. What is the probability that the average American boy of 10 
years will live to vote at a public election? What is the probability 
that he will live to the age of 80? 


2. A man is 47 and his son is 15. Show that the probability that 
both will live 10 years is about 0.79. ° 
[Hinr. Apply the theorem of § 110.] 


3. A bridegroom of 24 marries a bride of 21. Show that the proba- 
bility that they will live to celebrate their golden wedding is about 0.12 
4. A and B are twins just 18 years old. Show that the probability 
that both will attain the age of 50 is about 0.55; also, that the proba- 
bility that one, but not both, will die before the age of 50 is about 0.38. 
[Hinr. Employ the theorem of § 112.] 


5. Draw on codrdinate paper the graph of the curve showing the 
probability of dying for each year from the ages of 10 te 98. 
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ROEM rien | Orne (ee) pees | ore Acad Qos Nom 
x es dy x ie dy x i dy 
10 |100 000 | 749 40 78 106 765 || 70 |38 569] 2391 
il 99 251 | 746 41 77 341 774. || 71 |36 178) 2448 
12 98 505 | 743 42 76 567 780 | 72> 38-730!) 2487, 
13 97 762 | 740 43 75 782 797 | 78 |31 243] 2505 
14 U7 O22 ator 44 74 985 812 | 74 | 28 738] 2501 
15 | 96 285 | 735 | 45 | 74173 | 828] 75 |26 237| 2476 
16 OF 550 Ne ioe 46 | 73 345 848 | 76 |23 761) 2431 
ily 94 818 | 729 47 | 72 497 870 | 77 | 21 330) 2369 
18 94 089 | 727 48 71 627 896 | 78 |18 961} 2291 
19 937362 1") 725 49 | 70 731 927 | 79 |16 670] 2196 
ca | 
20 O2T63 0a 23 50 69 804 962 | 80 |14 474] 2091 
21 91 914 | 722 51 68 842 | 1001 | 81 | 12 383) 1964 
22 91 192 | 721 52 | 67 841 | 1044] 82 |10 419] 1816 
23 90 471 | 720 53 66 797 | 1091 | 83 8 603 | 1648 
24 89 751 | 719 54 | 65 706 | 1148 | 84 6 955} 1470 
25 89 032 | 718 55 64 563 | 1199 | 85 5 485} 1292 
26 88 314 | 718 56 | 63 364 | 1260 | 86 4 193} 1114 
27 87 596 | 718 57 | 62-104 | 13825 | 87 3 079] 933 
28 | 86 878 | 718 58 | 60 779 | 1394 | 88 2 146| 744 
29 86 160 | 719 59 | 59 385 | 1468 | 89 i 402; seiooD 
30) | 85,441 5 720 60 | 57 917 | 1546 | 90 847] 385 
31 84 721 | 721 61 | 56 371 | 1628] 91 462| 246 
32 84 000 | 723 62 | 54 743 | 17138 | 92 216 | 137 
33 83 247 | 720 63 | 53 030 | 1800 | 93 79 58 
34 82 551 | 729 64 | 51 230 | 1889 | 94 21 18 
35 Si S22ule fee 65 |} 49 341 | 1980 | 95 3 3 


CHAPTER XIV 


DETERMINANTS 


115. Definitions. The symbol 
a b 
Cao. 


is called a determinant of the second order and is defined 
as follows: 


“© 
=ad—bc 
# 
Thus 
\§ 3-8 62 FOE Oe, 
2 4 
7 3 
27) 4(0) ceo to eet 
had (—2) -8=28+6=34, 


The numbers a, b, c, and d are called the elements of the 
determinant. 

The elements a and d (which lie along the diagonal through 
the upper left-hand corner of the determinant) form the 
principal diagonal. The letters b and c (which lie along the 
diagonal through the upper right-hand corner) form the 
minor diagonal. 

From these definitions, we have the following rule. 

To evaluate any determinant of the second order, subtract 
the product of the elements in the minor diagonal from the 
product of the elements in the principal diagonal. 


EXERCISES 
Evaluate each of the following determinants. 
Sere —1 -4 3a 0 
te 4]: 3. 3 Ss ee 5. 3] 6, ‘| 
5 =—1 2a 3b abe 4 
aul al 4a ote 6. 2] ae Ae 
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116. Solution of Two Linear Equations. Let us consider 
a system of two linear equations between two unknown 
letters, x and y. Any such system is of the form 


(1) ag¢+bhy=a, 
(2) ara boy = Co, 
where ay, bi, c:, ete., represent known numbers (coefficients). 

This system may be solved for x and y by elimination, as 
in § 5. Thus, multiplying (1) by b. and (2) by b:, subtract- 
ing the resulting equations from each other, and solving for 
x, we find 
(3) pw ea bale : 

Ab, — Aad; 
Likewise, we may eliminate xz by multiplying (1) by ae 
and (2) by aq. Subtracting the resulting equations from each 
other and solving for y, we find 
(4) _ Ua—01 
a,b2— Ab; 

It is now clear, by § 115, that the numerators and denomi- 
nators in (3) and (4) are all determinants of the second order; 
and by the definition of § 115, (3) and (4) may be written 
respectively in the forms 


a by | Ja 4 
C2 bs | dz & 
(5) . = ay by ‘ ee ay bi 
a de dz bs 


These forms are easily remembered. Observe that: 

1. The determinant for the denominator is the same for 
both 2 and y. 

2. The determinant for the numerator of the z-value is the 
same as that for the denominator except that the numbers 
¢, and c replace the a and a2 which occur in the first column 
of the denominator determinant. 
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3. The determinant for the numerator of the y-value is 
the same as that for the denominator except that the num- 
bers c; and c replace the 6; and b. which occur in the second 
column of the denominator determinant. 

The usefulness of the forms (5) lies in the fact that they 
express the solution of a system of two linear equations in 
condensed form, enabling us to write down the desired values 
of x and y immediately, without the usual process of elimina- 
tion. This will now be illustrated. 


Exampie. Solve by determinants the system 


(6) 2r-+3y =18, 
(7) x—Ty=—8. 
Soutution. Using the forms (5), we have at once 
18 3 
Meee ST) WSs 8) oa 02 Be 
253 2(—-7) 1-3) =144538) =17%)° 
1 -—7 
2a ls 
— | 1 -8] 2+ (-8)-1-18 —16-18 —34_ 
: nes eat ee ae, 
1 -7 


The solution desired is therefore (x=6, y=2). Ans. 


Curcrk. Substituting 6 for x and 2 for y in (6) and (7) gives 12+6 
=18 and 6—14= —8, which are true results. 


EXERCISES 


Solve each of the following pairs of equations by determinants, 
checking your answers for each of the first three. 


1. bemeatss z+ty=11, x—ay=n, 
Su+2y= 6. 30 -+3y =21. * \br+y=p. 

2 eee 5. ne v=3sy, 8 x+y=b—a, 
x+by =14, 38-32 =40-y. i be —ay = —2ab. 

3. pect g, {avtby=m, 9, (3ax-+2by =ab, 
2x—9y=—11. * (ba—ay=c. ‘| ax—by=ab. 
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117. Determinants of the Third Order. The symbol 


ay by Cy 
(1) A, bo Co 
az bs C3 


is called a determinant of the third order. 
Its value is defined as follows: 
(2) ayboc3-+ b1C203+ C1Ab3 — AsdoC1 — bsCoQy — C302). 


This expression, as we shall see presently, is important in 
the study of equations. 

The expression (2) is called the expanded form of the deter- 
minant (1). It is important to observe that this expanded 
form may be written down at once as follows. 

Write the determinant with the first two columns re- 
peated at the right and first note the three diagonals which 
then run down from left to right 
(marked +). The product of the 
elements in the first of these diag- 
onals is a,bec3, and this is seen to 
be the first term of the expanded 
form (2). Similarly, the product of 
the elements in the second of these 
diagonals is b,c2a3, which forms the second term of (2); and 
likewise the third diagonal furnishes at once the third term 
of (2). 

Next consider the three diagonals which run wp from left 
to right (marked with dotted lines). The product of the 
elements in the first. of these is a3boc:, and this is the fourth 
term of (2), provided it be taken negatively, that is, preceded 
by the sign —. Similarly, the other two dotted diagonals of 
(3) furnish the last two terms of (2), provided they be taken 
negatively. 

Note. Every determinant of the third order when expanded con- 
tains a total of siz terms. 
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Exampie. Expand and find the value of the determinant 


ay ig 
2 ae 
6 3 2 


Sotution. Repeating the first and second columns at the right, 
we have 


wo 
1 4 
ome 


aw w 


The diagonals running down from left to right give the three products 
Soll = 2) eA One Oo 273; 
which form the first three terms of the expansion. 
The diagonals running up from left to right give the products 
6-1-9, 3-4-3, 2-2-7, 
which, when taken negatively, form the three remaining terms of the 


determinant. 
The complete expanded form of (8) is, therefore, 


8-1-24+7-4-64+9-2-3—6-1-9—3:4-3 —2-2-7, 


whizh reduces to 
6+168+54—54—36—28=110. Ans. 


EXERCISES 
xpand and find the value of each of the following determinants. 
eee Sa Cee pees 
eae 6 5.|2 3 =1)- 
3 2-4 4 2 3 
—-7 4 2 a 
2. 3 2 6)- > 61-2 6 38}- 
8 -—8 -3 Ae thy 0) 
Eh 74. GW © 
3.;3 0-2 Teak. 6s. of | 
BL LOE Sz BY WZ 
GOO eS iO 0 
4.\10 11 12 8.|/0 xz-y 0 
14 15 16 0 OO «s«+y 
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118. Solution of Three Linear Equations. Let us con- 
sider a system of three linear’ equations between three un- 
known letters, such as x, y, and z. Any such system is of 
the form 

qetbytaz=d,, 
(1) Ax + boy + Coz = do, 
ase bsy +32 = ds, 


where ai, b1, ¢1, di, Ge, be, ete., represent known numbers 
(coefficients). 

This system may be solved for x, y, and z by elimination, 
as in § 5, but the process is long. We shall here state merely 
the results, which are as follows (compare with (8) and (4) 
of § 116): 

A dyb2¢3++ dob3¢1 + d3b162— dbo, — dibsc2— debrcs 
1b2¢3-++ A2b3¢1 + A3b1C2 — Asb2c, — A1b3C2 — dab1C3 

ae 1 d2€3+ A231 + A3A1Co— Ag¢y — A,d3C2— dedics 
Ab2¢3+ Aabs¢1 + Asb1C2— Asbec1 — A1bsC2— aabres 

4 bed3-++ aabsdi + a3b1d2— azbed, — aybsd2,— dsbids. 
aybrc3 + deb3C1 + a3b1C2 — AsboCy = A1b3Co = dab1C3 


(2) 


It is clear by § 117.that in these values for x, y, and z, each 
numerator and denominator is the expanded form of a deter- 
minant of the third order. In fact, it appears from the defi- 
nition in § 117, that we may now express these values of 
x, y, and z in the following condensed (determinant) forms: 


d, bh a mM ad a b dy 

dz be & a, dz & do, bz dy 
(3) reek ds bs C3 aye a3 ds C3 bbe a3 b3 ds q 

a by C1 ay by C1 ay by C1 

ada be a by dz be C 

as bs C3 az bs 3 a3 bs Cs 


Note. The importance of these expressions for x, y, and z lies in 
the fact that they give at once the solution of any system such as (1) 
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in very compact and easily remembered forms. Here we note that: 

1. The denominator determinant is the same in all three cases. 
(Compare statement 1 of § 116.) 

2. The determinant for the numerator of the z-value is the same 
as that for the denominator determinant except that the numbers 
dy, do, dg replace the ay, a2, a3 which occur in the first column of the 
denominator determinant. 

3. Similarly, the numerator of the y-value is formed from that of 
the denominator determinant by replacing the second column by the 
elements d,, do, d3; while the numerator of the z-value is formed from 
that of the denominator determinant by replacing the third column by 
the elements d,, do, d3. (Compare statements 2 and 3 of § 116.) 

The readiness with which (3) may be used in practice to solve a 
system of three linear equations is illustrated below. 

Examen. Solve the system 


2% —y+3z2=35, 
x+3y—15 = —2z, 
3x+4y=1. 


Soturion. Arranging the equations as in (1) of § 118, the given 
system is 


2% —y+38z=35, 
v+3y+22=15, 
3x+4y+0z2=1. 
Therefore, using (3) of § 118, we have at once 
35) — 13 
15 a 
ws 1 4 0 _0+180—2—9 —280 — iat 
ee ee 0+12—6—27—16-0 -—37 ~’ G1) 
1 cute 
3 4 0 
2 35 38 ’ 
Ue Ns toe 274 
ve 3 10 _9+3+210— —135—4— Die 74 9 
87, 2.87 =37) -%? 
2 —-1 35 
1 3 15 
3 Asie ti bp Oia 45 —315— 120-41 _ = 333 _ 
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The desired solution is, therefore, (x =3, y= —2, z=9). Ans. 


Cueck. With r=3, y=—2, z=9, it is readily seen that the three 
given equations are satisfied. 


EXERCISES 

Solve each of the following systems by determinants. 
z+2y+32z=14, 32—2y+ z2=2, 

1 27+ y+2z=10, 5. 2a +5y +22 = 27, 
32+4y —32z=2. z+3y+32=25. 
2x— yt2z=12, z+y=9, 

2. z+3y+ 2=41, 6. 4 y+z=7, 
22+ yt4z2=22. zt+a=5. 

z— y+z=830, zt+y—z=0, 

3. 38y—xz— z=12, 7. ,a2-y =2b, 
7z—y+2e2 =141. atz =3a-+b. 
z+3y+4z2=83, az +by-+cz=3, 

4. c+ y+ z2=29, 8. abz+aby =a-+b, 
6x+8y+3z=156. beyt+bez =b-+e. 


119. Determinants of Higher Order. The determinants 
thus far studied have been of either the second or third 
orders, the former containing 2?, or 4 elements, and the latter 
3”, or 9 elements. In general, a determinant of the nth order 
is a square array of n? elements such as is typified by the 
expression 


ay b; C1 d, Gd L, 
a2 b2 C daerl 
(De a3 bs C3 dz +++ ls 
Gunbeee hid tls 


The method for obtaining the expanded form of any 
such determinant (compare (2), § 117) will be explained in 
detail in § 121. 


212 COLLEGE ALGEBRA [XIV, § 120 


120. Inversions of Order Consider the positive integers 
1, 2,3, 4. As here appearing, these are in their natural order, 
each number being less than all those which follow it. If 
the same numbers be arranged as follows: 4, 2, 3, 1, there 
are five departures from the natural order; namely, 4 before 
2, 4 before 3, 4 before 1, 2 before 1 and 3 before 1. Each of 
these is called an inversion of order, Briefly stated, we 
say that 4, 2, 3, 1 contains five inversions. 

Similarly, any given arrangement of two or more positive 
integers contains a certain number of inversions, this number 
being 0 only in case the numbers occur in their natural order. 

Thus, in 3, 4, 1, 2, there are 4 inversions; namely, 3 before 1, 3 before 


2,4 before 1 and4before2. Similarly, in 1, 3, 4,5, 2 there are 3 inver- 
sions; in 1, 3, 2 there is 1 inversion, etc. 


121. The Expanded Form of Any Determinant. An 
examination of the expanded form of the typical determinant 
of the third order, as given in (2) of § 117, shows that it may 
be written in the form 


aybecs+asbico+ Agb3C1 — AsboC1 — ayb3C2— Aeb1C3. 


It is now to be observed that each of the six terms here 
appearing contains three factors, of which the first is an a, 
the second a b and the third a c, and the subscripts of these 
letters in any one term are all different, as for example in the 
third term azbsc;. Moreover, in the case of the three terms 
which are preceded by the sign +, the number of inversions 
in the subscripts is even, while'in the case of the three terms 
preceded by the sign —, the number of inversions in the 
subscripts is odd. 

Thus, in the term ++a3bjc, there are two inversions in the sub- 
scripts, this number being even, while in the term —agboc, there are 
three such inversions, this being odd. Similarly, the term +aebsc1, is 


seen to be accompanied with an even number of inversions, while 
—agbic3 has an odd number of them. 
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Taking now the type determinant of the fourth order, 
namely 
a bh a a 
a2 be C2 de 
a3 bs C3 d3 : 
fe OL Cy 70a 
the observations made above suggest that its expanded form 
consists of all the terms that can be made, each consisting 
of four factors of which the first is an a, the second a b, the 
third a c and the fourth a d and in which no two subscripts 
are alike, and with the further understanding that the sign 
to be prefixed to any one term as thus formed is to be + 
or — according as the number of inversions in its subscripts 
is even or odd. This, in fact, is what the meaning of (1) is 
taken to be, and we shall so understand hereafter. 


(1) 


For example, +aybecsd,, —deb3c4dy, -+aeb3cyd, are three particular 
terms in the expansion of (1). 

It may be observed that the total number of terms as thus 
described belonging to the expanded form of (1) is 24, or 4}, 
since the a to be used in forming a term may first be chosen 
in any one of 4 ways, then the b may be chosen in any one 
of 3 ways (its subscript being necessarily different from that 
of the a chosen), then the c may be chosen in any one of 2 
ways (its subscript being neither of those already used), and 
finally the d may be chosen in but 1 way and therefore, by 
§ 101, the four elements for any one term may be selected in 
4.3-2.-1=24=4! ways. The student is advised to write 
out all of the 24 terms, prefixing the proper sign to each. 

Similarly, the expanded form for the typical fifth order 
determinant may now be supplied. In this case there are 
5!=120 terms each of the form a, b, c,d, €,, where no two of 
the subscripts 7, s, ¢, u, v are alike and where the sign of any 
one term is taken + or — according as the number of inver- 
sions among these subscripts is even or odd. 
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Likewise, for any given value of n, the determinant D of 
§ 119 may be expanded, this expansion containing in all n! 
terms, each the product of n elements properly chosen. 

NOTE. For convenience, the typical determinant of the third order, 
namely (1) of § 117, is frequently written in the condensed form |aybecs|. 
Likewise, the typical fourth order determinant may be represented by 
|aybocsd,|, and similarly for determinants of higher orders. 


EXERCISES 
1. Write, with their proper signs, all the terms of the determinant 
|aybecsd ses that contain both a, and b,; also all the terms that contain 
both 63 and és. 
2. By expanding the following determinant, show that its value 
is 19. 


ue eae dl 
woera mee 0) 
606 of) 
OMe eae ots 


[Hinr. Note that in the notation of § 119, the first column contains 
the a’s, the second column the 6’s etc., so that we here have a,=8, 
a,=5, ag=6, ag=0, 0; =2, bo =3, etc.] 

3. Find, by expanding, the value of the determinant 


0 8 2 2 
1 3 Zl 
OP — 5 ioe I 
0 9 (i 


122. Useful Properties of Determinants. The following 
theorems are useful in the study of determinants. 


TuHrorEM I. Two determinants are equal in case the 
elements of the first column of the one are equal respectively to 
the elements of the first row of the other, the elements of the second 
column of the one are equal respectively io the elements of the 
second row of the other, and so on. 


PB i) Bye 
Thus 2 3 O=}=—1 Se Li: 
3 1 3 oO) s 
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Proor. Let us consider the theorem first for deter- 
minants of the third order. What we are then to prove is that 


ay by Cy Qa, Ae. 3 
( 1) (en) by &)= by bo bs 
a3 bs C3 Cr 1 Co™.C3 


The determinant on the left side of (1) when expanded 
by the method of § 121, is equal to 


(2) Axboc3 + Aobscy — A3b1Co = A1b3Co = Aob1C3 a AzdeCy. 


As to the determinant on the right side of (1), if we place 
Ai=%, As=b,, As=Q, By= a2, B.=b, Bs=c2, C= 4s, C2 = bs, 
C3=c3, 1t becomes 


Ay B, Ci 
As Be Cy 
A; Bs C3 


and this, when expanded by the method of § 121, becomes 
(3) A1BsC3+A2B3C1+A3Bi1C2— A1B3C2— A2BiC3— AsB2Ci 
If we replace A;, As, As, Bi -+- by their values as defined 
above, (3) becomes 
(4) ayb2C3-+-biC23-+ €,2b3 — A C2b3 — byd2¢3 — C1b2a13 
which is seen to be the same in value as (1), thus proving 
the theorem. Similarly, the proof may be given for deter- 
minants of any order. 

TueEorEeM II. Jf two rows (or columns) of a determinant 


are interchanged, the value of the new determinant thus obtained 
is the same as the original except that its sign 1s changed. 


Thus Died tec sy (0) 2} 
—1 2 1 | 2 | 
ay 2 PAB Ah 


Here the first and last rows of the original determinant have been 
interchanged in obtaining the new determinant. 

Proor. Consider first that we merely interchange two 
adjacent rows of any determinant. This will merely inter- 
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change two adjacent subscripts in each term of its expansion. 
This will change the sign of every term in the expansion, by 
§ 121, and hence will change the sign of the whole deter- 
minant. 

If, more generally, the two rows to be interchanged are 
separated by m intermediate rows, we first note that the 
lower row may be brought just below the upper one by m 
successive interchanges of adjacent rows. To bring the 
upper row into the original position of the lower one then 
requires m+1 further successive interchanges. It follows 
that interchanging the two rows in question is equivalent 
to introducing 


m+(m+1)=2m+1 


interchanges of adjacent rows and therefore, from what is 
said above, is equivalent to multiplying the original deter- 
minant 2m+1 times by —1; that is, by (—1)?""™1. But 
2m-+1 is necessarily an odd number whatever the (positive, 
integral) value of m. Hence (—1)?"*! is equal in all cases 
to —1, so that the theorem becomes proved for the case of 
the interchange of any two rows. To prove it also for the 
case of the interchange of any two columns, it suffices to 
write the original determinant, as we may do by Theorem 
I, in a form where its successive rows and columns become 
interchanged and then apply to the result the reasoning 
already given concerning the interchange of two rows. 


TueroreM III. Jf a determinant D has two of its rows (or 
columns) identical, its value is ero. 


For example, without expanding the determinant, we may write 
at once 


5 Coe 7, 
the first and third rows being here identical. 


oe om 
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Proor. By interchanging the two identical rows we 
obtain, by Theorem II, the value —D. But, interchanging 
two identical rows does not alter the form of the original 
determinant. Hence, we have D=—D, or 2D=0, or D=0. 
Similarly, the proof for the case of the interchange of two 
identical columns follows directly from Theorem II. 


THEOREM IV. Jf every element of a row (or column) of a 
determinant is multiplied by any given number m, the deter- 
minant is multiplied by m. 


2 3 4 2 3 4 
Thus =i 1 2i=2h—1 LF e2 |e 
Dro 2 2 0 24. 3 od ot 


Here the elements of the last row, regarded as 3, 2, 4, are each 
multiplied by 2. 

Proor. The theorem is an immediate consequence of 
the fact that one and only one of the elements that have 
been multiplied by m enters into each term of the expansion, 
thus multiplying the whole expansion by m. 


TuHroreM V. If each of the elements in a row (or column) 
is expressed as the sum of two numbers, the determinant may 
be expressed as the sum of two determinants. That is, (in the 
case of the third order determinant) 


aay’ by ci hh 4 a’ bb G4 
dotde’ be CG |=} de be co} + ao’ be Ce |- 
dzta3’ bs ¢s dz bs Cs a3’ bs 3 


Proor. Consider any term of the expansion of the given 
determinant, as (a,;+a,’)becz. This may be written aybecs+ 
ay/boc3. Likewise, every term in the expanded form of the 
first determinant consists of the sum of a term of the second 
determinant and a term of the third determinant. Hence, 
the first determinant is the sum of the other two determinants. 

Similarly, the proof can be supplied whatever the order 
of the given determinant. 
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TuHroreM VI. The value of a determinant is not changed 
if the elements in any row (or column) are multiplied by any 
number m, and added to, or subtracted from, the corresponding 
elements in any other row (or column). Thus, for example, 


ay + mb, by Ci ay by C1 
dotmb, be GC | =| de be Cs. 
(eR ot mobs b3 C3 a3 bs C3 


Proor. By Theorem V, the first determmant here ap- 
pearing may be expressed as follows: 


ay by Cy mb; by Cy 
(1 ) (0p) bo C2 + mbg be C2 
a3 bs C3 mobs bs C3 
But, the last determinant, by Theorem IV, may be written 
as c 
Oi 0p. Gi 
(2) m bs by Co | 
bs bs C3 


and, applying Theorem III, this has the value m -0=0, 
with which the proof is complete for the third order deter- 
minant above considered. 

Similarly, the proof may be supplied in all other cases. 


123. The Simplification of Determinants. The theorems © 
of § 122, especially Theorem VI, are of great value in reducing 
given determinants to simpler forms. The manner in which 
this is done will be clear from an examination of the following 


examples. ) 
EXAMPLE 1. 
ile? Wey B83 UP PPP MG We ott het) 
thay Wye ciel sa GIS}, B40 Sil) PAR SIB pale il 
aes Bah ia an vil al ee) 
Galo Se wb» 9 ae a 0 
=6/ 2) hob =6:2° 11h io to — 1 12:32 36: 
Om eee Omi? Oe 0 
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EXPLANATION. First we subtracted the first column from the 
second and third columns. This is equivalent to making two appli- 
cations of Theorem VI, using m= —1 in each. Next, we have taken 
the factor 2 out of the second column of the resulting determinant, 
and the factor 3 out of its third column (Theorem IV). Next, we have 
subtracted 11 times the second column from the first column, and then 
taken out a factor 2 from the first column. Finally, we have subtracted 
2 times the second column from the third. Note that the last deter- 
minant obtained has three zero elements, thus making its expansion 
relatively easy to calculate, giving 3. In general, the theorems of § 122 
are to be thus employed to obtain one or more zero elements and corre- 
spondingly reduce the labor incident to the final expansion of a deter- 
minant. It is not to be expected, of course, that all the elements can 
be reduced to zero, or even all those in any one row or column, for this 
would imply that the determinant had the value zero, which in general 
would not be the case. 


EXAMPLE 2. 
1 a be 1 a b+c+a 
1 6b cta!]=!1 6b cta+b 
1 ec a+b 1 c¢ a+tb+te 
awn 
=(a+b+-c)|}1 6b 1/)=(a+b-+c) - 0=0. 
le Coal 


Note the application of Theorem III in the last step. 


EXERCISES 


Evaluate the following determinants, employing as may be desired 
the theorems of § 122. 


8 4 6 20 15 25 Bee See 
1./2 -2 4 20h tee tee S25 Oe oeeleee: 
2 3 4 19 20 16 Ag PAINS 
6.3 2° 5 


124. Minors. If one row and one column of a determinant 
be erased, a new determinant of order one lower than the 
given determinant is obtained. This determinant is called 
a first minor of the given determinant. Similarly, by 
erasing two rows and two columns, we obtain a second 
minor; and so on. 
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Thus, in the determinant 


(1) 


by erasing the second row and third column, we obtain the first minor 


ay by 
ag bg 


This minor is said to correspond to the element c2, since the row and 
column erased both contain this element. We may represent it, there- 
fore, by Da,. 

In general, to each element of (1) corresponds a first 
minor obtained by erasing the row and column in which 
that element stands. The minor of a is represented by 
Da,, the minor of a, by Dag,, etc. 

Similar remarks evidently apply to a determinant of 
any order. 


125. Development According to Minors. An examination 
of the expanded form of the typical determinant of the 
third order (see (2) of § 117), shows that it may be written 
if desired in the form 

(bees a bse) = ao (bics <> bsc1) +a3(bic2 == bec), 
or 
by C2 by C1 bi Cy 
bs C3 bs C3 be C2 
which, by § 124, may be written in the form 


“Da, = a2Dg,+asDag: 
Thus, we have the relation 


— As 3 ? 


ah a 
(1) dy by C|=%Da,—Da,t+-asDa,. 
ads bs Cs 


As thus written, the determinant is said to be developed 
according to the minors of its first column. 
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In a similar way, we may show that the same determinant 
may be developed according to the minors of any given row 
or column, provided only that in forming the various products 
thus called for of elements into their minors, the following 
general rule be observed: 


Rue. The product of the element lying in the rth column 
and sth row multiplied by its minor is to be taken positively 
or negatively according as (r+s) is even or odd. 


Thus, the determinant (1), when developed according to the ele- 
ments of its second column, becomes 


—b,Dp, +b2Dp, — bsDp,. 


Other illustrative forms of development for the same determinant 


are 
—aDa,+b2Dp, —@De,; 
a3Da,—bsDp,+¢sD cy. 

Passing now to the typical determinant of the fourth 
order (see (1), § 121) it will be found, upon examining the 
terms of its expansion, that it may be developed according 
to the minors of any one of its rows or columns in the manner 
just described, and in fact a like statement may be verified 
for a determinant of any order whatever. For brevity, the 
details of the proof will be omitted. 


Thus, the determinant (1) of § 121, when developed by minors 
according to the elements of its first column, becomes 


Dg, — Da, +43Da,—44Da,.- 
Here, of course, each of the minors, Dg,, Day, Daz, Day is a determinant 
of the third order. 
Other illustrative forms of development for the same determinant are 
—byDp, +b2Do, — 63D, +b4Db,, 
— Dg, +b2Do, — Do. +d2Dar, 
De, — De, +03), — c4De,. 
It is frequently advantageous to develop a determinant 
according to its minors, especially in case several of the 
elements in some column (or row) are equal to zero. 
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Exampue. Find the value of the determinant 


4 il 
2 Pps 
3 Le alle 
sy er Ah 48 


Sotution. First subtract the third row from the first (Theorem 
VI, § 122), thus obtaining as an equivalent determinant, and one 
having a number of zeros in its first row,the following 


Nw bd 


1 ORORaO 
Dy Ie Fae Ass 
Re ea One 
5 tp ab 
Now develop by minors according to the elements of the first row. 
By otis DO, ots oss is 2.-3«2 
eae ta 2 — One Se 2 POs Sime — (eh eee 
6 4 9 5 4 9 5 6 9 5) Gm 4. 


Of these four terms the last three vanish because of the factor 0 in 
each, so the result reduces to the determinant appearing in the first 
term. We may evaluate this third order determinant, as follows: 

Multiplying the second column by 2 and subtracting it from both 
the first and last columns, this determinant takes the form 


-1 21 
OR On: 
—-2 4 1 
Developing this according to the elements of the second row, we have 
yA wal —-1 1 —1 2 lA 
wee | +4: me 1 |-9- ao. 8 =| { [=—ht2e1. 


Thus the value of the original determinant is 1. 
> 


EXERCISES 


Evaluate each of the following determinants by using the method 

of development by minors. 
iLO), 0) 
7 
il 
3 


NR oO 
wNReEN 
wonr 
on wb 
Nee 


2 3 
I 
5 6 


> He > Or 
ow » Oo 
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126. Cofactors. If the minor of an element of a deter- 
minant be taken with its proper sign, as determined by the 
Rule of § 125, the result is called the cofactor of that element. 


Thus, in 
E by Cy 


the cofactor of b; is 


that of be is 
a G4 ¢ 
ag «(C8 


_ 


It is customary to represent the cofactor of a; by A1, the 
cofactor of az by As, that of a3 by As, that of b; by Bi, ete. 
By use of these cofactors the development of any given 
determinant is readily expressible in various forms, in 
accordance with the results of § 125. 


Thus 

a bh GY 
a2 be 
a3 b3 3 


may be expressed in any of the following forms. 
aA1+d2A2+43A3, 6B, +bBo+b3B3, 
anA9+b2B2+OCo, 10 +e2Co+c3Cs, ete. 

In connection with cofactors, the following theorem is 
important. 

Turorem. If the elements in any column be multiplied 
respectively by the cofactors of the corresponding elements in 
another column, the sum of the products ts equal to zero. 

Thus, in the typical determinant of the third order (see above) 
we have 

a By +a2B_+a3B3 =0, byAy+beA2+b3A3 =0, 
a4C +42C2+-a3C3=0, 1B, +c2.B2-+c3B3 =0, ete. 


224 COLLEGE ALGEBRA [XIV, § 126 


Proor. Consider the third order determinant (see above). 
For this we may write, as shown above, 


ay by Cy 
(1) do, be Ce = 6,B,+6b.B.+b3B3. 
a3 b3 C3 


Now, no one of the cofactors B,, B:,, B; contains any of 
the elements bi, bs, b3. Hence, these cofactors are unaffected 
if in (1) we change bi, be, bs to ai, d2, a3. This gives 


a & GQ 
a,B,+a,Bo+a3B3=| dz dz 
a3 a3 C3 


But this determinant is equal to zero by Theorem III, 
§ 122, thus establishing as desired that a;B,+-a2B,+a;B;=0. 

The proof may evidently be extended to cover any case 
in any determinant. 


127. Simultaneous Equations. It was shown in § 116 
that a system of two simultaneous equations of the first 
degree between two unknown letters x, y can be readily 
solved by means of determinants, and in § 118 a like fact 
was shown regarding the value of the three unknown letters 
x, y, 2 pertaining to a similar system of three equations. The 
general formulas for such solutions are to be seen in (5) of 
§ 116 and (8) of § 118, which should now be examined. We 
proceed to show that similar formulas exist also for the four 
values x, y, 2, w pertaining to a system of four equations 
of the first degree between these unknowns, and similarly 
for a system of five equations, etc. Suppose, then, that the 
system is one of four unknowns, namely, 


ax+ by+ a2e+tdw= ka, 
aye boy + coz -+ dow = ke, 
ase+bsy+csz+dyw = ks, 
aye+byy+cz+dyw=ky. 
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Consider the determinant 


a by Cy dy 
Ag bo C2 do 
= ; 
a3 bs C3 ds 
4 bs C4 ds 
and let A1, As, ---, Bi, Bs, ---, ete., be its cofactors. 


Multiplying the first equation by Ai, the second by Ao, 
the third by A; and the fourth by A, and adding, we have 


(aA; +a.A2+a3;A3+asAs)a+ 
(b,A,+boAo+b3A3+biAs)y+ 
(4:Ai+ @Ao+c3A3+ c1As)e+ 
(d;A,+d2,A.+d3A3+diAs)w=hkyAi1th,Agt ksAstkiAs. 


Here the coefficients of y, z and w each vanish by the 
theorem of § 126, so that (1) reduces to 
(2) (aA, +a2A2+03A3+asAs)a=kyAi+heAothsAsthiAs. 


The coefficient of x in (2) is D; the right side is what D 
becomes when the elements aj, de, a3, ay are respectively re- 
placed by ki, ke, ks, ks. Solving (2) for x, we thus have 


(1) 


by 
be 
bs 
bs 


Gi 
C2 
C3 
C4 


3) - 


In like manner, by multiplying the first of the given 
equations by Bi, the second by Bz, etc., and adding and apply- 


ing the theorem of § 126, we obtain 


(4) 


ky 
ke 
ks 
kes 


D 


ail 


C3 
C4 


dy 
ds 
ds 
dy 
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Likewise, the values of z and w are each expressible as 
the quotient of two determinants, the denominator in each 
instance being D and the numerators being the determinants 
obtained from D by replacing the elements of its third column 
and fourth column respectively by ki, ko, ks, ks. 

Using for brevity the condensed form of notation ex- 
plained in the Note at the close of § 121, the formulas for 
x, y, 2, w thus become respectively 


fy kibocads| nee |arkocsds| ue |arboksds| a |arbocaks| : 
‘ |arbscsds|! a \arboesds\’ lay bocsda|’ |arbocsd,| 


These four formulas are seen to be analogous in formation 
to the three formulas obtained in § 118 where only three 
equations were under consideration. 

Similar statements and results evidently apply to any set 
of simultaneous equations of the first degree containing as 
many unknown letters as equations. 

Note. It is to be observed that in case the determinant D which 
appears above has the value zero, the formulas (8), (4), etc. can no 
longer be used, since division by zero is not a permissible operation in 
mathematics. Such cases require special investigation and are con- 
sidered in detail in higher algebra. 


Similar remarks apply in general, and in particular to the systems 
already considered in §§ 116, 118. 


128. Elimination. In all the systems of simultaneous 
equations thus far considered it was essential that the num- 
ber of equations be the same as the number of unknown let- 
ters present. When this condition is not fulfilled, various 
possibilities may arise and, while space does not permit of 
their detailed study here, the single case in which the number 
of equations is one greater than the number of unknowns is 
particularly important and will therefore be briefly considered 
below. 

Suppose, then, that three unknowns, 2, y, z are present 
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and that these are to satisfy four equations of the first degree, 
which we shall write in the form 


axrtby+az=d, 

dex + boy+ coz = do, 

ase+bsy+csz = ds, 

agetbayt+ cuz = dy. 
Moreover, let us suppose that a certain three of these equa- 
tions, say the first three, when treated as in § 127, may be 
solved for xz, y, z. We have left to determine when these 
values of xz, y, 2 will satisfy also the fourth equation. 

Now, noting the form of the solutions for 2, y, 2 in the first 
three equations (see (3), § 118) and placing them in the 
fourth equation, then clearing the latter of fractions it be- 
comes (using the condensed notation explained in the Note 
at the close of § 121) 

a4 | dybecs| +b, adecs | “Ce | arbeds| =d, | Aybecs | . 

Transposing all terms to the left side and noting that, by 
Theorem II, § 122, we may write | dibscs|=|bieods|, | axdocs |= 
—|areods|, the last relation becomes (after multiplying 
through by —1) 

—as|biceds|+s| arcods |—cs | aibeds|+-ds| arbees|=0. 
But this relation is the same as 
ay by Ci dy 
dz be G& de 
(2) a3 b3 C3 ds oY 
a4 by C4 ds 
as appears by expanding this determinant by minors ac- 
cording to the elements of its last row. 

TurorEeM. In order that the system (1) may have a set of 
values x, y, 2 that will satisfy it, it 1s necessary that condition 
(2), which relates only to the sixteen coefficients of the system, 
shall be satisfied. . 


(1) 
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The determinant appearing in (2) is called the eliminant 
of the system (1). Thus, the theorem above may be stated 
briefly as follows. In order that the system (1) may have a 
solution x, y, 2 it is necessary that the eliminant of the system 
shall be equal to zero. 

A similar theorem may now be supplied for any system of 
linear equations containing one more equation than unknown 
quantities. The student is advised to do this for such a 
system of five equations. 


EXERCISES 


Solve by determinants each of the following systems of equations. 


274+3y— z+ w=6, 2x+3y—4z2+ w=0, 
ct y+ z2—2w=4, t—- yt 2— w=-2, 
30-+2y—32+ w=—l1, “ |7a+2y—382+ w=6, 
x— y-— z+38w=-1. 5a+8y—10z+3w=3. 
Form the eliminant for each of the following systems of equations 
and use it to tell (by the theorem of § 128) whether the system may 


have a solution. In cases where there may be a solution, proceed to 
determine it (if possible) by the methods of § 127. 


3¢-+2y+32=17, 


2a+3y=9, e+ y=4, 2e+ yt+2z2=10 
3. y3t— y=8, 4. y2u— y=5, 8. 5a-+5y+ 2=29, 
a+ y=6. 32 —2y=7. x+ yt z=7 


6. Find the value (or values) of k for which the following system 
may have a solution. 


ke+3y =18, 
x—Ty=—8, 
xt —hy =2. 
7. Eliminate m from the system 
(1) mx —ma =1, 
(2) m+2¢=2. 


Sonvution. First Mretuop. Solve (2) for m, giving m=2—2z, and 
place this value of m in (1), giving as the desired result 


(2 —2x)2a —(2—22z)27=1, 
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which upon reducing becomes 
62° —102?+42—1=0. 


This equation in z alone is, then, the result of eliminating m from 
(1) and (2). It is an equation whose roots satisfy (1) and (2) whatever 
the value of m. 


SeconD Meruop. Multiply (2) through by m, giving 


(8) m?+2mx =2m. 

Now, arrange (1), (2) and (3) in the forms 
(1) xm —az-m=1, 

(2) 0-m?+ 1-m=(2—2z), 
(3) 1-m?+ (2x—2)m=0. 


Regarding this system as one of three linear equations between the 
two quantities m? and m, and applying the results of § 128, we obtain 
as the desired equation 


£ —7 il 
0 1 (2—2r) |=0. 
1 (2-2) 0 


Upon expanding this determinant it readily reduces to 
62° —102?+427—1=0 


and this is seen to be the same result as obtained above by the first 
method. 

In contrasting the two methods, it will be seen that the second does 
not depend upon solving either of the given equations for m, as did the 
first method. For this reason, the second method has a much wider 
range of applicability, as will be illustrated in the examples which 
follow. The second method illustrates what is known as Sylvester’s 
method of eliminationt. 

8. Eliminate m from the following system, using both the methods 
illustrated in Ex. 7 and noting that the result for either method is the 


same. 
mx —2m2?+1=0, 
m+2?—3mzr=0. 


+ For details, see for example Burnstipp anp Panton’s Theory of 
Equations (Longmans, Green and Co.), Chapter on Elimination. 
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9. Write as a determinant the result of eliminating k from the system 
ka —k’o? +k =1, 
Qh? + ka? —k =2. 
[Hint. Multiply each equation through by & and consider the 
resulting equations combined with the original ones.] 


10. Find the condition (in the form of a determinant) that the two 
equations 
aye? tbr +c, =0, 
Ag” + box +c, =0, 
may have a common root. 
[Hinr. The result of eliminating x, where x is regarded as the com- 
mon root, will express the desired condition. | 


11. Find the condition (in the form of a determinant) that the two 
equations 
ax’?+br+c=0 
x +qe+r=0, 
may have a common root. 
12. Determine the value (or values) of k for which the following 
two equations may have a common root. 


21?—72a+3=0, 
+ke+15=0. 


CHAPTER XV 
COMPLEX NUMBERS 


129. Introduction. In § 10 it was pointed out that every 
complex number is of the type form a+bi, where a and b 
are real numbers and where 7 represents the quantity V —1. 
If in particular b=0, the complex number reduces to an ordi- 
nary real number, a, while if a=0 (6 being different from 0), 
the complex number takes the form 61, which is known as a 
pure imaginary. Complex numbers commonly enter into 
the roots of quadratic equations and other equations of 
higher degree than the first, as shown in earlier chapters. 
They have also many other important applications. For this | 
reason we shall now consider their properties in somewhat 
further detail. 


130. Complex Numbers Considered Graphically. For 
convenience, let us for the moment represent the typical 
complex number by z+yi, where x and y are any real 
numbers and wherei=V—1. If, then, the values of x and 
y are given, they may be regarded respectively as the abscissa 
and the ordinate of a certain point P in the manner described 
in § 6, in which case P may be taken as the geometrical 
representation of the complex number x+yi. Conversely, 
to every point P in the plane there evidently corresponds a 


definite complex number 7+ y1. 
231 
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Whenever complex numbers 
are thus represented, the axis 
X’X is known as the axis of 
reals, while the axis Y’Y is 
called the axis of pure imagi- 
naries, the appropriateness of 
these names being at once ap- 
parent. The axis Y’Y is thus 
regarded as a line along which 
all pure imaginary numbers Fic. 58 
may be represented, the units 
along this axis being therefore taken as 1, 27, 32, 47, etc. as in 
Fig. 58. The X’X axis, on the other hand, furnishes a 
representation of all real numbers. 

It may be remarked also that the plane determined by the 
axis of reals and the axis of pure imaginaries is frequently re- 
ferred to in higher mathematics as the complex plane. As 
thus defined, the complex plane evidently presents a geo- 
metric picture of all the numbers that enter into algebra. 


131. Definitions. Twocomplex numbers a+b7 and c+di 
are said to be equal if, and only if, a=c and b= d; that is, 
if the real parts a and c are equal to each other, and the 
imaginary parts, b and d, are likewise equal to each other. 

Two complex numbers which differ only in the signs of 
their imaginary parts are called conjugate complex numbers. 

Thus, 2+3%, 2—3¢ are conjugate numbers ; likewise -$-+47, -} —Li. 

It will be observed that the type form of every pair of 
conjugate numbers is a+bi, a—bi and that two such num- 
bers, when interpreted geometrically by the method of § 130, 
give rise to two points P; and P2, which are symmetrically 
situated with respect to the axis of reals; that is, the one lies 
above this axis the same distance that the other lies below it, 
while the line joining the twois perpendicular to this same axis. 
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132. Addition and Subtraction of Two Complex Numbers. 
Two complex numbers a+bi and c+di are added or sub- 
tracted in accordance with following formulas: 


(a+bi)+(c+di) =(a+c)+(b+d)i, 
(a+ bi) —(c+di) = (a—c)+(b—d)i. 


These formulas, when expressed in words, may be stated as 
follows: 

To add (or subtract) two complex numbers, add (or subtract) 
the real parts separately and likewise add (or subtract) the 
umaginary parts separately. The resulting complex number 
is the sum (or difference) desired. 

It is now to be observed that any two complex numbers 
may be readily added graphically. 
Thus, in Fig. 59 let the two num- 
bers, which we will call a+b: and 
c+di, be represented respectively 
by the points P; and Pz. Connect 
P, and P, each with the origin O 
and then complete the parallelo- 
gram which has OP; and OP», as 
two of its adjacent sides. The pikes 
vertex P thus determined repre- 
sents the sum of the given numbers a+0i and c+d1, for we 
may evidently write 


OC =0B+ BC=0B+0A =a-te, 
so that P corresponds to the complex number (a+c)+ 


(b+d)i, and this, by the formulas above, is the sum of a+bi 
and c+di.f 


+ It should be noted that this figure is the same as that used to rep- 
resent the composition of forces in physics. 
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To subtract one complex number from another graphically, 
as ct+tdi from a+bi, we have but to represent the points 
corresponding to the numbers —c—dz, a+bi and proceed 
as in addition. 


NoTE. The processes discussed in this section illustrate what is 
known in mathematics as the addition and subtraction of vectors, 
a vector being defined as any magnitude which depends for its meaning 
upon its direction as well as its length, as is the case with OP; or OP2 
in Fig. 59. The general study of vectors and the operations that can 
be performed upon them is known as vector analysis. The subject is 
of especial importance in the general applications of mathematics to 
physics and electrical engineering. 


EXERCISES 


Represent by a drawing on coordinate paper each of the following 
numbers. 


1. 143%. 5. 5i. 9. —5hi. 

2. —242i. 6. —4+0i. 10. V2+2i. 
3. 1-1. 7 1b—-li. 11. $+V2i. 
4. 5. 8. —.7—1.3%. 12. 1.3—V5i. 


State which of the following are pairs of conjugate numbers. 


13, {342i 14, [2-% 15. 2i, 3 
14-24, See at as an 


By use of the definition of equal complex numbers, find what must 
be the value of x and y in each of the following equations. 
17. «+y—(«—-y)i=3-+i. 19. x2+y?+ («—3y)i+2yi =2 4-27. 
18. 3x-+5y+(2e—y)i=2—-3i. 20! 2n—-2y—2vi+y+2i+ayi=5—4i. 


Perform the following operations both algebraically and geometri- 
cally. 


21. (2+7)+(3—2i). 25. (3-+2%) —(2+31). 
22, (3+27) +(—2+32). 26. (—4+5%) —(8—1). 
23. (—5—7%)+(—2+42). 27. (5+%) —(8—5i). 


24. (1+27)+(—2—7)+(8—42). 28. (3 —4?) +2 +t) — (5-61). 
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133. Complex Numbers in Polar Form. Let the point 
P corresponding to the complex number x+y? be joined to 
the origin O by the line OP. Then the 
length of OP, which is generally denoted 
by r, is called the absolute value, or the 
modulus, of the complex number z+ yi ; 
also, the angle made by OP with the 
positive direction of the X-axis is called 
the angle, or the argument, of the 
complex number x+y2, and is com- 
monly represented by the letter 6. 
Moreover, by elementary trigonometry, we evidently have 


Fia. 60 


(1) xL=r cos 6, y=r sin 6. 
Hence we may write 
rtyt=x+1y=r cos 6+ir sin 8, 
or 
x+yi=r(cos 0+ sin 6). 


As thus written, the complex number z+yi is said to be 
expressed in polar form. Moreover, the line-segment OP, 
when regarded both as to its length and its direction, may be 
taken as the geometric representation of the same number, 
namely, of the number x+y. We shall make frequent use of 
these conceptions in what follows. 


NOTE. It is to be observed that as different complex numbers 7+yi 
are selected in the plane, the corresponding values of the modulus r will 
range from 0 to indefinitely large values, while the values of the argu- 
ment 6 will range from 0° to 360° (or 0 to 27 radians). 


By means of relations (1) the value of r and of 6 belonging 
to any given complex number x+yi may be readily deter- 
mined, as illustrated in the following example. 
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ExAMpLe. Determine the absolute value and the angle of the com- 
plex number 2 —27. 


Soxtution. From equations (1) we have 
x2+y2=r2 cos? 6+r? sin? @=r? (sin? 6+ cos? 6) =r. 
Hence, in the present instance 


224 (—2)2=r2, 
Therefore, « € 
r= V224 (—2)2?= V8 =2V2. 


Using this value of r in (1), we now obtain 


Je 1 
cos 9@= 2 =—4_ = 
f §OV2) V2 
and ; e ‘ 
: Vcc 
sin 9=* =—— = — ——. 
r 2v2 V2 


Therefore, by elementary trigonometry, @=315°. 


The desired values of the absolute value and of the angle of 2—27 are 
therefore 


r=2V2, 0=315°. 


The student should now represent this number graphically. 


134. The Multiplication of Complex Numbers. Any two 
complex numbers a-++bi and c+di may be multiplied together, 
giving another complex number as the product. Thus, by 
ordinary multiplication we have 


(a+bt)(c+dt) =ac+rbe+iad+bd. 
But ?=(V —1)?=—1, so that this equation becomes 
(a+bi) (e+dt) = (ac—bd) +(be-+ad)i. 
Thus the product is the complex number whose real part is 
(ac—bd) and whose pure imaginary part is (bec-+ad)i. 
It is important to note the nature of the product of two 
complex numbers when each is given in polar form. Thus, 
if the two given numbers are ri(cos 6:+7 sin 6:) and 


r2(cos 62+7 sin 62), we obtain by ordinary multiplication, 
after recalling that 2?=—1, 
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71(cos 61:+7 sin 61) + r2(cos 62+7 sin 62) 
=ryr2[Cos 41 COS 42—sin 6; sin 62+7(sin 4; cos 62+cos 6 sin 62)]. 


But by familiar formulas in elementary trigonometry we 


have 
4 COs 6; COS 62—sin 4; sin 4 =cos(6;+42) 
an < : : 
sin 6, COs 6:+cos 4, sin 6.=sin(6;+062). 
Thus, the result at the top of this page may be written 
in the form 


r,(cos @,+7 sin 6;) - r2(cos 0.47 sin 82) 
=1,r,|cos(6,+8.)+7 sin (6:+6.)]. 


Expressed in words, this formula may be summarized as 
follows : 


The absolute value of the product of 
two complex numbers is equal to the 
product of their absolute values and the 
angle 1s equal to the sum of their angles. 


This result leads at once to the fol- 
lowing geometric method for multi- 
plying any two complex numbers. 
Draw through the origin O the straight 
line which makes the angle 0:+062 
with the positive direction of the real 
axis, and lay off on this line from O 
a segment of length rirz. The directed line-segment OP 
thus determined corresponds to the product desired. 


Fic. 61 


For example, 
5(cos 10°-+7 sin 10°) - 3(cos 20°+7 sin 20°) 
=15[cos (10°+20°) +7 sin (10°+20°)] 
=15[cos 30°+7 sin 30°] =15{ +09] =15(V3+%). 
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135. The Division of Complex Numbers. Any complex 
number a+bi may be divided by any other complex number 
c+di (it being assumed that not both ¢ and d are equal to 
zero), the quotient being another complex number. Thus, 
we may write (by multiplying both numerator and denom- 
inator by c—di and simplifying the result) 


at+bi_a+bht c—di_ (act+bd) —1(ad—bc) 


ctdi ctdi c—di e+a 
_ac+bd be—ad.. 
C+ e+e 


The quotient is therefore the complex number whose real part 
is (act+bd)/(c?+d?) and whose pure imaginary part is 
u(be—ad)/(e+d?). 

It is important to note the nature of the quotient of two 
complex numbers when each is given in polar form. Thus, if 
the two numbers are 71(cos 6:+7 sin 61) and re(cos @2+7 sin 62), 
we may write 


ri(cos 6; + sin 61) _ 7172(cos 61-+7 sin 61) (Cos O2+7 sin 42) 
72(COS O2+72 Sin 82) —72?(COS O2-+72 sin 62) (Cos 2—72 Sin 42) 


_rire[cos(41— 62) +7 sin (0:—62)] 
1?(COS? O2-++sin? 62) , 


as appears by first multiplying both numerator and denomi- 
nator by 72(cos 62—7 sin 62) and then simplifying the result 
by means of the familiar trigongmetric formulas 


sin (0, —62) =sin 6; cos 6.—cos 6; sin 42, 
cos(6, —62) =cos 6; cos +sin 6; sin 6. 
Thus we arrive at the formula 


11(Cos 6,+7 sin 81) _ N 


ra(OGe UGTPSRNBG) A Ties Tenet ai ag OO 
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Expressed in words, this formula may be summarized as 
follows : 


The absolute value of the quotient of two complex numbers is 
equal to the quotient of their absolute values and the angle is 
equal to the difference of their angles. 


This result leads at once to the 
following geometric method for di- 
viding one complex number, as 
r1(cos 6;+7 sin 6;) by any other, as 
T2(COS 62+7 sin 62). Draw through 
the origin O the straight line which 
makes the angle = 6;— 6» with the 
positive direction of the real axis, 
and lay off on this line from O a seg- 
ment of length r=ri/re. The di- 
rected line-segment OP thus deter- 
mined corresponds to the quotient desired. 


For example, 


10 (cos 45°+7 sin 45°) 5 45° —30°) +7 sin (45° —30° 
X (eos 30° Fi sin BO) oS | ee ea ) 


=5[cos 15°-+7 sin 15°]. 


EXERCISES 


In each of the following exercises determine the indicated product 


both analytically and graphically. 
1. (1+7)(—1+4-22). 
Sotution. Considered analytically, the product is found by direct 
multiplication as follows: 
(1+7)(—1+272) = —1+4+21—71+27?= —3 +1. 
To work the problem graphically, we use the result stated in § 134, 


Thus, we first draw the line-segments OP, OP: corresponding respec- 
tively to the numbers 1+7, —1+27. We then draw a line through 
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O making an angle with the positive real axis which is equal to the sum 
of the angles XOP,, XOP2. Upon this line we lay off a distance OP 


Fie. 63 


equal to the product of the two lengths OP;, OP2.+ The directed line- 
segment OP thus obtained represents the product desired. 


2. (3+%)(2—1). 7. (2438:)2 

3. (1+2%)(1—32). 8. (0+2i)(1—33). 

4. (—243t)(3 —2:). 9. (0+2%)(0 —2:). 

6. (4—2i)(2+3:). 10. (1-+2)(1+2%)(1+3:). 
6. (1+4)2. 11. (3+22)(2—2i)(1+3:). 


In each of the following exercises determine the indicated quotient 
both analytically and graphically. 


12, (—1+3¢)+(1+4). 


Sotution. Considered analytically, the quotient is found by multi- 
plying both the numerator and the denominator of the given fraction 
by 1-7. Thus 


1436 _(—1+3i)(1—4) _ -144-+4+3148_244¢_1 1 9, 


I-14 (1+7) (1 —1) ® lal 2 


} The manner in which a line-segment OP may be obtained by con- 
struction whose length shall be equal to the product of two given line- 
segments is shown in elementary geometry, and should be here em- 
ployed. See, for example, Ford and Ammerman’s Plane and Solid 


Geometry, Revised Edition (Macmillan), Example 21, page 176; also 
Problem 2, page 154. 


lll 
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To solve the problem graphically, we use 
the result stated in §135. First draw OP,, 
OP, corresponding respectively to —1+3% 
and 1+7. Then draw OP so that the angle 
XOP shall be equal to the angle XOP, minus 
the angle XOP., and lay off OP equal to the 
quotient of the length of OP, divided by 
the length of OP:.+ The resulting directed 
line-segment OP represents the quotient 
desired. 


Fic. 64 
13. (2—37) +(1—27). 18. (1+27) +(1—2z). 
14. (3+7)+(2-7). 19. (0+27) +(1—3:). 
15. (—2+37) + (3-27). 20. (0+27) +(0—272). 
16. (4—27) +($+3:). 21. (—1+7)+(2-—0). 
ae ‘ (2+7)(3+7) | 
17. (1427) +(1—3:). 22. 1 ae 


In each of the following quotients determine first the value of the 
numerator and denominator separately, doing the work both analyti- 
cally and graphically, then determine both analytically and graphically 
the value of the quotient itself. 


93, (2+3%)(1-%), a4 (2—4)(8+2%)(—1+%), 
"(3 —7)(2+7) (3 —i)(2+7)(1+2) 


136. De Moivre’s Theorem. Letting r(cos 0+7 sin 6) be 
any complex number expressed in polar form, we have 


[r(cos @+7 sin 6)}?=r?(cos 6-+7 sin 9)? 
=r"[(cos? @—sin? 6)-+7 2 cos @ sin 6]. 


But by trigonometry we have cos? @—sin? 6=cos 26, and also 
2 cos @sin 6=sin 26. Hence we may write 


[r(cos 6+7 sin 6)|?=1r?(cos 20+7 sin 26). 
+ For the method of geometric division by construction, see for ex- 


ample Ford and Ammerman’s Plane and Solid Geometry (Revised 
Edition), Example 19, page 175. 


242 COLLEGE ALGEBRA [XV, § 137 


If we now multiply each member of this equation by 
r(cos +7 sin 6), we obtain 
[r(cos 6+7 sin @)]8 
=r*[(cos 20 cos @—sin 20 sin 6)+7(cos 24 sin 6+sin 26 cos @)] 
and this, by trigonometry, reduces to the form 
[r(cos @-+7 sin 6)|?=r3(cos 36+7 sin 36). 
Similarly, from this equation we may now derive the relation 
[r(cos 8+7 sin 0)|*=r4(cos 48-+7 sin 44). 


Proceeding in this manner, we may easily establish by mathe- 
matical induction (Chapter IX) the general formula 


[r(cos 0+ sin 6)|"=r"(cos n8-+i sin n6), 


n being any positive integer. This formula is known as 
De Moivre’s Theorem. It may be shown that it holds true 
not only when n is a positive integer, but when it is any real 
number whatever. However, for simplicity we shall here 
omit the proof of the theorem for these more complicated 
cases. 


For example, we may write 
[8(cos 30° +7 sin 30°)]3 =83(cos 2 - 30°+% sin 2 - 30°) 
=4(cos 20°+7 sin 20°). 


137. The Roots of Complex Numbers. By trigonometry 
we may write ’ 


r(cos 0+7 sin @)=r{cos(6-+m 360°) +7 sin(6+-m 360°) }, 


where m is any positive integer. If we raise each member of 
this equation to the power 1/n, where n is any positive integer, 
and subsequently rewrite the second member of the result 
in the form furnished for it by De Moivre’s theorem, we 
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obtain the following formula for obtaining the nth root of any 


complex number : 
1 


1 1 
[r(cos 0+ sin 8))"=r" co +i sin 


) 


: 6+m 360° 8@+m eT 
n n 
m being, as stated before, any positive integer (0 included). 
If in this formula we allow m to take on in succession the 
values 0, 1, 2, 3, 4,---, n—1, we thereby obtain n distinct 
numbers each being an nth root of the given complex number 
r(cos 6+7 sin 6). If m proceeds to take still larger values, 
however, no new roots are obtained, since the complex num- 
bers thus resulting readily reduce by trigonometry to those 
already obtained. We may then state the following result : 


Any number (real or complex) has n distinct nth roots, and 
no more. 
EXERCISES 
By means of De Moivre’s theorem, find each of the following indicated 
powers and check your result by actual multiplication. 
1. (2—2i)8. 
Soutution. Writing (2—27)? in polar form (see example in § 133), 
we have 
2—2i1=2V2(cos 315°+7 sin 315°). 
Hence, applying De Moivre’s theorem, 
(2—2i)8 = (2V'2)8(cos 3 - 315°+7 sin 3 - 315°) 
=16V2(cos 945° +7 sin 945°) 
=16V2(cos 225°+% sin 225°) 
peel \ es 
SOee( = = —16(1+4). 


CHECK. 
(2 —21)8 = (2 —2i)2(2 — 22) = (—8i) (2-21) = —16i—16 = —16(1+4). 
2. (2—2i)% 6. (—$-}V3%)8. 
3. (2—2i)4. T. (84+V30)4 
4. (84+V3:)2. 8. (2+21)5. 


5. (3+V32)8. 9. (1-+2)10, 
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By means of the formula of § 137, find the values pertaining to each 
of the following indicated roots. Show also the geometric significance 
ol your results. 


10. +/2—2i. 
SotuTion. Using the polar form for 2—27 as given in Ex. 1, the for- 
mula of § 137 becomes in the present instance 


(2-21) = (2V2)i] cos SU SLI oe =e +i sin ear aris LE ae 360 {i 
By allowing m to take in succession the values 0, 1, 2 we thus obtain the 
following three roots: 


(2V2)4] cos a +i sin | =V2(cos 105°+7 sin 105°), 
QV2)3 cos oO +i sin el = V2(cos 225°-+4 sin 225°), 
2V2)¥ cos 8 +i sin ] = V2(cos 345°+i sin 345°). 
It is to be observed that these three roots, considered geometrically, 
give rise to three points Pi, Ps, P3, which lie at equal distances apart 
upon a circle of radius “2 whose center is at the origin. A similar 


symmetric property is characteristic of the location of the n distinct 
nth roots of any given number. 


tie 4\/ 2 Ot, 15. +/64(cos 120° +3 sin 120°). 
12. ~/2+2i. 16. ~/8(cos 60°+ sin 60°). 
13. W/2+2i. 17. ~/64(cos 100°-+7sin 100°). 
14. V34-V3i. BEY SPaa vss: 


19. Wi. [Hinr. Write in the form ~/0+7.] 
BO Ve) 6 214/165 90 A Le 28 NY 1 eal Ge 


Find all the roots of each of the following equations and represent 
them graphically. 


26. z8—1=0. 
[Hint. The given equation is equivalent to x=~/1-+40 - 7.] 


26. 28+1=0. 28. x°—32=0, 30. «#+1=0. 
27. x*—16=0. 29. z®—1=0. $1. 25+1=0. 


Oo OM VDT Pw LP Ew 


ee 
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ELEMENTARY EXERCISES 


LIST OF EXERCISES FOR REVIEW OF HIGH 
SCHOOL ALGEBRA 


I. ADDITION AND SUBTRACTION 
Add 7a+6b—3c and 4a—7b+4c. 


. Add 2z+3y—2zy, 7ry—4x2—9y, and 7r—5zy —4y. 


Add «—8—72?+1523, 4+1423—-11z—22,and 52?—9 23 +10x—12. 


. Add 4(m+n)—3(q—r) and 4(m+n)+6(q—r). 


Add 10(a+6b) —11(6+c), 3(a+b) —5(c+d), and 3(b-+c) —4(c+d). 
Add 2mz+38na—4qz, nx+2qx—ry, and py—qz+3w. 


. Subtract 32—2y+z from 52—y-+z. 
. Subtract 473-8 —13x?+15z2 from 6272+19273 —4+12z. 
. From 13a+5b—4c subtract 8a+9b+10c. 


From 2a+3c+d subtract a—b+c. 


. From 3z2+72+10 subtract —xz?—x2—6. 


. Subtract 1 —a+a?—a? from 1 —a’. 


From the sum of 2?—4zy+y? and 622—2ry+3y? subtract 


322—5zy+7y?2. Do it all in one operation if you can. 


14. 


From the sum of 2s+8t—4w and Bet ae take the sum of ea 


8s+9t+6w and 4s—7t—4w. 


Remove the parentheses and combine terms in each of the following 
expressions. 


15. 
16. 


a—(2a+4) —(5a+10). 
62+ (52 —{2xr+1}). 


[Hint. Remove the innermost group sign first.] 


17. 


z—{xe—(x—32)}. 


18. 202—[(22+7w) —(32+5w)]. 
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II. MuUuLtIrPLicaTIon 
19. Multiply z—1—323+2z24 by 2+-<2. 
[Hint. First arrange the polynomials in ascending powers of z.] 


Carry out each of the following indicated multiplications, first re- 
arranging where desirable. 


20. (8a2—2a—1)(a—1). 24. (24322—2+23) (x?-22+4). 
21. (x—3+2?)(2+2). 25. (2?+2ary+y?) (x+y). 
22. (3a?+2a—4)(5—a). 26. (a2—ab+b?)(a+b). 


23. (5n—4+6n?)(8-+n?2—4n). 27. (m?—mn-+n?2)(m?+mn+n?). 
28. (8r2?—2s?+4rs) (2rs+3s?+4r?). 
29. (A2+B2—2AB)(A2+B2+2AB). 
80. (x*y?+2y+1)(1—azy+27y?). 
III. Drvision 


Perform each of the following divisions, and check your answer: 


31. a&+a?. 32. (8g9)9+(39)?. 33. (8ab)8+ (8ab)4. 
34. (Ap%q)7+ Apq)3. 87. 4078+ 2nr. 

35. —162x2y3z2+4ay2z. 38. 3ab(a+b)2+[—2(a+b)]. 
36. 4a4b2c8 +20a2b2c. 39. (9m np+18mn8p) +3mn. 


40. (622yz+12ary2z—24ayz2) +(—3z2xyz). 

Tn each of the following divisions, find the quotient, also the remainder 
if there is one. Check your answer for each. 

41. (372—22—1)+(x—1). 42. (1522+a«—2)+(3x—1). 

43. (4y3+2y2—1)+(2y—1). 44. (673—7x2+-1)+(2xr—1). 

45. (#8+-22—2+2) +(22—2-+1). 46. (2%?+32+1) +(x+2). 

47. (at—323+22422—1) +(x?-—2—-2). 

48. (a3—2a%+2ab2—b3)+(a—b). 49. (at—y!) + (x+y). 


IV. FAcrorine 
Factor each of the following expressions : 
50. (a) x2422. (b) x%y+ay?. (¢) 8a2+24a. (d) ab?+b3—b2c, 
(e) 25c%da8+35c8d2x4 — 55c2d2x5, (f) m(8x—1)—n(3x—1). 
(g) m(a+b—c)+n(a+b—c) —q(a+b—c). 
(h) pq—px—rg+re. 
(t) y2—4y+ay—42. (j) 3a8—-154%+10y —222y. 


ELEMENTARY 

61. (a) 81—2?. (e) 
(b) a2—b2c?. (f) 

(c) 144272—4. (g) 

(d) 427y?—36. (h) 

52. (a) 2?+62r+8. (e) 
(b) x22?—62x-+8. (f) 

(c) y?+y—42. (9) 

(d) 2?—-13x—48. (h) 
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9b2—(a—2z)?2. 
49a?2— (5a —4b)2. 
(2x+5)?2—(5x—3)2. 
(a+ x?)2—(24-+42)2, 


x?+ xy —56y2. 
12+7a+a?. 
y?—3ny —28n2. 
a*x?+-ax—12. 


53. Test each of the following expressions to see whether it is a 
trinomial square, and if so, factor it. 


(f) 16y2—24y-+9. 

(g) 4x2y2—20zry+25. 

(h) x?+22(z—y) +(r—y)?. 

(7) 16—24(a—b)+9(a—b)?2. 

(j) (a+b)?—2(a+b)(b+c) +(b+c)2. 


Factor completely each of the following expressions : 


(a) x2?—82x+16. 
(b) 22?—127+36. 
(c) 42?+62-+1. 
(d) 81x?+182-+1. 
(e) 81—72r+16r?. 


64. 23—2?2—2z+1. 

(Hint. Write in the form 
a?(x—1) —(x—1).] 

55. 223—822y+8z2y?. 

[Hint. Write in the form 
22(x2—4ary+4y?).] 

56. x?+3ar—3a—z. 

57. a®+2a?—4a—8. 

58. x2*—132?+36. 

59. aA yt 229. 

60. «t—(2xr—1)*. 

61. 1—a?—b?+2ab. 

[Hint. 1—a?—b?+2ab 
=1-—(a—b)2.] 

62. m*—4mn+4n?—i6. 

638. 2ry—x?—y?+1. 

64. 1+9c?+6c. 

65. (#?—1)2+(2x+8) (x—1)?. 

66. 323—32+424—422. 


67. 
68. 
69. 
70. 
71. 
72. 
73. 
TA. 
75. 
76. 
id 
78. 
79. 
80. 
5 eS IPPs aE 


1 —a2b? — 7224 2abzy. 
(Ga —4/?)2 1? — ayy 
z8+y3+22—y2, 
(a+1)?—2z6. 
(1—22)?—-4, 
622+72—3. 

20x? —6x2—2. 
8x2—182y —5y?. 
x*—16. 

112?+34¢-+3. 

25s4— 25st? +-4¢4. 

924 —3022a +2522. 
a?+b2+c? —2ab+2ac— 2be. 
(ae —x?)?— (b=)? 


x —9y?+a+3y. 


. a&—2a2b+4ab2 —8b3. 


1624—y?—6ay. 


. tt—47x2y?+90y4. 
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V. FRACTIONS 
Reduce to lowest terms : 


a*—2a—15 23 —322—4a 

Bg eee $8.0 

Be a?+2a—35 a? —82?+162 
4a? —9 rs+ry —bs—by 
ee Bi es . 
4a2—1227+9 cs-+cy —ks—ky 


a(a+2b)4(a8+2a%b+ab?) __ 
* b(a?—4b?)2(a5 —2a8b2-+-ab4) 
Reduce each of the following expressions to a single fraction : 


91. ap 2—@. 92. x28, 


Rot 
Perform Te indicated additions and subtractions in the following 
exercises : 


Agee Oe eee Be 96. en 
4r+24 62+36 ea aA—y* 
95, Le, ST eon eee 
ae Py ay b a—b (a—b)2 b)2 
98. 2 2 4a 


ost iy ee a ene E 
99, 24+3 aes 3a?—8a—27. 


Tee =55 @-2a—16 

1 b a 
100,122 102. ee, 
Ly oe 7 atb! tee b2 a2+-b2 

1 ry 1 1 1 

10 103: a, 

1-2 oats ; a+b Sand b- 

a 


Perform the multiplication indicated in each of the eee exercises. 


104. (=-#)(2+4)- 105. (+2 ,\(a— 2). 


106 a2—b2 CSP | C2 
ety atb «-y 
107, @—5t—24 | w®—-22—-8 | xt—-97+14 
—5at+6 «w*—4r—-21 22-62-16 


106 ele rey ae 
(r—s)2? r?+rs 72-52 
109, —2(@=y)_ , _2(a+y) _ 


AQry+y? 22 —Qry ty? 
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a-—1l 


1— = 5 
Sarma dk ee) 


110. (: A 


Perform the operations indicated in each of the following exercises. 


111 at—b4 . a+b? 114. Cae Ne Cae 


" a2—Qab-+b? ~ @t—ab- a+b 
112. (2+5)+(«-)- Tipe eo 8 
b z2—9r+8  x2—62—16. 
4a+2_ pees? ees 
113. (6a+3 116. = (= ; 
(6a+3) +242 16. (+3) +(FP +75) 
oh 
7. (ee he 119g 
Gea y+1 : 1% 
B 
eal 
118. Rees eed te 120 or 
5b(d?—r?) bd-+-br —2Qdr-+r? Geet 
Ca, 
bb? a8 Ns 
Apes paar ea ee) 
i b, b? a8 (tye tys 
OS Osos Ura es 


VI. RapiIcaus 


Combine the following radicals. 


122. V8+V18+V32. Check your answer by use of the table; 


that is, show that V‘ 8+V18+V32, as computed by the table, has the 


same value as your answer, Sedils computed. 


123. 
124. 
125. 
126. 


127. 
131. 
132. 


133. 


V108+V27—V75. 
\/128-+-~/16 —W/54. 
V72+4+-732 —V'50. 
Va4+V 21475. 
Q/24+0/81+~/192. 


Check your answer as in Ex. 122. 
Check as in Exs. 122 and 123. 
128. V32a?—V8a?+ V 1802. 
129. ~/16a°b8+ W/5405b3. 
130. +/32a—~/8a+ v/18a. 


V2(2—y)?+V8(4—y)?+ V18(a—y)?. 
V2(2—y) + V8(xe—y) +V 18(4—y). 


ALAS OT EN/ EE 1, 


134. 2/3 -4/1243/27. 
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Find the following products, simplifying results as far as possible. 


135. 
136. 
137. 
138. 
139. 
140. 


147. 
148. 
149. 
150. 
151. 


V3. V97. 141. V7- ee 

V8-V12. 142. Vi- V0. 

V6- V4. 143° (VS aN OVS) 
V7- V9. 144. (2V3—V2)(2V34V2). 
V10-V3- V2. 145. (V6—V3)2. 

V3 -/3 146. (V7—1)2, 


(3V3+2V5)(V3—3V5). 
(V24V3+V5)(V2—V3). 


Va- Vas. 152. (Vz+Vy)(Vz—Vy). 
Vab - V.a8b3. 153. (Va—Vvb)2. 
Vay - V xy. 154. (V2r2+V9y)2. 


Express each of the following quotients as a fraction umder one 
radical sign, and reduce your answer to simplest form. 


155. 


V15 


v3 


SoLuTION. aalee J =V5. Ans. 


156. 


158. 


163. 
164. 
165. 
166. 
167. 


V3 
V30 
aE 
V2. 159. V8. 160. V2. 161. Y=", 162, V8@2=), 
V6 V3 V x8 Va+b V12(a+y)8 
V22+2—20+V2+5. 
V81+9a2-+-at+ Va2—3a+9. 
V 76 — 78 +V x8-+y3, 
V xi+208—2Q244222-1+Ve+1. 
V re" 4-117" 430+ Vr" +6. & 


ANSWERS 


Page 1. 1. r-y+z. 2. 2+y+z 3.2-a—b. 4. m—n4+2a. 
620.07: ry t+4y2—2?2. 8. 5m—2n.* 9. 5a2b +-b2c — 4a2c2 —8a22+ 3are. 


—2+2y —a?—b2 
10. ee en 2hE 4ab. 12. Qry—y 13. 2ab —2ac. 
14, 100. 30a. 16a2y2 a2—47+3 3a+a2 
Page Sy at D1 2. 125 3. 42 ° 20y8 ° “@—-D2 6. ee < 
e—d y. ar 2Qnx2 Taszby x a—b 
¢ a—b * a * by2 a 5amyz * [1b2%7 14 be a+b) 
a—b See 3a+3b ac—b’e a(a+2b)2 
14. a+b 15. ab—b2 16. 9 aly ¢. SiS oka 18. b(a—2b)2" 
1—22 1—m a—d 
19. 1+22 20. 17 Bis a 
29x 252-61 a—c a2 2a2 b-—a 
Page 5. 4: 30 v4 56 St pack 4. ae, 5. AEs ® 6. Aahie 
4ab ; 2y? 62-4 r+2. a2—ax+bx—ab 
ve a2—b2 8. y—x 9. we—4 10. LO45 ip le Tt alga) eee: 
5a2+26a—91 , 2n2 ; 6a—7 a2+4ab-+b2 
12. G-+3)(a—3)(a-+5) abs) aglee 14, PR 15. Rr roe 
16 4a%b | 1+22 
* aA—bt | ear 
322 —5bn 5ab Zaz ab. 5y 
Page Gs i: ey Uae 3. Bary 4. ape 5. Ph 6. ie 
bg ee ig) Vast gy MF! Gy) f2P RC, oh ge ian 
Yh 7 8. 23 9. P5044 10. a 11. Br 12. ba a3: Gye is 
(m—y)*, TY gq 25, i. i 
14. Ae) 15. 10a. 16. Paap 17. Pa 18. = 19. i 
us xy r2+2 y2—y+l b 
ots. : : | pe Eee .os- 24. —- 
ae. 1-—« ae at+y ae (a—1)(a+2) a y wy 
95 ee 96) 1) 87.2 + 
ls m+y 7 & . . y. 


Page 8. 1.3. 2.5. 3.2) 4. —7. 6.7. 6.1. 7.14 and 24. 
8. 52 and 44. 9. $5 in the first bank, $40 in the second. 10. 10 miles. 
11. 15 miles and 21 miles. 12. 6 hours. 18. 12 hours. 14. 74% hours. 
15. 120 miles per hour. 16. 3 gallons. 17. 1614 pounds. 18. 1214 miles. 
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Page 11. 1. x=10, y=6. 2. 6 
4. ¢=—2, y=3. 5. c=—11, y=4. 6.2 
8. 2=16) y=125 99) 2=18)7—=6 2105 

2 15 1 2 

12. t= 5) Y=76 13: w= y= 14. r=5, y=1. 15. 40 and 35. 
16. 18 and 12. 17. Father’s 60, son’s 40. 18. $1600 at 6%; $900 at 5%. 
19. A, 18 days; B, 36 days. 20. 26 $1 bills, 12 $2 bills. 21. 1624 pounds 
of the 26-cent grade, 3314 pounds of the 35-cent grade. 22. 15 gallons 
from first cask, 6 gallons from second. 23. Automobile, 20 miles per 
hour, bicycle 14 miles per hour. 24. Length 5 feet, breadth 3 feet. 


“Page 19. 1. paeth 22-5 8.¢=—2. 4. e=—ab. 
Baa. 6. eae ab+7. 8.0430. 9. a 
13. oom, ee 14. one y=. 15. z=—(a+), 
y=a-+b. 16. One part =s— other part=7 17. a 18. 20 feet. 


19. 3.74 inches. 20. 11 minutes. 21. ora miles per hour. 22. 4 feet. 


23. 160 (approximately). 24. (a) 1139.02 feet per second; (6) 58.3%. 
25. (a) N=—5; 0) N=10m+425n +390 (oy 10064-10544, 
26. (a) 2 pounds, 13 ounces; (b) 12 pounds, 13 ounces; (c) 8 ft. per sec. 


Page 23. 1. 256.2. —-1. 3.——- 4.a1% 5. qm. 6.2. 17.8. 
pee 
8. A 9. 2 10. gm4 11.2. 12. 64. 13. 64. 14. 2% 165. aod9, 


16. xty!. 17. mov. 18. (a+d)8(c+a)2. 19. ui 20. vat 

eee viel Suen pene ee 
18’ / fe a7 25. 5 26. a 27. 
28. ab?-+a%. 29. 22. 30. 2%. 31. oo 33. 2. 34.3. 35. —2. 


86.9. 87. 27. 38.2. 39.0% 40. 92 41. ~/4. 42. W/m2 Wri. 
44. (a) 4, (b) 9, (c) —82, (d) ea (e) -8, (f) be 46. 2a*—a-+9. 


2h 
ai. (1) 22. x 238. 


AT. 622—72* —192% +5¢-+92%—228. 48, 2—4a-$x3 + 2a-$28, 
49. 52°—308-+1, 60, a-$—20-44-30-4-1. 
61. aby —3e8y-$42 —4a-ty}, 
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Page 25. 1. 3+/2. 2.2/6. 3. 60/2 4.5/5. 5. 3v/I1. 


6. 25/4. 7.3\72%. 8.3573. 9.2.72 10. a 11. av3 
54/3 305 
12. 6a%+/ab. 18. Omind-y mn. 14. 2(a+b)V/a+b. 15. 3xyW/a2. 
16, 27 aq, DEW 2IBK yg (atb)eV3d gy AER, 
svV/st press 2+/a2—b2 
21. ve V2 99 11- ove 23. Ls Tee OA. rivet t+V/e+1—-5. 
a 
95. 64= ee 26 Vab+e—/ab_ 
; 14a—9 : b 
Page 27:-34i5 4744/22. 5, 8t v2 gee 6. iciv=3 Vass 
a2—h2+2ab~/ —1 
7. ee 10. No. 
Page 33. 1. 14/7. 2. 2, -8. 3. —2, 10. 4 1, -% B22; 5 
13 44 5 
6. aa To =pigk 8. 3;2% \9- g6+V®). 10. 585). 
5 6 10 ‘ 
WE as 12. 3,—5: 13.3, —1. iL ae 15 2e 5, 


16. i(-5-V=7). Ae a7 1D. 18. —1, -3. 19. +/—1. 
20. +1. 
3a. 2a 


Page 35. 1. 2a, — 6a, 2. 3b, —7b. 3. Tiers 4. 3b, —7b. 
5. ot —3cd. 6. * —=- 7. m(—-14+/2) 8 —m++/m+m. 9. a, 1. 
1 ; a+b oy 
10. a, a dia, pam x 12 oF a 13. Baer 
—2 b+2 Seo Sag 
14. 2, et 15. a+b, 3 16. (sy —b. ; 17. abe @b 
a+b _¢ a, a+b, 

18. Soka a+b 19. a, 7 20. a-+b, an 
Life 3 Bye i 
Page 37. 1. —2, —3. 2. 9, iat 3. 3” ~s" 4, ae —2. 5. g bye 
6. 2, -' Enron OR a2v=i ree eo: 3(-14/-3). 9.-+4,42. 
10. tae re 19). her 2. 12. (\-243V=%), 


2 . 
13. (kee ers pene: 
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Page 39. 1, +1, +2. 2. +2, ++/3. 8. +1, +5. 

tg at -14++/-3), 3(- eo 3). 6.3, —1. 6. +2, ++/-2. 

1 r 

tik 16, a 8. 9. 9. 12. 10. 2, -5 5 V52). 11. 1, d+ —15). 

9 Wan 3 7 

; = 165.5,—S olTie 

12.25. 18.2, 14. 27,-2. 15. 1,75. 16. 5, —5 es 

8 4 

Page 40, 1. -1. 2.8. 8-2. 4. 4,-7.5. a2. 6. 0, 5 

7 2,5 8. a, b. 


Page 40. 1. 8,12. 2. 5,6. 3. 20 rods by 8 rods. 4. 2in. 5. 12. 
6. 0.41 in. 7. 30 mi. per br. 8. 5mi. perhr. 9.15. 10. 30 min., 
45 min. 11. 20 in. 12. 5.828 sq. ft. 13. 5 in., 12 in. .14. 108.3 yds., 
51.7 yds. 146. 2.89 hrs. after noon, 2.53 hrs. before noon. 17. 7 sec. 


18. 7 sec 19. About 238 ft. 20. L =5(88 + /92— 96d). 
21. r => (—ah+ ~/72h2+27S), 


Page 43. 2. a=2, b=—5,c=1. 3. a=3, b=0, c=1 
4. a=2, b=2,c=-—1. Gya—2. lon tm) ome 
7. a=1, b=q- =—p 8. a=m?+1, b=2bm, c= deg 72, 
9. a= she 0, bee (SHEP), c= 4k2 —[2, 

Page 45. 1. —jand —2. 2. —2 and —3. 3. and 5: 4. Sand —2. 
5. 5 and -2. 6. —SaiVvi7. if 345 V3. 8. Lite V3. 
9. 8++/-1. 10. m and —n. 11. —m and n. 12. 2a and 3b. 
18. —4m and —3n. 14. a(1+/2). 15. Sand 8. 


1 2s SEP 
16. g( P+ p2—4q). 


Page 48. 1. Real and unequal, rational. 2. Real and unequal, 
rational. 3. Imaginary. 4. Real and unequal, irrational. 5. Real and 
unequal, rational. 6. Real and unequal, irrational. 7. Real and unequal, 
irrational. 8. Imaginary. 9. Real and equal. 10. Real and unequal, 
rational. 11. Real and unequal, rational. 12. Real and unequal, 
rational. 13. Real and unequal, rational. 14. Real and ee 


16.(a) 2. 16:(b). = 2 and 5 10:(6) nee Aettd). 4 and —2. 
17. +-V am2+02, 
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Wh ae 42 7 
Page 49. 1-2, 3 255 821 Ee BE 7, 
a3) V3 V5 ; 
6-5 7. Y=, -Y. 8. —p,-9. 10.(a) 4,3; 10.6) -1, -1. 
10.(c) 10, 13. 10.(d) » * 10.(c:) 2,5. —-10.(f) >, 3 
1 V5 
AC) ag 


Page 50. 1. 22—37+2=0. 2. 22+327+2=0. 3. 322—102+3=0. 
4. 62?+52+1=0. 6. 22-(4/24++/3)t++V/6=0. 6. 22—-4/22—4=0. 
7. 272—(142+/5)2++/5=0. 8. a ae ae 1)e—+/5=0. 


9. 22—mxz—6m2=0. 10. x2?—2ar+a2—b2=0. 11. 22-— Bee 0. 
12. x2?—47+1=0. 13. 402+127+3=0. 14. 422+-47—-1= 


Page 62. 1. (x=7, y=2) and (te=—2, y=—-7). 2. (x=2, y=4) 


and a y=3 E 3. (cx=3, y=1) and (c= —2, y= —4). 

4. @alts Vi, y=—b4iVB). 6 . (@= 84 V4, y= —345-V35). 
ane 4, y= =3) and ( ts y=—¥). ae (o=3, y=2) and 

(7=96, y= —29). 8. Geta) and ( =-2, i ae 

9. (c=3, y=2) and (--4, y=20). 

10. ( => y=2) and By = —1). 


Page 65. 1. (x=3, y=1); PES y=1); («=3, y=—1); 
(c= —3, y=-1). 2. (x=4,y=1); (e#=4, y=-)D); (2+ —4, y= 1); 


(c=—4, y=—1). 3. (¢= 23, y= 45; 2=45, y= +8). 
4. (rx=—2, y=5);  (e=2, y=—5), rm 5. (@=9, y=5); (w=5; 
y=9);: (@=—5y y=—9); - @=—-9, y=—8). 6. (t¢=7, y=3); 
(rx=—3, y=—-1); (=3, y=7); @=—1) a= 8). 7. (=, 


8. (@@=7, y=4); @=-7, y=—-); HEV, Y=5V2); GH 


15 1 
34, y=—3VB). 9. (6=4, t= £1); @=—P t= +51). 


25 25 1,1 — .. 
10. (c=2, y=3); (2-H v--F)s (w= Fete V —1799, y= 


1 ee cee 
~V~ 1709); (w= qg-agV 1709, y= —75+75V — 1799). 
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Page 68. 1. (ex=4, y=3); (e=3, y=4). Gai): 
(g=1, y=7); @=—1, y=—-7); @=—-7, y=—D. ry (»=5, y=2); 


(«=54, y=4). 6. (c=3, y=1); (Z=—3, y=—1). 7. (4@=5, y= 24); 
(v=—5, y=+4). 8 @=5,y=8); =8, y=6); @=—6, y=—8); 


7 3,3 
an. y=—6). 9. (e@=12, y=3); (¢--t--)) @=S+5-V29, 


+529); (o=5— 3/5, y= 5 -5V2). 10. («@=V/11, y=0); 
tn hae 2); (@=—1,y=—2). 11. @4Y y=—1); 
(= Ly=4); @= re) y=—-1+ 7/3); = 23, y= 
—1-/3). 12. («=3, y=2); (@=2, y=—-3); (= us erterink 


(0-8 pant) 1 (tg oc) (=p) 
OG iO | Mr Ee Wie ee Nai 
14. («=6, y=2); @=-6, y=-2);, @=8V-1, y=6V—-)); 
(c= —8V —-1, y=-6V—-1). 15. (2=24, y= —b; r=a+3b, a), 


Page 68. 1. 4and8. 2. 8landi1. 3. 12in.and16in. 4. 16 rods 
long, 10 rods wide. 5. 2ft.and1ft. 6. 6 ft. and 1ft. 7. Altitude= 
25.29 in., Base=12.64 in. 8. Length=96.883 ft., Width=24.772 ft. 
9. Hither increase the length by 7.38 ft. and diminish the width by 
.38 ft., or diminish the length by 3.38 ft. and increase the width by 
10.38 ft. 10. 15 days for the one man and 10 days for the other. 
11. Circumference of fore wheel= 10 ft. ; circumference of rear wheel= 
12 ft. 12. Principal=$125, rate=6%. 13. Time=3 hours, rate= 
10 miles per hour. 


Page 73. 1.36. 2. —36. 3. llz—lly. 4. 165. 5. 208. 6. 823. 

(a) 370.3 ft. (b) 2318.4 ft. 8, $2.60; $68.90. 9. 2500. 10. 72. 
i. 336. 43 ft. 18, 246 in. 14. 10. 15. 55. 16. 267 in. 
20. (a) 20i ie "(b) 313 in. 21. a=—a3, 1=27. 


1 1 
Page 78.1. 512). 2.32. 8): AL oliclt Gece 4/2. 68 SiO: 
ag ea allgll, 5 TA 6. 510 


_ 341 1—a20 255 
tf 8. ‘ : ; . 11. =. 12, 7 
3906. F024" 9 cane LO 765.5 11 16 12, 2046. 13. 3279. 


14. (a) 128, (b) 1024. 16. 102 = 1383333 bu. 16. 1364. 17. oe 
18. 4 sec. 19. 256. 26. 12.7279. 


ANSWERS 257 


eee 9 Me eae 
Page 82. 1.3. 2.5 3.7. 4. 4§- 5.77 6 7. 3(V3+). 


104. a4 
8. Le +/6). 9. sys —Y"_. 10. 36in. 11. 1634 min. after 3 o’clock 
3 10 Wa 11 CLOCK. 
Pave Sti ps gt 4 100g 18g ee igh 


111 37333 495 110 Ee gee poe 
8. 553525 ae 6585" 10. 34871. : 


Page 92. 2. 300 ft. 3. 7+ sq. yd. 4.8. 5. 6750. 6. $876.56. 
7. 14 ohms. Se tom: 9. 11 mi. 10. 302 mrs 
18. (2—+/2) ft., or approximately 0.586 ft. 15. 2. 17. 114 ft. 18. 33'% 
20. About 12%. 


Page 115. 1. 2.3821. 2. 8.5786—10. 3. 0.7456. 4. 8.0957—10. 
5. 144.83+. 6. 155.214+. 7. 670.33. 8. 9.854. 9S 5137-8: 
10. 5.41. 11. 3403077000 (approximately). 12. 1236 HOES 
13. 0.006805. 


Page 117. 1. 0.3273. 2. 1.4842. 3. 4.3187. 4. 8.8859—10. 
5. 15:667* 6. 6.50./ 7. 89.527. 8. 1.201%. 9.371. 10. 0.56825. 
11. 68.8." 12. 1.0114. 13. .7734. 


Page 119. 1. 6.0205. 2. 1.4826. 3. 6.4910-10. 4. 6.2560. 
5. 686.29. 6. 2881. 7. 288.9. 8. 0.0001641. 9. 119.59. 
10. 1.437. 11. 19.009. 


“Page 120. 1. 0.2408. 2. 0.1647. 3. 9.5607—10. 4. 0.3172. 
5. 17.746. 6. 1.628. 7. 1.629. 8. 0.6254. 9. 10.605. 10. 14.312. 
11. 9.16. 


Page 121. 1. 13285. 2. 6162.85. 3. 2258. 4. 603. 5. 4.072. 
6. 15.61 ft. 7. 3.88 sq. in. 8. 4207.27 ft. 


Page 122. 1. c= 1.66+. 2. 7=6.323+. 3. 0.913+. 4. r= —0.682+. 
5. —0.494+. 6. z=2 or 2.18". 7. 2=1.709*, y=3.270". 
8. x=1.198t, y=1.3868. 

Page 126. 1. $537.10. 2. $320.70. 3.$1014. 4. $439.50. 
5. 17 years. 6. 14.2 years. 7. 5%. 11. 4.83 years. boat 


Pag Pa bes 2. $2206. 3. $362. 4. $4965. 5. $77,260 7. $370. 
8. $33 367. 9. $669. 10. $593. 11. $955. 12. $835. 13. 6.384%. 
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Page 135. 1. 23+3272y+3a72+78. 2. a4+4a8b+6a2b2+4ab3-+ 64. 
3. 23 ney Lane — 8. i at a +6a2b2 —4ab3-+ 64. 5. 32+80r+ 
80r2 +4073 + 10r¢-+-7r5, 6. a? +7aSe+21a5x2 + 350473 + 350324214225 +- 
Taxital. 7. g>—15g4+9093 —270g2+-4059 — 243. 8. al9+5a8r+10a%x2+- 
10a423+-5a2at+a5. 9. a8—4aSx2+ 6a424—4a2z5+-28, 10. 16a4+-32a3+ 


24a?+8a+l1. 11. 75 —1524y+9023y?2 —27022y3 + 405ry4 — 243y>. 
12. 14+622-+1504+2008 +1528+6210-+-212, 18. 182-4280 — 5625+ 
70c4—56a5-+-2828—8a%+28. 14. Set 308 F244 Pe — 
15. 81a8—10808+5404—1202+1. 16. a+10a%+-45a822+120a723-+ 
210a8x4-+252a5x5 +21 00426 + 1200327 +-45a228+ 10ax9 +210, 

Te G2 eon 86 a ain STOEL 
MT aT ay ap oak ay aes Tp yt 


* 3 5 a 
CY psi aaa 7 Slo Yee Cae 19. a2+3av/aw/8+3b~W/@2~/b+ 
Coane ae a a a 
V2 


at 


Ps, 20. 2V2+543¥241. 
x x 


Page 136. 1. 70a4x4. 2. —56x3y5. 3. 67276. 4. —2002m5n9. 
5. — 25210510, 6. 42504719. 7. 4622." 8. 12870a8. 9. 495x712. 
10. —960V2. . — 


a 


Pos eee - 
Page 139. 1. a* +50 3ey—=a *e-+t era 38 — wee 


9 : 
1 Gres 

2. a ?—2a *x+8a*22—4a * 78+ ».- 8. 1tgt—ge tae — ss. 

il c 5a2 1523 a Bee 
4. — —+ =a he Vea’) are 

Wa BA 128\/2 | 1024v/2t B.1(2a) "1 7@a)*b 
3 (oq) the _(9q) 28 — ae $3 22,21 88 
39 (2a) b+ 759 (2a) b 6. a +4 P+a50 z+ 
a7 (= Sh a 1 ot, 2. oko 8 ott 
Jos¢ UB oes, we 2 +5 22 35 Pye +755 2 2% g—-e, 

t 14.2 6 ace cada cae . 7 -% 
8. a tga x a5 x +755 x8 : 9: apt x, 
10. 2 q-Fx 11. ara 8,! 12. sae. 13. 45a-U28, 
14 By. 15. = (2a) es, 16. 4+.125—.00194+.00006— 
++ = 4.12311". 17. 5+.2—.004+-.00016— --- =5.19616t. 
18. 2-++.08333 —.00347-++.000241 — --- =2.08008". 19. 2—.0625 — 


.00292 — .0002136 —.0000183 ---=1.934838'. 20. 24.0375 —.001406+ 
0000791 —.000005 --- =2.036168". 


Page 142. 12. 5x—-1. 13. 22—227-+1. 
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Page 151. 7. (3,2). 8. (1,-2). 9. @ ah (-4-2) 


PCr 
10. ae 


Page 157. 1. 74, 7. 2. a a Siti 14.16 bys toe 5: a 
6. 20 by 40. t. Depth=— V6, breadth = V3. 


Page 161. 1. 21. 2. —11. Soe 4. 56. 5. ah?+bh-+e. 


Page 164. 1. x?—2xr—1; --3. 2. 22—62+15; —31. 
3. 323—322+32—2; 3. 4. 28—z72—xz—15; 0. 5. ax+(ah+b); 
(ah2+-bh-+c). 


Page 166. 1. 2, —3, -* ede -1 3. 5, —24-/3. 


4,2, —1, -1, -2. 65. 3,5, H(—B&-V=8). 65253) H(-1t-V3). 
7. ax2+(ar+b)x+(ar2+br+c)=0. . 


Page 169. 1. 2?—102+9=0. 2.(a) x3 —18272-+ 92 —27 =0. 
2.(b) zt—12272—82r+32=0. 2.(c) 2—a2+2—4=0. 
2.(d) 224—2722?+405=0. 3.(a) x3—222+3r—9=0. 3.(b) at—5a8+ 
622-82 —32=0. 3.(c) 23—322+72=0. 3.(d) x4+9x2—135 =0. 
8.(e) 23—427?+4=0. 5.(a) 23—327?+2r7=0. 5.(b) 2a83—72?+7x—2=0. 
§.(c) 274+1623+4522+562+23=0. 5.(d) 274—16x3+4522?—482+-7 =0. 
5. (e) 4—1173+1542+175r—482=0. 5.(f) 25+5a4+1023-+ 
10z2+82+5=0. 


Page 173. 1. iS Ey i) Bhd, +2, 3, —3, Zi 
Sue 2 2 

1 

3 


3 Perel 2 1 ae iss 
4. 2, 3 2 —4, 5. 4 9 mY ae = . Poy 7. 3 ile By 
Ba 2s it 
8. —9 3-4/9, 9. 3? 73 my Tee 


Page 180. 1. 2.154. 2. 4.134. 3. 0.264. 4. —3.532. 5. 1.733. 
6. 3.23 and 3.73. 7. 4.6635. 8. 2.511. 9. x=1.618, y=0.618. 
10. 1.25 inches. 11. 1.199 inches. 12. 4.1572 inches. 13. 1.071 feet. 


14. 1.119 feet. 15. 0.63 feet. 


Page 183. 1. 336. 2. 625. 3. 96. 4. 11,880. 5. 24. 6. 362,880. 
7. 15,120. 8. 1956. 9. 2160. 10. 5871. 11. 256; 24; 4. 12. 16. 


13.16.7114. 81. 


Page 186. 1.60. 2. 360. 3. 3,628,800. 4. 36. 5. 72. 6. 8,640. 
7. 14,400. 8. 72. 9. (6!)7. 10. 72. 11. 360. 
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Page 189. 1. 1,140. 2. 35. 8. 1,287. 4. 45. 6. 28. 6. 19609. 
7. 4,410. 8. 386. 9. 364. 10. 4,751,836,375. 11. 5726. 


Page 192. 1. 380. 2. 13,824. 3. 720. 4. 105. 6. 163. 
7. 20; 84; 371. 8. 34650. 9. 420. 10. 66. 11. 369,600. 12. 15,400. 
135 19/958'400 14,2005 1592551 One 205 Sle Loa O: 
19. 1728. 20. 63. 21. 315. 


6 4 3 1 3 i 
Page 195. 1.(a) Ry (b) 13’ (c) 3 ° 286 4. 7 5.(a) 91 
8 It 1 11 2197 9 1 
bya eos aN. ae Ss PI hal Wie 
®) 455’ (<) 273 e 24 1G) 4165 (0) 20825 : 38 2.(g) 8 
3 1 6 
(b) 3 (c) 3 10. BOs 11. $1.25. 12. $4. 
5 8 16 il 91 1 
Page 202. 1, 20:97; 7,287 


* 50,000’ 50,000° 
Page 204. 1.2. 2.22. 8. 51. 4. —2ab. 6. 2a>- 6. 60% 


Page 206. 1. 2, —2. 2. 4,2. 8, —225 22.94.96. 5. —11) 4. 


hb) (Osean 


am+be bm—ac ~ ap+n p—bn 2 
‘ab+l1 ab+1 ; : 25 5° 


* “@2b2” “a+b 


fos) 


Page 208. 1.18. 2. —146. 3. —54. 4.16. 5. 1lxa—134. 
6. 6b—3a—28. 7. acee+bfx+cdy—cex—afy—bdz. 8. x2—y?2. 


Page 211. 1.1,2,3. 2. 16,10, —5. 3. 39,21,12. 4. 8,9, 12. 
1 


Bod: 8.5 Oct, Sa Te Beebe Oe ee 
%  € 


Page 214. 3. 70. 

Page 219. 1. —100. 2. 30. 3. 0. 

Page 222. 1. 110. 2. —68. 3 0. 

Page 228. 1. r=1, y=2, 2=3, w=1. 2. c=1, y=2, pene 


4, v=3, y=1. 5. t= 5) y =4, Dec 6. k=2 or —6. 
61 


8. 525—224—922+62—-1=0. 12. k=—8or aes 
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Page 234. 17. (1,2). 18. (—1,1). 19. (1, —1). 20. (2, —1) or 
(ly —3)5 210 5—27. | 22) 1-25. 28. —7-432, 24. 2—37" 25. 1-7. 
26. —7—47. 27. 2467. 28. 37. 

Page 240. 2. 7-7. 3. 7-7. 4. 137. 5. 82 —1024. 6. 27. 7. —5 +121. 
S564 20 9 10 10 -1116-F287. 18.84 4s 14. 147 
15. —312+ 557. 16. —8 hi. 17. -444i © 18. — 84-44, 
19. 3441. 20. -1. 21. —3434. 22.3-i. 23. 1(18+4). 
24. 1.(1+577). 

Page 243. 2. —Si. 3. —64. 4.646V3i. 5. 24V3i. 6. 1. 
7. —72+72V3i. 8. —128—128i. 9. 32%. 

11. 4/8 (cos A+i sin A), where A =63°, 135°, 207°, 279°, or 351°. 

12. V2 (cos A+i sin A), where A =15°, 135°, or 255°. 

13. 1/8 (cos A+i sin A), where A =9°, 81°, 153°, 225°, or 297°. 

14. 1/12 (cos A+i sin A), where A =15° or 195°. 

15. 8(cos A+i sin A), where A =60° or 240°. 

16. 2(cos A+7 sin A), where A =20°, 140°, or 260°. 

17. 2/2 (cos A+7 sin A), where A =20°, 92°, 164°, 236°, or 308°. 

18. cos A+7 sin A, where A =80°, 200°, or 320°. 

19. cos A+i7 sin A, where A =30°, 150°, or 270°. 

20. cos A+7 sin A, where A =18°, 90°, 162°, 234°, or 306°. 

21. 4(cos A+z sin A), where A =O, or 180°. 

22. cos A+i sin A, where A =O, 120°, or 240°. 

23. cos A+7 sin A, where A =0, 90°, 180°, or 270°. 

24. 2(cos gee A); se A=224°, Ces 2025°, or 2922°. 

erat” Peed baes a 3 ipa. 
25. 7, more eR oee 26. —1, ata) cee 
27. 2, 21, —2, —22. 


eee 5 REP {Van ava: 
ee oy Eee ae ee Pes 
so. M249, 2-149, Y2-1-9, 2a, 


31. cos A+7 sin A, where A =36°, 108°, 180°, 252°, or 324°. 
I. ADDITION AND SUBTRACTION 


Page 245. 1. 1la—b-+e. 2. 5¢—11y. 3. 202? —3x2—16. 
4. 8(m+n)+3(q—7). ~ 6. 13a+5b—17c—9d. 
6. 2(m+2n—q)e+(p—r)q—gqe+3u. “7, Qat+y. 
8. 1528 +1922—32-+4. 9. 5a—4b—14c. 10. a+6+2c+d. 


11. 47?+827+16. 12. a—a?. 13. 422—xy—3y?2. 14. —7s—4w. 
15. —6a—14. 16. 9x—1. 17. —2x. 18. 21z2—2w. 


262 COLLEGE ALGEBRA 


19. 
21. 
23. 
25. 
28. 
30. 


II. MuvtLtieLicaTion 


—2+2+a2—6273+244+225. 20. 3a?—5a?+a+1. 
7+322—2—6. 22. —3a?+13a2+14a—20. 
6n4 — 197? +24n2+56n — 82. 24. x°+2*—3278+162?2—82+8. 
+3227 +3ry2+y%. 26. a?-+3. 27. mt+m2n?-+n4. 
32r4+3278s +241r2s2-+ 8rs3 —6s4. 29. A*—2A2B2+B4. 
rtyt+x2y2+1. 


Ill. Drviston 
31. at. 32. (8g)7. 33. (8ab)4. 34. 4 (pq)t. 35. —4ryz. 36. dar? 


87. 2r?. 38. —3ab(a+b). 39. 3m2p+6n2p. 40. —2x—4y+82z. 
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46. 
49. 


. Bat. 42. 5a42. 48. Qy24+2y+1. 44. 872-227-1. 45. 242. 
Qo +55: 47. m—2e41— 21. 48. a?—ab+b?, 
x8 —a2y + 2y2—y8, 

IV. Facrorine 
50. (a) x(x+2). 51. (a) (9—2z)(9+2). 
(b) xy(a+y). (b) (a—bc)(a-+be). 
(c) Sa(a+s). (c) (12a—2)(122%+4). 
(d) b%(a+b—c). (d) (4ry—6)(day+6). 
(e) 5c2da8(5+7cdx —11dz2). (e) (8b—a+2)(8b+a—z). 
(f) (8¢%—-1)(m—n). (f) (2a+4b) (12a —4b). 
(g) (a+b—c)(m+n—q). (9) (7a+2)(—32+8). 
(h) (q—x)(p—r). (h) (x?—x2—2)(a?+32+2). 
(%) (y—4)(y+z). 
() (22-5) (82%—2y). 
52. (a) (~+4)(a+2). 53. (a) (x—4)?2. 
(0) (w—4)(z—2). . (b) (e—6)2. 
(c) (y+7)(y—6). * (c) Not a square. 
(d) (w—16)(x+8). (d) (9x+1)2. 
(e) (4+8y)(x—7y). (e) (9—4r)2, 
(f) (4+a)(3+a). (f) (4y—3)%. 
(9) (y—7n)(y+4n). (9) (2ay—5)?2. 
(h) (ax+4)(ax—38). (h) (22—y)?. 


(i) (4—3a-+3b)2. 
Gj) (a—e)?. 
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64. (x—1)(x—1)(x+1). 55. 2a(a—2y)?. 56. (x+3a)(z—1). 
57. (a+2)(a+2)(a—2). 58. (x—3)(x+3)(x—2) (x+2). 
59. (cx—y)(x+y)(x—y) (x+y). 60. (c—1)(x—1)(a?4+22-1). 
61. (1—a+b)(1+a—5). 62. (m—2n+4)(m—2n—4). 
63. (l—z+y)(1+z2—y). 64. (1-+48c)2. 65. (x—1)2(x-+2)2, 
66. x(x—1)(7+1) (34-42). 67. (1—ab—xy)(1+ab+z2y). 
68. (x—y)(2x+y)(x—y)y. 69. (v+y)(z?-zy+y?+2—-y): 
70. (c+1—2?)(2*+234+2272427+1). 71. (1—2x)2(1—22—2?). 


72. (82—1)(2x+3). 73. 2(52+1)(22—1). 74. (2x—5y)(4r+y). 
75. (cx—2)(x+2)(a?+4). 76. (1lz+1)(x+3). 17. (5s—4t)(5s—t). 
78. (3x2—5a) (32? —5a). 79. (a—b+c)(a—b-+ec). 
80. (a—2?—b+4?) (a—2?+b—y?). 81. (x—y)(2?-—a2y+y?2+1). 
82. (x+3y)(x+3y+1). 83. (a—2b)(a?+4b2). 84. (22?—y)(8x8+y). 
85. (x2?—45y?) (x? -—-2y?). 


V. FRAcTIONS 


86. a+3_ 87. a. 88 z+1 89 res 90 a(a+2b)2 


at7 3. "2-4 “c—k * b(a—2b)2(a—b)2 

91. 2a—b. 92. seem bes 93, Lr2m+2m? 94.3. 
i 1+m “ ¢+6 

95. x+2ry—y? 96. _ab+ay—by 97. 2a? —4ab +2b?—2a% | 
x(a? —y?) a(a?—¥) b(a—b)? . 

gaye = 84. 25 95 0100; a —2 | 401. ee . 102. 2ab? ‘ 
(a+1)(a—1)? (a2 —b%) (a+?) 
103.225. 104. 22”. 105. a%?— "a 106. c%(a—b). 1 os 
03 rear 04. x = 05. a G_b? 06. c2(a—b) 07 as 
108. r. 109. 10, —(@+2)? _, ab 
= = Gipatpy 111. Bee 1120 

* pany (c+2)(e—11)_ 05, 
113, 2%. 114. 115, 42)(@—-11), gag _1 gay, : 
(23) (oi) ay (ane 


118 atn? 119 


. 120, 2=2+1, 491, a+b, 
5(d—r)8 a x? a—b 


VI. Rapicats 


122. 91/2. 123. 4»/3. 124. 39/2. 125. 5»/2. 126. 254/3. 
127. 9-7/3. 128. 5av/2. 129. 5abv/2. 130. 5+/2a. 181. 6(x—y) V2. 
132. 6V2(z—y). 138. 4V2. 184. 10V3. 135.9. 186. 4V6. 
137. 2V6. 138. 3V7. 139. 2V15. 140.-3V2. 141. 1. 142. 01/10. 
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143. 1. 144. 10. 145, 9-6V2. 146. 8—2V7. 147. —7V15—21. 
148. —1+V10—V15. 149. a? 160. a%. 151. vyVx. 162. ry. 
153. a—2Vab+b. 154, 22+6V 2ry+9y. 155. V5. 156. V6. 


167. 3. 168 Vi, 159. V2. 160. z 161. Va—b. 
162, Vt—y 163. Vz—4. 164. V943a+02, 165. V x8 —y8, 


2(z+y)_ 
166. Vx8425— gt 7812421. 167. Vrn+5. 


APPENDIX 


TABLE OF POWERS AND ROOTS 


EXPLANATION 


1. Square Roots. The way to find square roots from the 
Table is best understood from an example. Thus, suppose 
ve wish to find V1.48. To do this we first locate 1.48 in 
he column headed by the letter n. We find it near the 
ottom of this column (next to the last number). Now 
ve go across on that level until we get into the column 
leaded by Vn. We find at that place the number 1.21655. 
This is our answer. That is, V1.48=1.21655 (approxi- 
nately). 

If we had wanted V 14.8 instead of V 1.48 the work would 
lave been the same except that we would have gone over 
nto the column headed V10n (because 14.8=10 1.48). 
The number thus located is seen to be 3.84708, which is, 
herefore, the desired value of V 14.8. 

Again, if we had wished to find V148 the work would take 
is back again to the column headed Vn, but now instead 
f the answer being 1.21655 it would be 12.1655. In other 
vords, the order of the digits in V148 is the same as for 
/Y. 48, but the decimal point in the answer is one place 
arther to the right. 

Similarly, if we desired V 1480 the work would be the same 
s before except that we must now use the column headed 
/{0 n and move the decimal point there occurring one place 
arther to the right. This is seen to give 38.4708. 

Thus we see how to get the square root of 1.48 or any 
ower of 10 times that number. 
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In the same way, if we wish to find +/ 148, or V 0148, or 
V’.00148, or the square root of any number obtained by 
dividing 1.48 by any power of 10, we can get the answers 
from the column headed Vn or V10n by merely placing 
the decimal point properly. Thus, we find that V 148 = 
384708, V.0148 = .121655, V .00148 = .0384708, ete. 

What we have seen in regard to the square root of 1.48 
or of that number multiplied or divided by any power of 
10 holds true in a similar way for any number that occurs 
in the column headed n, so that the tables thus give us 
the square roots of a great many numbers. 

2. Cube Roots. Cube roots are located in the tables 
in much the same way as that just described for square 
roots, but we have here three columns to select from instead 
of two, namely the columns headed Vn, V10 n, W100 n. 

Illustration. 


v 1.48 occurs in the column headed Vn and is seen to be 1.13960. 

S, 14.8 occurs in the column headed V 10 nand is seen to be 2.4552. 

148 occurs in the column headed V1007 and is seen to be 
5.28957. 


To get V.148 we observe that .148= 4/48 — 4/148 1 qa 
ge we observe tha 10 1000 10 8. 


Thus, we look up V148 148 and divide it by 10; The result is instantly 
Pace to a ete '. Similarly, to get V.0148 we observe that 
v 0148 = 148 _ 1 Yiag Vi48 
8 = 10007 10 14.8. Thus, we look up V 14.8 and 
divide it by 10, giving the result .24552. 
To get V.00148 we observe that V.00148= [248 — 19748, so 


1000 10 
that we must divide V1.48 by 10. This gives .11396. 


Similarly the cube root of any number occurring in the 
column headed n may be found, as well as the cube root of 
any number obtained by multiplying or dividing such a 
number by any power of 10. 
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3. Squares and Cubes. To find the square of 1.48 we 
naturally look at the proper level in the column headed n?. 
Here we find 2.1904, which is the answer. If we wished the 
square of 14.8 the result would be the same except that 
the decimal point must be moved two places to the right, 
giving 219.04 as the answer. Similarly the value of (148)? 
is 21904.0 ete. 

On the other hand, the value of (.148)? is found by moving 
the decimal point two places to the left, thus giving .021904. 
Similarly, (.0148)? = .00021904, ete. 

To find (1.48)? we look at the proper level in the column 
headed n? where we find 3.24179. The value of (14.8)? is 
the same except that we must move the decimal point three 
places to the right, giving 3241.79. Similarly, in finding 
(.148)? we must move the decimal point three places to the 
left, giving .00324179. 


EXERCISES 


Read off from the tables the values of each of the following ex- 
pressions. 


1. V41 4. %/670 7, V93.7 10. ¥/.00154 
2. V8.9 5. V.89 8. 93.7 11. vV.000143 


3. 67 6. V.016 9. V.00154 12. %/.000143 
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l 
Vn |vV10n| n3 Yn | VY10n\V100n 
1.0000 | 1.00000 | 3.16228 | 1.00000 | 1.00000 | 2.15443 | 4.64159 


1.0201 | 1.00499 | 3.17805 | 1.03030 | 1.00332 | 2.16159 | 4.65701 
1.0404 | 1.00995 | 3.19374 | 1.06121 | 1.00662 | 2.16870 | 4.67233 
1.0609 | 1.01489 | 3.20936 | 1.09273 | 1.00990 | 2.17577 | 4.68755 


1.0816 | 1.01980 | 3.22490 | 1.12486 | 1.01316 | 2.18279 | 4.70267 
1.1025 | 1.02470 | 3.24037 | 1.15762 | 1.01640 | 2.18976 | 4.71769 
1.1236 | 1.02956 | 3.25576 | 1.19102 | 1.01961 | 2.19669 | 4.738262 


1.1449 | 1.03441 | 3.27109 | 1.22504 | 1.02281 | 2.20358 | 4.74746 
1.1664 | 1.03923 | 3.28634 | 1.25971 | 1.02599 | 2.21042 | 4.76220 
1.1881 | 1.04403 | 3.30151 | 1.29503 | 1.02914 | 2.21722 | 4.77686 


1.2100 | 1.04881 | 3.31662 | 1.33100 | 1.08228 | 2.22398 | 4.79142 


1.2321 | 1.05357 | 3.33167 | 1.36763 | 1.03540 | 2.23070 | 4.80590 
1.2544 | 1.05830 | 3.34664 | 1.40493 | 1.03850 | 2.23738 | 4.82028 
1.2769 | 1.06301 | 3.36155 | 1.44290 | 1.04158 4.83459 


1.2996 | 1.06771 | 3.37639 | 1.48154 | 1.04464 | 2. 4.84881 
8225 | 1.07238 | 3.89116 | 1.52088 | 1.04769 | 2.2: 4.86294 
1.3456 | 1.07703 | 3.40588 | 1.56090 | 1.05072 | 2. 4.87700 


1.3689 | 1.08167 | 3.42053 | 1.60161 | 1.05373 | 2. 4.89097 
1.8924 | 1.08628 | 3.43511 | 1.64503 | 1.05672 | 2. 4,90487 
1.4161 | 1.09087 | 3.44964 | 1.68516 | 1.05970 4.91868 


1.4400 | 1.09545 | 3.46410 | 1.72800 | 1.06266 4.93242 


1.4641 | 1.10000 | 3.47851 | 1.77156 | 1.06560 4.94609 
1.4884 | 1.10454 | 3.49285 | 1.81585 | 1.06853 4.95968 
1.5129 | 1.10905 | 3.50714 | 1.86087 | 1.07144 4.97319 


1.5376 | 1.11355 | 3.52136 | 1.90662 | 1.07434 4.98663 
1.5625 | 1.11803 | 3.53553 | 1.95312 | 1.07722 5.00000 
1.5876 | 1.12250 | 3.54965 | 2.00038 | 1.08008 5.01330 


1.6129 | 1.12694 | 3.56371 | 2.04838 | 1.08293 5.02653 
1.6384 | 1.131387 | 3.57771 | 2.09715 | 1.08577 5.03968 
1.6641 | 1.18578 | 3.59166 | 2.14669 | 1.08859 5.05277 


1.6900 | 1.14018 | 3.60555 | 2.19700 | 1.09139 5.06580 


1.7161 | 1.14455 | 3.61939 | 2.24809 | 1.09418 5.07875 
1.7424 | 1.14891 | 3.63318 | 2.29997 | 1.09696 5.09164 
1.7689 | 1.15326 | 3.64692 | 2.35264 | 1.09972 | 2.: 5.10447 


1.7956 | 1.15758 | 3.66060 | 2.40610 | 1.10247 | 2. 5.11723 
1.8225 | 1.16190 | 3.67423 | 2.46038 | 1.10521 | 2.: 5.12993 
1.8496 | 1.16619 | 3.68782 | 2.51546 | 1.10793 | 2.386 5.14256 


1.8769 | 1.17047 | 3.70135 | 2.57135 | 1.11064 | 2. 5.15514 
'1,.9044 | 1.17473 | 3.71484 | 2.62807 | 1.11834 | 2.30861 | 5.16765 
1.9521 | 1.17898 | 3.72827 | 2.68562 | 1.11602 5.18010 


1.9600 | 1.18322 | 3.74166 | 2.74400 | 1.11869 | 2.41014 | 5.19249 


1.9881 | 1.18743 | 3.75500 | 2.80322 | 1.12135 | 2.41587 | 5.20483 
2.0164 |.1.19164 | 3.76829 | 2.86329 | 1.12399 | 2.42156 | 5.21710 
2.0449 | 1.19583 | 3.78153 | 2.92421 | 1.12662 | 2.42724 | 5.22932 


2.0736 | 1.20000 | 3.79473 | 2.98598 | 1.12994 | 2.43988 | 5.24148 
2.1025 | 1.20416 | 3.80789 | 3.04862 | 1.13185 | 2.48850 | 5.25359 
2.1316 | 1.20830 | 3.82099 | 3.11214 | 1.13445 | 2.44409 | 5.26564 


2.1609 | 1.21244 | 3.83406 | 3.17652 | 1.13703 | 2.44966 | 5.27763 
2.1904 | 1.21655 | 3.84708 | 3.24179 | 1.13960 | 2.45520 | 5.28957 
2.2201 | 1.22066 | 3.86005 | 3.80795 | 1.14216 | 2.46072 | 5.30146 
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Vn 


V10n 


VY100 n! 


1.22474 


3.37500 


1.14471 


2.46621 


5.31329 


Tell ell antl ell ell oe OO ee 
Be Sr Or 
2 bo 


Oen Do 


1.22882 
1.23288 
1.23693 
1.24097 
1.24499 
1.24900 
1.25300 
1.25698 
1.26095 


3.44295 
3.51181 
3.58158 


3.65226 
3.72388 
3.79642 
3.86989 


3.94431 
4.01968 


1.14725 
1.14978 
1.15230 


1.15480 
1.15729 
1.15978 
1.16225 
1.16471 
1.16717 


2.47168 
2.47712 
2.48255 
2.48794 
2.49332 


2.49867 


5.32507 
5.83680 
5.34848 
5.36011 
5.37169 
5.38321 


5.39469 
5.40612 
5.41750 


DPimnin rin 
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1.26491 


4.09600 


1.16961 


5.42884 
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2.7889 
2.8224 
2.8561 


1.26886 
1.27279 


1.27671 


1.28062 
1.28452 
1.28841 
1.29228 


1.29615 
1.30000 


4.01248 
4.02492 
4.03733 
4.04969 
4.06202 
4.07431 
4.08656 


4.09878 
4.11096 


4.17328 
4.25153 
4.33075 


4.41094 
4.49212 
4.57430 


4.65746 
4.74163 
4.82681 


1.17204 
1.17446 
1.17687 


1.17927 
1.18167 
1.18405 


1.18642 
1.18878 
1.19114 


2.56623 


5.44012 
5.45136 
5.46256 


5.47370 
5.48481 
5.49586 


5.50688 
5.51785 
5.52877 


_ 
~z 
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2.8900 


1.30384 


4.12311 


4.91300 


1.19348 


2.57128 


5.53966 
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2.9241 
2.9584 
2.9929 


3.0276 
3.0625 
3.0976 
3.1329 


3.1684 
3.2041 


1.30767 
1.31149 
1.31529 


1.31909 
1.32288 
1.32665 


1.33041 
1.33417 
1.33791 


4.13521 
4.14729 
4.15933 


4.17133 
4.18330 
4.19524 


4.20714 
4.21900 
4.23084 


5.00021 
5.08845 
5.17772 


5.26802 
5.35938 
5.45178 


5.54523 
5.63975 
5.73534 


1.19582 
1.19815 
1.20046 


1.20277 
1.20507 
1.20786 


1.20964 
1.21192 
1.21418 


2.57631 
2.58133 
2.58632 


2.59129 
2.59625 
2,60118 
2.60610 


2.61100 
2.61588 


5.55050 
5.56130 
5.57205 


5.58277 
5.59344 
5.60408 


5.61467 
5.62523, 
5.63574 


3.2400 


1.34164 


4.24264 


5.83200 


1.21644 
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3.2761 
3.3124 
3.3489 


3.3856 
3.4225 
3.4596 


3.4969 
3.5344 
3.5721 


1.34536 
1.34907 
1.35277 


1.35647 
1.36015 
1.36382 


1.36748 
1.387113 
1.37477 


4.25441 
4.26615 
4.27785 


4.28952 
4.50116 
4.31277 


4.32435 
4.33590 
4.34741 


5.92974 
6.02857 
6.12849 


6.22950 
6.33162 
6.43486 
6.53920 
6.64467 
6.75127 


1.21869 
1.22093 
1.22316 


1.22539 


2.62074 


2.62559 
2.63041 
2.63522 


2.64001 
2.64479 
2.64954 


2.65428 
2.65901 
2.66371 


5.64622 


5.65665 
5.66705 
5.67741 


5.68773 
5.69802 
5.70827 


5.71848 
5.72865 
5.73879 


3.6100 


1.37840 


4.35890 


6.85900 


2.66840 


5.74890 


SES SRR § 


3.6481 
3.6864 
3.7249 


3.7636 
3.8025 
3.8416 


3.8809 
3.9204 
3.9601 


1.38203 
1.38564 
1.38924 


1.39284 
1.39642 
1.40000 


1.40357 
1.40712 
1.41067 


4.37035 
4.38178 
4.39318 


4.40454 
4.41588 
4.42719 


4.43847 
4.44972 
4.46094 


6.96787 
7.07789 
7.18906 


7.30138 
7.41488 
7.52954 


7.64537 
7.76239 


7.88060. 


ioe Soll Rae 
SS 
CUS 


1.25359 
1.25571 
1.25782 


2.67307 
2.67773 
2.68237 


2.68700 
2.69161 
2.69620 


2.70078 
2.70534 
2.70989 


5.75897 
5.76900 
5.77900 


5.78896 
5.79889 
5.80879 


5.81865 
5.82848 
5.83827 
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n n Vn |vV10n| n? Yn | VY10n |\/100 n 
2.00 4.0000 | 1.41421 | 4.47214 | 8.00000 | 1.25992 | 2.71442 | 5.84804 
2.01 4.0401 1.41774 | 4.48330 | 8.12060 | 1.26202 | 2.71893 | 5.85777 
2.02 4.0804 1.42127 | 4.49444 | 8.24241 | 1.26411 | 2.72344 | 5.86746 
2.03 4.1209 | 1.42478 | 4.50555 | 8.386543 | 1.26619 | 2.72792 | 5.87713 
2.04. 4.1616 | 1.42829 | 4.51664 | 8.48966 | 1.26827 | 2.73239 | 5.88677 
2.05 | 4.2025 | 1.43178 | 4.52769 | 8.61512 | 1.27033 | 2.73685 | 5.89637 
2.06 4,2436 | 1.43527 | 4.53872 | 8.74182 | 1.27240 | 2.74129 | 5.90594 
2.07 4.2849 | 1.48875 | 4.54973 | 8.86974 | 1.27445 | 2.74572 | 5.91548 
2.08 4.3264 | 1.44292 | 4.56070 | 8.99891 | 1.27650 | 2.75014 | 5.92499 
2.09 | 4.3681 | 1.44568 | 4.57165 | 9.12933 | 1.27854 | 2.75454 | 5.93447 
2.10 _ 4.4100 _ 1.44914 | 4.58258 | 9.26100 | 1.28058 | 2.75892 | 5.94892 
2.11 4.4521 1.45258 | 4.59347 | 9.39393 | 1.28261 | 2.76330 | 5.95334 
9.12 | 4.4944 | 1.45602 | 4.60435 | 9.52813 | 1.28463 | 2.76766 | 5.96273 
2.13 4.5369 | 1.45945 | 4.61519 | 9.66360 | 1.28665 | 2.77200 | 5.97209 
2.14 4.5796 | 1.46287 | 4.62601 | 9.80034 | 1.28866 | 2.77633 | 5.98142 
2.15 4.6225 | 1.46629 | 4.63681 | 9.93838 | 1.29066 | 2.78065 | 5.99073 
2.16 4.6656 | 1.46969 | 4.64758 | 10.0777 | 1.29266 | 2.78495 | 6.00000 
QAT. 4.7089 | 1.47309 | 4.65833 | 10.2183 | 1.29465 | 2.78924 | 6.00925 
2.18 4.7524 | 1.47648 | 4.66905 | 10.8602 | 1.29664 | 2.79352 | 6.01846 
2.19 4.7961 | 1.47986 | 4.67974 | 10.5035 | 1.29862 | 2.79779 | 6.02765 
2.20 | 4.8400 | 1.48324 | 4.69042 | 10.6480 | 1.30059 | 2.80204 | 6.03681 
2.21 4.8841 | 1.48661 | 4.70106 | 10.7939 | 1.30256 | 2.80628 | 6.04594 
2.22 4.9284 | 1.48997 | 4.71169 | 10.9410 | 1.80452 | 2.81050 | 6.05505 
2.23 4.9729 | 1.49332 | 4.72229 | 11.0896 | 1.380648 | 2.81472 | 6.06413 
2.24 5.0176 | 1.49666 | 4.73286 | 11.2394 | 1.380843 | 2.81892 | 6.07318 
2.25 5.0625 | 1.50000 | 4.74342 | 11.8906 | 1.81037 | 2.82311 | 6.08220 
2.26 5.1076 | 1.50333 | 4.75395 | 11.5432 | 1.81231 | 2.82728 | 6.09120 
2.27. 5.1529 | 1.50665 | 4.76445 | 11.6971 | 1.31424 | 2.83145 | 6.10017 
2.28 5.1984 | 1.50997 | 4.77493 | 11.8524 | 1.81617 | 2.83560 | 6.10911 
2.29 5.2441 | 1.51327 | 4.78589 | 12.0090 | 1.81809 | 2.88974 | 6.11803 
2.30 5.2900 | 1.51658 | 4.79583 | 12.1670 | 1.32001 | 2.84387 | 6.12693 
2.31 5.3361 | 1.51987 | 4.80625 | 12.3264 | 1.32192 | 2.84798 | 6.13579 
2.32 5.38824 | 1.52315 | 4.81664 | 12.4872 | 1.382382 | 2.85209 | 6.14463 
2.33 5.4289 | 1.52643 | 4.82701 | 12.6493 | 1.382572 | 2.85618 | 6.15345 
2.34 5.4756 | 1.52971 | 4.83735 | 12.8129 | 1.82761 | 2.86026 | 6.16224 
2.35 5.5225 | 1.53297 | 4.84768 | 12.9779 | 1.382950 | 2.86433 | 6.17101 
2.36 5.5696 | 1.53623 | 4.85798 | 13.1443 | 1.831389 | 2.86888 | 6.17975 
2.07 5.6169 | 1.53948 | 4.86826 13°3121 1.33326 | 2.87248 | 6.18846 
2.38 5.6644 | 1.54272 | 4.87852. | 13.4813 | 1.33514 | .2.87646 | 6.19715 
2.39 5.7121 1.54596 | 4.88876 | 18.6519 | 1.38700 | 2.88049 | 6.20582 
2.40 _ 5.7600 1.54919 | 4.89898 | 13.8240 | 1.33887 | 2.88450 | 6.21447 
2.41 5.8081 | 1.55242 | 4.90918 | 13.9975 | 1.84072 | 2.88850 | 6.22308 
2.42 5.8564 | 1.55563 | 4.91935 | 14.1725 | 1.34257 | 2.89249 | 6.23168 
2.43 5.9049 | 1.55885 | 4.92950 | 14.3489 | 1.34442 | 2.89647 | 6.24025 
2.44 5.9536 | 1.56205 | 4.93964 | 14.5268 | 1.34626 | 2.90044 | 6.24880 
2.45 6.0025 | 1.56525 | 4.94975 | 14.7061 | 1.34810 | 2.90439 | 6.25732 
2.46 6.0516 | 1.56844 | 4.95984 | 14.8869 | 1.34993 | 2.90834 | 6.26583 
2.47 6.1009 | 1.57162 | 4.96991 | 15.0692 | 1.35176 | 2.91227 | 6.27431 , ° 
ae 6.1504 | 1.57480 | 4.97996 | 15.2530 | 1.35358 | 2.91620 | 6.28276 


| 


6.2001 _| 1.57797 | 4.98999 | 15.4382 | 1.35540 | 2.92011 | 6.29119 
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1.58114 | 5.00000 | 15.6250 


6.29961 


1.3 
1.58430 | 5.00999 | 15.8133 | 1.35902 
1.58745 | 5.01996 | 16.0030 | 1.36082 
1.59060 | 5.02991 | 16.1943 | 1.36262 


1.59374 | 5.03984 | 16.3871 | 1.36441 
1.59687 | 5.04975 | 16.5814 | 1.36620 
1.60000 | 5.05964 | 16.7772 | 1.86798 
1.60312 | 5.06952 | 16.9746 | 1.36976 


1.60624 | 5.07937 | 17.1735 | 1.37153 
1.60935 | 5.08920 | 17.3740 | 1.37330 


6.30799 
6.31636 
6.32470 
6.33303 
6.34133 
6.34960 


6.35786 
6.36610 
6.37431 


for) 
o 


1.61245 | 5.09902 | 17.5760 | 1.37507 


6.38250 


AARrD 
Whe 


SRA BAe 


1.61555 | 5.10882 | 17.7796 | 1.37683 
1.61864 | 5.11859 | 17.9847 | 1.37859 
1.62173 | 5.12835 | 18.1914 | 1.38034 


1.62481 | 5.13809 | 18.3997 | 1.38208 
1.62788 | 5.14782 | 18.6096 | 1.38383 
1.63095 | 5.15752 | 18.8211 | 1.38557 


1.63401 | 5.16720 | 19.0342 | 1.38730 
1.63707 | 5.17687 | 19.2488 | 1.38903 
1.64012 | 5.18652 | 19.4651 | 1.39076 


6.39068 
6.39883 
6.40696 


6.41507 
6.42316 
6.43123 


6.43928 
6.44731 
6.45531 


~ 
—) 


1.64317 | 5.19615 | 19.6830 | 1.39248 
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1.64621 | 5.20577 | 19.9025 | 1.39419 
1.64924 | 5.21536 | 20.1236 | 1.39591 
1.65227 | 5.22494 | 20.3464 | 1.59761 


1.65529 | 5.23450 | 20.5708 | 1.39932 
1.65831 | 5.24404 | 20.7969 | 1.40102 
1.66132 | 5.25357 | 21.0246 | 1.40272 


1.66433 | 5.26308 | 21.2539 | 1.40441 
1.66733 | 5.27257 | 21.4850 | 1.40610 
1.67033 | 5.28205 | 21.7176 | 1.40778 


6.47127 
6.47922 
6.48715 


6.49507 
6.50296 
6.51083 


6.51868 
§,52052 
6.53484 


1.67332 | 5.29150 | 21.9520 | 1.40946 


6.54213, 


1.67631 | 5.30094 | 22.1880 | 1.41114 
1.67929 | 5.31037 | 22.4258 | 1.41281 
1.68226 | 5.31977 | 22.6652 | 1.41448 


1.68523 | 5.32917 | 22.9063 | 1.41614 
1.68819 | 5.33854 | 23.1491 | 1.41780 
1.69115 | 5.34790 | 23.3937 | 1.41946 


1.69411 | 5.35724 | 23.6399 | 1.42111 
1.69706 | 5.386656 | 23.8879 | 1.42276 
1.70000 | 5.37587 | 24.1376 | 1.42440 


6.54991 
6.55767 
6.56541 


6.57314 
6.58084 
6.58853, 


6.59620 
6.60385 
6.61149 


1.70294 | 5.38516 | 24.3890 | 1.42604 


6.61911 
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BSR BRR SE 


1.70587 | 5.39444 | 24.6422 | 1.42768 
1.70880 | 5.40370 | 24.8971 | 1.42931 
1.71172 | 5.41295 | 25.1538 | 1.48094 


1.71464 | 5.42218 | 25.4122 | 1.43257 
1.71756 | 5.43139 | 25.6724 | 1.43419 
1.72047 | 5.44059 | 25.9343 | 1.43581 


1.72337 | 5.44977 | 26.1981 | 1.48743 
1.72627 | 5.45894 | 26.4656 | 1.43904 
1.72916 | 5.46809 | 26.7309 | 1.44065 


| 6.68688 


6.62671 
6.63429 
6.64185, 


6.64940 
6.65693, 
6.66444 


6.67194 
6.67942 
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Vv¥10n| n3 Yn | Y10n \V100 2! 
9.0000 Te 5.47723 | 27.0000 | 1.44225 | 3.10723 | 6.69433 


9.0601 | 1.734 5.48635 | 27.2709 | 1.44385 | 3.11068 | 6.70176 
9.1204 | 1. 5.49545 | 27.5436 | 1.44545 | 3.11412 | 6.70917 
9.1809 | 1.7: 5.50454 | 27.8181 | 1.44704 | 3.11756 | 6.71657 
9.2416 | 1. 5.51362 | 28.0945 | 1.44863 | 3.12098 | 6.72395 
9.3025 | 1. 5.52268 | 28.3726 | 1.45022 | 3.12440 | 6.731382 
9.3636 | 1.749% 5.53173 | 28.6526 | 1.45180 | 3.12781 | 6.73866 
9.4249 | 1.75214 | 5.54076 | 28.9344 | 1.45338 | 3.13121 | 6.74600 


9.4864 | 1.75499 | 5.54977 | 29.2181 | 1.45496 | 3.18461 | 6.75331 
9.5481 | 1.75784 29.5036 | 1.45653 | 3.13800 | 6.76061 


9.6100 29.7910 | 1.45810 | 3.14138 | 6.76790 


1 
9.6721 | 1 ; 30.0802 | 1.45967 { 3.14475 | 6.77517 
9.7344 | 1 ; 30.3713 | 1.46123 | 3.14812 | 6.78242 
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9.7969 30.6643 | 1.46279 | 3.15148 | 6.78966 


9.8596 30.9591 | 1.46434 | 3.15483 | 6.79688 
9.9225 | 1.77482 | 5.61249 | 31.2559 | 1.46590 | 3.15818 | 6.80409 
9.9856 | 1.77764 | 5.62139 | 31.5545 | 1.46745 | 3.16152 | 6.81128 


10.0489 | 1.78045 | 5.63028 | 31.8550 | 1.46899 | 3.16485 | 6.81846 
10.1124 | 1.78326 | 5.63915 | 32.1574 | 1.47054 | 3.16817 | 6.82562 
10.1761 | 1.78606 | 5.64801 | 32.4618 | 1.47208 | 3.17149 | 6.83277 


10.2400 | 1.78885 | 5.65685 | 32.7680 | 1.47361 | 3.17480 | 6.83990 


10.3041 | 1.79165 | 5.66569 | 33.0762 | 1.47515 | 3.17811 | 6.84702 
10.3684 | 1.79444 | 5.67450 | 33.3862 | 1.47668 | 3.18140 | 6.85412 
10.4329 | 1.79722 | 5.68331 | 33.6983 | 1.47820 | 3.18469 | 6.86121 


10.4976 | 1.80000 | 5.69210 | 34.0122 | 1.47973 | 3.18798 | 6.86829 
10.5625 | 1.80278 | 5.70088 | 34.8281 | 1.48125 | 3.19125 | 6.87534 
10.6276 | 1.80555 | 5.70964 | 34.6460 | 1.48277 | 3.19452 | 6.88239 


10.6929 | 1.80831 | 5.71839 | 34.9658 | 1.48428 | 3.19778 | 6.88942 
10.7584 | 1.81108 | 5.72713 | 35.2876 | 1.48579 | 3.20104 | 6.89643 
10.8241 | 1.81384 | 5.73585 | 35.6113 | 1.48730 | 3.20429 | 6.90344 


10.8900 | 1.81659 | 5.74456 | 35.9370 | 1.48881 | 3.20753 | 6.91042 


10.9561 | 1.81934 | 5.75326 | 36.2647 | 1.49031 | 3.21077 | 6.91740 
11.0224 | 1.82209 | 5.76194 | 36.5944 | 1.49181 | 3.21400 | 6.92436 
11.0889 | 1.82483 | 5.77062 | 36.9260 | 1.49330 | 3.21722 | 6.93130 


11.1556 | 1.82757 | 5.77927 | 37.2597 | 1.49480 | 3.22044 | 6.93823 
11.2225 | 1.83030 | 5.78792 | 37.5954 | 1.49629 | 3.22365 | 6.94515 
11.2896 | 1.83303 | 5.79655 | 37.9331 | 1.49777 | 3.22686 | 6.95205 


11.3569 | 1.83576 | 5.80517 | 88t2728 | 1.49926 | 3.23006 | 6.95894 
11.4244 | 1.83848 | 5.81378 | 38.6145 | 1.50074 | 3.23325 | 6.96582 
11.4921 | 1.84120 | 5.82237 | 38.9582 | 1.50222 | 3.23643 | 6.97268 | 


11.5600 | 1.84391 | 5.83095 | 39.3040 | 1.50369 | 3.23961 | 6.97953 


11.6281 | 1.84662 | 5.88952 | 389.6518 | 1.50517.) 3.24278 | 6.98637 
11.6964 | 1.84932 | 5.84808 | 40.0017 | 1.50664 | 3.24595 | 6.99319 
11.7649 | 1.85203 | 5.85662 | 40.3536 | 1.50810 | 3.24911 | 7.00000 


11.8336 | 1.85472 | 5.86515 | 40.7076 | 1.50957 | 3.25227 | 7.00680 
11.9025 | 1.85742 | 5.87367 | 41.0636 | 1.51103 | 3.25542 | 7.01358 
11.9716 | 1.86011 | 5.88218 | 41.4217 | 1.51249 | 3.25856 | 7.02035 


12.0409 | 1.86279 | 5.89067 | 41.7819 | 1.51894 | 3.26169 | 7.02711 |. 
12.1104 | 1.86548 | 5.89915 | 42.1442 | 1.51540 | 3.26482 | 7.03385 
12.1801 | 1.86815 | 5.90762 | 42.5085 | 1.51685 | 3.26795 | 7.04058 
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8.50 | 12.2500 | 1.87083 | 5.91608 | 42.8750 | 1.51829 | 3.27107 | 7.0473 
3.51 12.3201 | 1.8735 5.92453 | 43.2436 | 1.51974 | 3.27418 | 7.05400 
3.52 12.3904 | 1.87617 | 5.93296 | 43.6142 | 1.52118 | 3.27729 | 7.06070 
3.53 2.4609 | 1.87883 | 5.94138 | 43.9870 | 1.52262 | 3.28039 | 7.06738 
3.54 12.5316 | 1.88149 | 5.94979 | 44.3619 | 1.52406 | 3.28348 | 7.07404 
3.55 12.6025 | 1.88414 | 5.95819 | 44.7389 | 1.52549 | 3.28657 | 7.08070 
3.56 12.6736 | 1.88680 | 5.96657 | 45.1180 | 1.52692 | 3.28965 | 7.08734 
3.57 12.7449 | 1.88944 | 5.97495 | 45.4993 | 1.52835 | 3:29273 | 7.09397 
3.58 12.8164 | 1.89209 | 5.98531 | 45.8827 | 1.52978 | 3.29580 | 7.10059 
3.59 12.8881 | 1.89473 | 5.99166 | 46.2683 | 1.53120 | 3.29887 | 7.10719 
3.60 12.9600 | 1.89737 | 6.00000 | 46.6560 | 1.53262 | 3.30193 | 7.11879 
3.61 13.0521 | 1.90000 | 6.00833 | 47.0459 | 1.53404 | 3.30498 | 7.12037 
3.62 13.1014 | 1.90263 | 6.01664 | 47.4379 | 1.53545 | 3.20803 | 7.12694 
3.63 13.1769 | 1.90526 | 6.02495 | 47.8321 | 1.53686 | 3.31107 | 7.13349 
3.64 13.2496 | 1.90788 | 6.03324 | 48.2285 | 1.53827 | 3.81411 | 7.14004 
3.65 13.3225 | 1.91050 | 6.04152 | 48.6271 | 1.53968 | 3.31714 | 7.14657 
3.66 13.3956 | 1.913811 | 6.04979 | 49.0279 | 1.54109 | 3.32017 | 7.15309 
3.67 13.4689 | 1.91572 | 6.05805 | 49.4309 | 1.54249 | 3.82319 | 7.15960 
68 13.5424 | 1.91833 | 6.06630 | 49.8360 | 1.54389 | 3.382621 | 7.16610 
.69 13.6161 | 1.92094 | 6.07454 | 50.2434 | 1.54529 | 3.32922 | 7.17258 
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3.70 | 13.6900 | 1.92354 | 6.08276 | 50.6530 | 1.54668 | 3.33292 | 7.17903 
3.71 | 13.7641 | 1.92614 | 6.09098 | 51.0648 | 1.54807 | 3.33522 | 7.18552 
3.72 | 13.8384 | 1.92873 | 6.09918'| 51.4788 | 1.54946 | 3.33892 | 7.19197 
3.73 | 13.9129 | 1.93132 | 6.10737 | 51.8951 | 1.55085 | 3.34120 | 7.19840 
3.74 | 13.9876 | 1.93391 | 6.11555 | 52.3136 | 1.55223 | 3.34419 | 7.20483 
3.75 | 14.0625 | 1.93649 | 6.12372 | 52.7344 | 1.55362 | 8.34716 | 7.21125 
3.76 | 14.1376 | 1.93907 | 6.13188 | 53.1574 | 1.55500_| 3.35014 | 7.21765 
3.77 | 14.2129 | 1.94165 | 6.14003 | 53.5826 | 1.55637 | 3.35310 | 7.22405 
3.78 | 14.2884 | 1.94492 | 6.14817 | 54.0102 | 1.55775 | 3.35607 | 7.23043 
379 | 14.3641 | 1.94679 | 6.15630 | 54.4399 | 1.55912 | 3.35902 | 7.23680 
3.80 | 14.4400 | 1.94936 | 6.16441 | 54.8720 | 1.56049 | 3.36198 | 7.24316 
3.81 | 14.5161 | 1.95192 | 6.17252 | 53.3063 | 1.56186 | 3.36492 | 7.24950 
3.82 | 14.5924 | 1.95448 | 6.18061 | 55.7430 | 1.56322 | 3.36786 | 7.25584 
3.83 | 14.6689 | 1.95704 | 6.18870 | 56.1819 | 1.56459 | 3.37080 | 7.26217 
3.84 | 14.7456 | 1.95959 | 6.19677 | 56.6231 | 1.56595 | 3.37373 | 7.26848 
3.85 | 14.8225 | 1.96214 | 6.20484 | 57.0606 | 1.56731 | 3.37666 | 7.27479 
3.36 | 14.8996 | 1.96469 | 6.21289 | 57.5128 | 1.56866 | 3.37958 | 7.28108 
3.87 | 14.9769 | 1.96723 | 6.22093 | 57.9606 | 1.57001 | 3.88249 | 7.28736 
3.88 | 15.0544 | 1.96977 | 6.22896 | 58.4111 | 1.57137 | 3.38540 | 7.29363 
3.89 | 15.1321 | 1.97231 | 6.23699 | 58.8639 | 1.57271 | 3.38831 | 7.29989 
3.90 | 15.2100 | 1.97484 | 6.24500 | 59.3190 | 1.57406 | 3.39121 | 7.30614 
3.91 | 15.2881 | 1.97737 | 6.25300 | 59.7765 | 1.57541 | 3.30411 | 7.31238 
3.92 | 15.3664 | 1.97990 | 6.26099 | 60.2363 | 1.57675 | 3.39700 | 7.31861 
3.93 | 15.4449 | 1.98242 | 6.26897 | 60.6985 | 1.57809 | 3.39988 | 7.32483 
3.94 | 15.5236 | 1.93494 | 6.27694 | 61.1630 | 1.57942 | 3.40277 | 7.33104 
3.95 | 15.6023 | 1.98746 | 6.28490 | 61.6299 | 1.58076 | 3.40564 | 7 33723 
3.96 | 15.6816 | 1.98997 | 6.29285 | 62.0991 | 1.58209 | 3.40851 | 7.34342 
3.97 | 15.7609 | 1.99249 | 6.30079 | 62.5708 | 1.58342 | 3.41138 | 7.34960 
; g404 | 1. "30872 | 63.0448 | 1.58475 | 3.41424 | 7.35576 
ae ne Ee 1.58608 | 3.41710 | 7.36192 
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16.0000 


2.00000 


6.32456 


64.0000 


16.0801 
16.1604 
16.2409 


16.3216 
16.4025 
16.4836 
16.5649 


16.6464 
16.7281 


2.00250 
2.00499 
2.00749 


2.00998 
2.01246 
2.01494. 
2.01742 
2.01990 


2.02237 


6.33246 
6.34035 
6.34823 
6.35610 
6.36396 
6.37181 
6.37966 
6.38749 
6.39531 


64.4812 
64.9648 
65,4508 
65.9393 
66.4501 
66.9234 
67.4191 
67.9173 
68.4179 


1.58740 


1.58872 
1.59004 
1.59136 


1.59267 
1.59399 
1.59530 
1.59661 
1.59791 
1.59922 


VY10n 


3.41995 


3.42280 
3.42564 
3.42848 
3.43131 


3.43414 
3.43697 


3.43979 
3.44260 
3.44541 
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7.36806 


7.37420 
7.38032 
7.38644 


7.39254 
7.39864 
7.40472 


7.41080 
7.41686 
7.42291 


16.8100 


2.02485 


6.40312 


68.9210 


16.8921 
16.9744 
17.0569 


17.1396 
17.2225 
17.3056 
17.3889 
17.4724 
17.5561 


2.02731 
2.02978 


2.03224 


2.03470 
2.03715 
2.03961 


2.04206 
2.04450 
2.04695 


6.41093 
6.41872 
6.42651 


6.43428 
6.44205 
6.44981 
6.45755 
6.46529 
6.47302 


69.4265 
69.9345 
70.4450 


70.9579 
71.4734 
71.9913 
72.5117 
73.0346 
73.5601 


1.60052 


1.60182 
1.60312 
1.60441 


1.60571 
1.60700 
1.60829 


1.60958 
1.61086 
1.61215 


3.44822 


3.45102 
3.45382 
3.45661 


3.45939 
3.46218 
3.46496 
3.46773 


3.47050 
3.47327 


7.42896 


7.43499 
7.44102 
7.44703 


7.45304 
7.45904 
7.46502 


7.47100 
T.AT69T 
7.48292 


17.6400 


2.04939 


6.48074 


74.0880 


1.61343 


3.47603 


17.7241 
17.8084 
17.8929 
17.9776 
18.0625 
18.1476 
18,2329 


18.3184 
18.4041 


18.4900 


2.05183 
2.05426 
2.05670 


2.05913 
2.06155 
2.06398 


2.06640 
2.06882 
2.07123 


2.07364. 


6.48845 
6.49615 
6.50384 


6.51153 
6.51920 
6.52687 


6.53452 
6.54217 
6.54981 


6.55744 


74.6185 
75.1514 
75.6870 


76.2250 
76.7656 
77.3088 


77.8545 
78.4028 
78.9536 


79.5070 


1.61471 
1.61599 
1.61726 
1.61853 


1.61981 
1.62108 
1.62234 
1.62861 
1.62487 
1.62613 


3.47878 
3.48154 
3.48428 


3.48703 
3.48977 
3.49250 


3.49523 
3.49796 
3.50068 


3.50340 


18.5761 
18.6624 
18.7489 


18.8356 
18.9225 
19.0096 


19.0969 
19.1844 


19.2721 


19.3600 


19.4481 
19.5364 
19.6249 


19.7136 
19.8025 
19.8916 


19.9809 
20.0704 
20.1601 


2.07605 
2.07846 
2.08087 


2.08327 
2.08567 
2.08806 


2.09045 
2.09284. 
2.09523 


6.56506 
6.57267 
6.58027 


6.58787 
6.59545 
6.60303 


6,61060 
6.61816 
6.62571 


80.0630 
80.6216 
81.1827 


81.7465 
82.3129 
82.8819 


83.4535 
84.0277 
84.6045 


2.09762 


2.10000 
2.10238 
2.10476 


2.10713 
2.10950 
2.11187 


2.11424 
2.11660 


2.11896 


6.63325 


6.54078 
6.64831 
6.65582 


6.66333 
6.67083 
6.67832 


6.68581 
6.69328 
6.70075 


85.1840 


85,7661 
86.3509 
86.9383 


87.5284. 
88.1211 
88.7165, 


89,3146 
89,9154 
90.5188 


1.62739 
1.62865 
1.62991 


1.63116 
1.63241 
1.63366 


1.63491 
1.63619 


1.63740 


1.63864 


1.63988 
1.64112 
1.64236 


1.64359 
1.64483 
1.64606 


1.64729 
1.64851 
1.64974 


3.50611 
3.50882 
3.51153 


3.51423 
3.51692 
3.51962 


3.52231 
3.52499 


3.52767 


3.53035 


3.53302 
3.53569 
3.53835 


3.54101 
3.54367 
3.54632 


3.54897 
3.55162 
3.55426 


7.48887 


7.49481 
7.50074 
7.50666 


7.51257 
7.51847 
7.52437 


7.53025 
7.53612 
7.54199 


7.55369 
7.55953 
7.56535 


7.57117 
7.57698 
7.58279 


7.58858 
7.59436 


7.60014 


7.60590 


7.61166 
7.61741 
7.62315 


7.62888 
7.63461 
7.64032 


7.64603. 
7.65172 
7.65741 


Powers and Roots 
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Vn 


V¥10n |V/100 


4.50 | 20.2500 | 2.12132 | 6.70820 | 91.1250 | 1.65096 | 3.55689 | 7.66309 
4.51 | 20.3401 | 2.12368 | 6.71565 | 91.7339 | 1.65219 | 3.55953 | 7.66877 
4.52 | 20.4304 | 2.12603 | 6.72309 | 92.3454 | 1.65341 | 3.56215 | 7.67443 
4.53 | 20.5209 | 2.12838 | 6.73053 | 92.9597 | 1.65462 | 3.56478 | 7.68009 
4.54 | 20.6116 | 2.13073 | 6.73795 | 93.5767 | 1.65584 | 3.56740 | 7.68573 
4.55 | 20.7025 | 2.13307 | 6.74537 | 94.1964 | 1.65706 | 3.57002 | 7.69137 
4.56 | 20.7936 | 2.13542 | 6.75278 | 94.8188 | 1.65827 | 3.57263 | 7.69700 
4.57 | 20.8849 | 2.13776 | 6.76018 | 95.4440 | 1.65948 | 3.57524 | 7.70262 
4.58 | 20.9764 | 2.14009 | 6.76757 | 96.0719 | 1.66069 | 3.57785 | 7.70824 
4.59 | 21.0681 | 2.14243 | 6.77495 | 96.7026 | 1.66190 | 3.58045 | 7.71384 

4.60 | 21.1600 | 2.14476 | 6.78233 | 97.8360 | 1.66310 | 3.58305 | 7.71944 
4.61 | 21.2521 | 2.14709 | 6.78970 | 97.9722 | 1.66431 | 3.58564 | 7.72503 
4.62 | 21.3444 | 2.14942 | 6.79706 | 98 6111 | 1.66551 | 3.58823 | 7.73061 
4.63 | 21.4369 | 2.15174 | 6.80441 | 99.2528 | 1.66671 | 3.59082 | 7.73619 
4.64 | 21.5296 | 2.15407 | 6.81175 | 99.8973 | 1.66791 | 3.59340 | 7.74175 
4.65 | 21.6225 | 2.15639 | 6.81909 | 100.545 | 1.66911 | 3.59598 | 7.74731 
4.66 | 21.7156 | 2.15870 | 6.82642 | 101.195 | 1.67030 | 3.59856 | 7.75286 
4.67 | 21.8089 | 2.16102 | 6.83374 | 101.848 | 1.67150 | 3.60113 | 7.75840 
4.68 | 21.9024 | 2.16333 | 6.84105 | 102.503 | 1.67269 | 3.60370 | 7.76394 
4.69 | 21.9961 | 2.16564 | 6.84836 | 103.162 | 1.67388 | 3.60626 | 7.76946 


22.0900 | 2.16795 


6.85565 


103.823 


1.67507 


3.60883 


7.17498 


: 22.1841 | 2.17025 | 6.86294 | 104.487 | 1.67626 | 3.61138 | 7.78049 
4.72 | 22.2784 | 2.17256 | 6.87023 | 105.154 | 1.67744 | 3.61394 | 7.78599 
4.73 | 22.3729 | 2.17486 | 6.87750 | 105.824 | 1.67863 | 3.61649 | 7.79149 
4.74 | 22.4676 | 2.17715 | 6.88477 | 106.496 | 1.67981 | 3.61903 | 7.79697 
4.75 | 22.5625 | 2.17945 | 6.89202 | 107.172 | 1.68099 | 3.62158 | 7.80245 
4.76 | 22.6576 | 2.18174 | 6.89928 | 107.850 | 1.68217 | 3.62412 | 7.80793 
4.77 | 22.7529 | 2.18403 | 6.90652 | 108.531 | 1.68334 | 3.62665 | 7.81339 
4.78 | 22.8484 | 2.18632 | 6.91875 | 109.215 | 1.68452 | 3.62919 | 7.81885 
4.79 | 22.9441 | 2.18861 | 6.92098 | 109.902 | 1.68569 | 3.63172 | 7.82429 

4.80 | 23.0400 | 2.19089 | 6.92820 | 110.592 | 1.68687 | 3.63424 | 7.82974 
4.81 | 23.1361 | 2.19317 | 6.93542 | 111.285 | 1.68804 | 3.63676 | 7.83517 
4.82 | 23.2324 | 2.19545 | 6.94262 | 111.980 | 1.68920 | 3.63928 | 7.84059 
4.83 | 23.8289 | 2.19773 | 6.94982 | 112.679 | 1.69037 | 3.64180 | 7.84601 
4.84 | 23.4256 | 2.20000 | 6.95701 | 113.380 | 1.69154 | 3.64431 | 7.85142 
4.85 | 23.5225 | 2.20227 | 6.96419 | 114.084 | 1.69270 | 3.64682 | 7.85683 
4.86 | 23.6196 | 2.20454 | 6.97137 | 114.791 | 1.69386 | 3.64932 | 7.86222 
4.87 | 23.7169 | 2.20681 | 6.97854 | 115.501 | 1.69503 | 3.65182 | 7.86761 
4.88 | 23.8144 | 2.20907 | 6.98570 | 116.214 | 1.69619 | 3.65482 | 7.87299 
4.89 | 23.9121 | 2.21133 | 6.99285 | 116.920 | 1.69734 | 3.65681 | 7.87837 

4.90 | 24.0100 | 2.21359 | 7.00000 | 117.649 | 1.69850 3.65931 | 7.88374 
4.91 | 24.1081 | 2.21585 | 7.00714 | 118.371 | 1.69965 | 3.66179 | 7.88909 
4.92 | 24.2064 | 2.21811 | 7.01427 | 119.095 | 1.70081 | 3.66428 | 7.80445 
4.93 | 24.3049 | 2.22036 | 7.02140 | 119.823 | 1.70196 | 3.66676 | 7.89979 
4.94 | 24.4036 | 2.29961 | 7.02851 | 120.554 | 1.70311 | 3.66924 | 7.90513 
4,95 | 24.5025 | 2.22486 | 7.03562 | 121.287 | 1.70426 | 3.67171 | 7.91046 
4.96 | 24.6016 | 2.22711 | 7.04273 | 122.024 | 1.70540 | 3.67418 | 7.91578 
4.97 | 24.7009 | 2.22935 | 7.04982 | 122.763 | 1.70655 | 3.67665 | 7.92110 
4.98 | 24.8004 | 2.23159 | 7.05691 | 123.506 | 1.70769 | 3.67911 | 7.92641 
4.99 | 24.9001 | 2.23383 | 7.06399 | 124.251 | 1.70884 | 3.68157 | 7.93171 


276 Powers and Roots [I 


n3 Vn | VY10n'\V100n 
125.000 | 1.70998 | 3.68403 | 7.93701 
125.752 | 1.71112 | 3.68649 | 7.94229 
126.506 | 1.71225 | 3.68894 | 7.94757 
127.264 | 1.71339 | 3.69138 | 7.95285 
128.024 | 1.71452 | 3.69383 | 7.95811 


V10n 
25.0000 | 2.23607 | 7.07107 
95.1001 | 2.23830 | 7.07814 
25.2004 | 2.24054 | 7.08520 
25.3009 | 2.24277 | 7.09225 
25.4016 | 2.24499 | 7.09930 


5.05 | 25.5025 | 2.24722 | 7.10634 | 128.788 | 1.71566 | 3.69627 | 7.96337 
5.06 | 25.6036 | 2.24944 | 7.118387 | 129.554 | 1.71679 | 3.69871 | 7.96863 
5.07 95.7049 | 2.25167 } 7.12039 | 180.324 | 1.71792 | 3.70114 | 7.97387 
5.08 25.8064 | 2.25389 | 7.12741 | 181.097 | 1.71905 | 3.70857 | 7.97911 
5.09 25,9081 .25610 | 7.13442 | 131.872 | 1.72017 | 3.70600 | 7.98434 
5.10 | 26.0100 2. 7.14143 | 152.651 3.70843 | 7.98957 
5.11 26.1121 : 7.14843 | 153.433 -72242 | 3.71085 | 7.99479 
5.12 | 26.2144 | 2.25274 | 7.15542 | 134.218 | 1.72355 | 3.71327 | 8.00000 
5.13 | 26.3169 | 2.26495 | 7.16240 | 185.006 | 1.72467 | 3.71569 | 8.00520 
5.14 | 26.4196 | 2.26716 | 7.16938 | 185.797 | 1.72579 | 3.71810 | 8.01040 
5.15 | 26.5225 | 2.26936 | 7.17635 | 136.591 | 1.72691 | 3.72051 | 8.01559 
5.16 | 26.6256 | 2.27156 | 7.18331 | 187.388 | 1.72802 | 3.72292 | 8.02078 
5.17 | 26.7289 | 2.27376 | 7.19027 | 188.188 | 1.72914 | 3.72532 | 8.02596 
5.18 | 26.8324 | 2.27596 | 7.19722 | 188.992 | 1.73025 | 3.72772 | 8.03113 
5.19 | 26.9361 | 2.27816 | 7.20417 | 139.798 | 1.73187 | 3.73012 | 8.03629 


27.0400 | 2.28035 | 7.21110 


27.1441 | 2.28254 | 7.21803 
27.2484 | 2.28473 | 7.22496 
27.3529 | 2.28692 | 7.23187 


27.4576 | 2.28910 | 7.23878 
27.5625 | 2.29129 | 7.24569 
27.6676 | 2.29347 | 7.25259 


27.7729 | 2.29565 | 7.25948 
27.8784 | 2.29783 | 7.26636 
27.9841 | 2.30000 | 7.27324 
28.0900 | 2.80217 | 7.28011 
28.1961 | 2.30434 | 7.28697 
28.3024 | 2.30651 | 7.29383 
28.4089 | 2.30868 | 7.30068 
28,5156 | 2.81084 | 7.30753 


28.6225 | 2.31301 | 7.31437 
28.7296 | 2.31517 | 7.32120 


28.8869 | 2.31733 | 7.82803 
28.9444 | 2.31948 | 7.33485 
29.0521 | 2.82164 | 7.34166 


29.1600 | 2.32379 | 7.34847 


140.608 | 1.73248 | 3.73251 | 8.04145 


141.421 | 1.73359 | 3.73490 | 8.04660 
142.237 | 1.73470 | 3.73729 | 8.05175 
143.056 | 1.78580 | 3.73968 | 8.05689 
143.878 | 1.73691 | 3.74206 | 8.06202 
144.703 | 1.73801 | 3.74443 | 8.06714 
145,582 | 1.73912 | 3.74681 | 8.07226 


146.363 | 1.74022 | 3.74918 | 8.07737 
147.198 | 1.74132 | 3.75155 | 8.08248 
148.036 | 1.74242 | 3.75892 | 8.08758 


148.877 | 1.74351 | 3.75629 | 8.09267 


149.721 | 1.74461 | 3.75865 | 8.09776 
150.569 | 1.74570 | 3.76101 | 8.10284 
151.419 | 1.74680 | 3.76336 | 8.10791 


152.273 | 1.74789 | 3.76571 | 8.11298 
153.130 | 1.74898 | 3.76806 | 8.11804 
153.991 1.75007 | 3.77041 | 8.12310 


154.854 | 1.75116 | 3.77275 | 8.12814 
155.721 | 1.75224 | 3.77509 | 8.13319 
156.591 | 1.75333 | 3.77743 | 8.138822 


157.464 | 1.75441 | 3.77976 | 8.14325 


9% see |CPClypipb Phhb NHN ]YD 
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ib 
oO 


oor cron orate | Moron oro george | Moron orongse oot | 


41 | 29.2681 | 2.32594 | 7.35527 | 158.340 | 1.75549 | 3.78209 | 8.14828 
42 | 29.3764 | 2.32809 | 7.36206 | 159.220 | 1.75657 | 3.78442 | 8.15329 
43 | 29.4849 | 2.33024 | 7.36885 | 160.103 | 1.75765 | 3.78675 | 8.15831 
44 | 29.5936 | 2.33238 | 7.37564 | 160.989 | 1.75873 | 3.78907 | 8.16331 
45 | 29.7025 | 2.33452 | 7.88241 | 161.879 | 1.75981 | 3.79139 | 8.16831 
46 | 29.8116 | 2.33666 | 7.38918 | 162.771 | 1.76088 | 3.79371 | 8.17330 
AT | 29.9209 | 2.33880 | 7.39594 | 163.667 | 1.76196 | 3.79603 | 8.17829 
48 | 30.0304 | 2.34094 | 7.40270 | 164.567 | 1.76203 | 3.79834 | 8.18327 
49 | 30.1401 | 2.34807 | 7.40945 | 165.469 | 176410 | 3.80065 | 8.18824 


1] Powers and Roots 277 


V10n| n3 Vn | Y10n |\¥/100 2 
5.50 30.2500 | 2.34521 | 7.41620 | 166.375 -76517 | 3.80295 | 8.19321 
5.51 30.3601 | 2.34734 | 7.42294 | 167.284 -76624 | 3.80526 | 8.19818 
7 
7 


52 30.4704 | 2.54947 | 7.42967 | 168.197 76731 | 3.80756 | 8.20313 
53 30.5809 | 2.35160 | 7.43640 | 169.112 


5 
5 
5.54 | 30.6916 | 2.35372 | 7.44312 | 170.031 
5 
5 


-76838 | 3.80985 | 8.20808 


.76944 | 3.81215 | 8.21303 
7051 | 3.81444 | 8.21797 


1 

1 

1 

1 

1 

55 30.8025 | 2.35584 | 7.44983 | 170.954 | 1. 
.56 30.9136 | 2.35797 | 7.45654 | 171.880 | 1.77157 | 3.81673 | 8.22290 

iL 

us 

1 

1 

1 


31.1364 | 2.56220 | 7.46994 | 173.741 .77369 | 3.82130 | 8.23275 


NOL OT 
oon 


31.2481 | 2.36432 | 7.47663 | 174.677 -T7475 | 3.82358 | 8.23766 


lope 
i=) 


7 
7 
7 
31.0249 | 2.36008 | 7.46324 | 172.809 | 1.77263 | 3.81902 | 8.22783 
7 
7 
7 


31.3600 | 2.36643 | 7.48331 | 175.616 | 1.77581 | 8.82586 | 8.24257 


31.4721 | 2.36854 | 7.48999 | 176.558 | 1.77686 | 3.82814 | 8.24747 


31.5844 | 2.37065 | 7.49667 | 177.504 | 1.77792 | 3.83041 | 8.25237 
31.6969 | 2.37276 | 7.50333 | 178.454 | 1.77897 | 3.83268 | 8.25726 


31.8096 | 2.387487 | 7.50999 | 179.406 | 1.78003 | 3.83495 | 8.26215 
31.9225 | 2.37697 | 7.51665 | 180.362 | 1.78108 | 3.83722 | 8.26703 
32.0356 | 2.37908 | 7.52330 | 181.321 | 1.78213 | 3.83948 | 8.27190 


Zee Bee 


5. 

5. 

5 

5. 

5. 

5 

5 

5. 

5. 

5. 

5.67 | 32.1489 | 2.38118 | 7.52994 | 182.284 | 1.78318 | 3.84174 | 8.27677 

5.68 | 32.2624 | 2.38328 | 7.53658 | 183.250 | 1.78422 | 3.84899 | 8.28164 

5.69 | 32.3761 | 2.38537 | 7.54321 | 184.220 | 1.78527 | 3.84625 | 8.28649 

5.70 | 32.4900 | 2.38747 | 7.54983 | 185.193 | 1.78632 | 3.84850 | 8.29134 

5.71 | 32.6041 | 2.388956 | 7.55645 | 186.169 | 1.78736 | 3.85075 | 8.29619 

5.72 | 32.7184 | 2.39165 | 7.56307 | 187.149 | 1.78840 | 3.85300 | 8.30103 

5.73 | 32.8329 | 2.39374 | 7.56968 | 188.133 | 1.78944 | 3.85524 | 8.30587 

5.74 | 32.9476 | 2.39583 | 7.57628 | 189.119 | 1.79048 | 3.85748 | 8.31069 

5.75 | 33.0625 | 2.39792 | 7.58288 | 190.109 | 1.79152 | 3.85972 | 8.31552 

5.76 | 33.1776 | 2.40000 | 7.58947 | 191.103 | 1.79256 | 3.86196 | 8.32034 

5.77 | 33.2929 | 2.40208 | 7.59605 | 192.100 | 1.79360 | 3.86419 | 8.32515 

5.78 | 33.4084 | 2.40416 | 7.60263 | 193.101 | 1.79463 | 3.86642 | 8.32995 

5.79 | 33.5241 | 2.40624 | 7.60920 | 194.105 | 1.79567 | 3.86865 | 8.33476 

5.80 | 33.6400 | 2.40832 | 7.61577 | 195.112 | 1.79670 | 3.87088 | 8.33955 

5.81 | 33.7561 | 2.41039 | 7.62234 | 196.123 | 1.79773 | 3.87310 | 8.34434 

5.82 | 83.8724 | 2.41247 | 7.62889 | 197.137 | 1.79876 | 3.87532 | 8.34913 

5.83 | 33.9889 | 2.41454 | 7.63544 | 198.155 | 1.79979 | 3.87754 | 8.35390 

5.84 | 34.1056 | 2 41661 | 7.64199 | 199.177 | 1.80082 | 3.87975 | 8.35868 

5.85 | 34.2225 | 2.41868 | 7.64853 | 200.202 |-1.80185 | 3.88197 | 8.36345 
86 | 34.3396 | 2.42074 | 7.65506 | 201.230 | 1.80288 | 3.88418 | 8.36821 


34.4569 | 2.42981 | 7.66159 | 202.262 | 1.80390 | 3.88639 | 8.37297 
34.5744 | 2.49487 | 7.66812 | 203.297 | 1.80492 | 3.88859 | 8.37772 
34.6921 | 2.49693 | 7.67463 | 204.336 | 1.80595 | 3.89080 | 8.38247 


34.8100 | 2.42899 | 7.68115 | 205.379 | 1.80697 | 3.89300 | 8.38721 


34.9281 | 2.43105 | 7.68765 | 206.425 | 1.80799 | 3.89519 | 8.39194 
35.0464 | 2.43311 | 7.69415 | 207.475 | 1.80901 | 3.89739 | 8.39667 
35.1649 | 2.43516 | 7.70065 | 208.528 | 1.81003 | 3.89958 | 8.40140 


. | 
35.2836 | 2.43721 | 7.70714 | 209.585 | 1.81104 | 3.90177 | 8.40612 
35.4025 | 2.48926 | 7.71362 | 210.645 | 1.81206 | 3.90396 | 8 41083 
35.5216 | 2.44131 | 7.72010 | 211.709 | 1.81307 | 3.90615 | 8.41554 


35.6409 | 2.44336 | 7.72658 | 212.776 | 1.81409 | 3.90833 | 8.42025 
35.7604 | 2.44540 | 7.73805 | 213.847 | 1.81510 | 3.91051 | 8.42494 
35.8801 | 2.44745 | 7.73951 | 214.922 | 1.81611 | 3.91269 | 8.42964 


RRR SUR | ore 
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n? 


[I 


vn 
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36.0000 


bo 


ts 


7.74597 


216.000 


1.81712 


3.91487 


8.43433 


36.1201 
36.2404 
36,3609 
36.4816 
36.6025 
36.7236 


36.8449 
36.9664 
37.0881 


fee ie [ie 


(op) 
ve 
S| 
rss 


lorker} 
OL 
bo | 
orl 


‘80385 


217.082 
218.167 
219,256 
220.349 
221.445 
222,545 
223.649 


224.756 
225.867 


1.81813 
1.81914 
1.82014 


1.82115 
1.82215 
1.82316 
1.82416 
1.82516 
1.82616 


3.91704 
3.91921 
3.92138 
3.92355 
3.92571 
3.92787 
3.93003 


3.93219 
3.93434 


8.43901 
8.44369 
8.44836 


8.45303 
8.45769 
8.46235 


8.46700 
8.47165 
8.47629 


37.2100 


81025 


226.981 


1.82716 


3.93650 


8.48093 


37,3321 
37.4544 
37.5769 


37.6996 
37.8225 
37.9456 
38.0689 
38.1924 
38.3161 


PP ip PIP ¥ 
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2.48596 
2.48797 


81665 
82304 
82943 


7.83582 
7.84219 
7.84857 
7.85493 
7.86130 
7.86766 


228.099 
229.221 


230.346 
231.476 
252.608 
233.745 
234.885 
236.029 
237.177 


1.82816 
1.82915 
1.83015 


1.83115 
1.83214 
1.83313 


1.83412 
1.83511 
1.83610 


3.93865 
3.94079 
3.94204 


3.94508 
3.94722 
3.94936 


3.95150 
3.95363 


3.95576 


8.48556 
8.49018 
8.49481 


8.49942 
8.50403 
8.50864 


8.51324 
8.51784 
8.52243 


38.4400 


2.48998 


7.87401 


238.328 


1.83709 


3.95789 


8.52702 


38.5641 
38.6884 
38.8129 


38.9376 
39.0625 
39.1876 


39.3129 
39.4384. 
39.5641 


2.49199 
2.49399 
2.49600 


2.49800 
2.50000 
2.50200 


2.50400 
2.50599 
2.50799 


7.88036 
7.88670 
7.89303 


7.89937 
7.90569 
7.91202 


7.91833 
7.92465 
7.93095 


239.483 
240,642 
241.804 


242.971 
244.141 
245,314 


246.492 
247.673 
248.858 


1.83808 
1.83906 
1.84005 


1.84103 
1.84202 
1.84300 


1.84398 
1.84496 
1.84594 


3.96002 
3.96214 
3.96427 


3.96638 
3.96850 
3.97062 


3.97273 
3.97484 
3.97695. 


8.53160 
8.53618 
8.54075 


8.54532 
8.54988 
8.55444 


8.55899 
8.56354 
8.56808 


39.6900 


2.50998 


7.93725 


250.047 


1.84691 


3.97906 


8.57262 


39.8161 
39.9424 
40.0689 


40.1956 
40.3225 
40.4496 
40.5769 


40.7044. 
40,8321 


2.51197 
2.51396 
2.51595 


2.51794 
2.51992 
2.52190 


2.52389 
2.52587 
2.52784 


7.94355 
7.94984. 
7.95613 


7.96241 
7.96869 
7.97496 
7.98123 


7.98749 
7.99375 


251.240 
252.436 
253.636 


254.840 
256.048 
257.259 


258.475 
259.694 
260.917 


40.9600 


2.52982 


8.00000 


262.144 


1.84789 
1.84887 
1.84984: 


1.85082 
1.85179 
1.85276 


1.85373 


3.98116 
3.98326 
3.98536 


3.98746 
3.98956 
3.99165 


3.99374 
3.99583 
3.99792 


4.00000 


41.0881 
41.2164. 
41.3449 


41.4736 
41.6025 
41.7316 


41.8609 
41.9904 
42.1201 


2.53180 
2.53377 
2.53574 


2.53772 
2.53969 
2.54165 


2.54362 
2.54558, 
2.54755 


8.00625 
8.01249 
8.01873 


8.02496 
8.03119 
8.05741 


8.04363, 
8.04984 


8.05605 


263.375 
264.609 
265.848 


267.090 
268.336 
269.586 


270.840 
272.098 
273.359 


1.86242 


1.86338 
1.86434 
1.86530 


4.00208 
4.00416 
4.00624. 


4.00882 
4.01039 
4.01246 


4.01453 
4.01660 
4.01866 


8.57715 
8.58168 
8.58620 


8.59072 
8.59524 
8.59975 


8.60425 
8.60875 
8.61325 


8.61774 


8.62222 
8.62671 
8.63118 


8.63566 
8.64012 
8.64459 


8.64904 | 
8.65350 
8.65795 


n? 


Powers and Roots 


V107 


n> 


Vn 


V10n 


bie 
a) 
o\}> 


42.2500 


8.06226 


274.625 


1.86626 


4.02073 


8.66239 


42.3801 
42.5104 
42.6409 


42.7716 
42.9025 
43.0336 
43.1649 
43,2964 
43.4281 


Oot Ororgy 


lop] SoS OUST St 
Es 


8.06846 
8.07465 
8.08084 
8.08703 
8.09321 
8.09938 
8.10555 


8.11172 
8.11788 


275.894 
-168 


286.191 


1.86721 
1.86817 
1.86912 


1.87008 
1.87103 
1.87198 


1.87293 
1.87388 
1.87483 


4.02279 
4.02485 
4.02690 


4.02896 
4.03101 
4.03306 


4.03511 
4.03715 
4.03920 


8.66683 
8.67127 
8.67570 


8.68012 
8.68455 
8.68896 


8.69338 
8.69778 
8.70219 


43.5600 


8.12404 


287 .496 


1.87578 


4,04124 


8.70659 


QSER G82/S/2a5 Sake ase 


Onn 


43.6921 
43.8244 
43.9569 


44.0896 
44,2225 
44.3556 
44.4889 
44.6224 
44.7561 


2.57682 
2.57876 
2.58070 
2.58263 
2.58457 
2.58650 


8.13019 
8.13634 
8.14248 


8.14862 
8.15475 
8.16088 
8.16701 


8.17313 
8.17924 


288.805 
290.118 
291.434 


292.755 
294.080 
295.408 


296.741 
298.078 
299.418 


1.87672 
1.87767 
1.87862 
1.87956 
1.88050 
1.88144 
1.88239 
1.88333 
1.88427 


4.04328 
4.04532 
4.04735 


4.04939 
4.05142 
4.05345 


4.05548 
4.05750 
4.05953 


8.71098 
8.71537 
8.71976 


8.72414 
8.72852 
8.73289 
8.78726 


8.74162 
8.74598 


IAD 
°o 


44.8900 


2.58844 


8.18535 


300.763 


1.88520 


4.06155 


8.75054 


saa 
N Oop whore 


TPAD ARM? AMAl/PIAMRM AAM aaalPlaaga aaa o 
te erence DP PRM AS as PAR NH’ 


45.0241 
45.1584 
45,2929 


45.4276 
45.5625 
45.6976 


45.8329 
45.9684 
46.1041 


2.59037 
2.59230 
2.59422 


2.59615 
2.59808 
2.60000 


2.60192 
2.60384 
2.60576 


8.19146 
8.19756 
8.20366 


8.20975 
8.21584 
8.22192 


8.22800 
8.23408 
8.24015 


302.112 
303.464 
304.821 


306.182 
307.547 
308.916 
310.289 


311.666 
313.047 


1.88614 
1.88708 
1.88801 


1.88895 
1.88988 
1.890381 


1.89175 
1.89268 
1.89361 


46.2400 


2.60768 


8.24621 


314.432 


46.3761 
46.5124 
46.6489 


46.7856 
46.9225 
47.0596 
47.1969 


47.3344 
47.4721 


2.60960 
2.61151 
2.61343 


2.61534 
2.61725 
2.61916 


2.62107 
2.62298 
2.62488 


8.25227 
8.25833 
8.26438 


8.27043 
8.27647 
8.28251 


8.28855 
8.29458 
8.30060 


315.821 
317.215 
318.612 


820.014 
321.419 
322.829 


324.243 
325.661 
827.083 


1.89454 


1.89546 
1.89639 
1.89732 


1.89824. 
1.89917 
1.90009 


1.90102 
1.90194 
1.90286 


BAAR AAD | 
S83 S&& SS2 


MAD 


47.6100 


47.7481 
47.8864 
48.0249 


48.1636 
48.3025 
48.4416 


48.5809 
48.7204 


48.8601 


2.62679 


8.30662 


328.509 


2.62869 
2.63059 
2.63249 


2.63439 
2.63629 
2.63818 


2.64008 
2.64197 
2.64386 


8.31264 
8.31865 
8.32466 


8.33067 
8.33667 
8.34266 


8.34865 
8.35464 
8.36062 


829.939 
331,374 
332.813 


334.255 
835,702 
337.154 


338.609 
340.068 
841.532 


1.90578 


1.90470 
1.90562 
1.90653 


1.90745 
1.90837 
1.90928 


1.91019 
1.91111 
1.91202 


4.06357 
4.06559 
4.06760 
4.06961 
4.07163 
4.07364 


4.07564 
4.07765 
4.07965 


4.08166 


4.08365 
4.08565 
4.08765 


4.08964 
4.09163 
4.09362 


4.09561 
4.09760 
4.09958 


4.10157 


4.10355 
4.10552 
4.10750 


4.10948 


4.11145 | 
4.11342 | 


4.11539 
4.11736 
4.11932 


8.79366 


8.83656 


8.75469 
8.75904 
8.76338 


8.76772 
8.77205 
8.77638 


8.78071 
8.78503 
8.78935 


8.79797 
8.80227 
8.80657 


8.81087 
8.81516 
8.81945 


8.82373 
8.82801 
8.83228 


8.84082 | 
8.84509 
8.84954. 


8.85360 | 
8.85785 | 
8.86210 | 


8.86634 
8.87058 
8.87481 


280 Powers and Roots [I 


n n? Vn |V10n| n3 Yn | V10n\VY100n 
7.00 49,0000 | 2.64575 | 8.36660 | 343.000 | 1.91293 | 4.12129 | 8.87904 
7.01 49.1401 | 2.64764 | 8.37257 -| 344.472 | 1.91384 | 4.12325 | 8.88327 
7.02 49,2804. | 2.64953 | 8.37854 | 345.948 | 1.91475 | 4.12521 | 8.88749 
03 49,4209 | 2.65141 | 8.38451 | 347.429 | 1.91566 | 4.12716 | 8.89171 


49.5616 | 2.65330 | 8.39047 | 348.914 | 1.91657 | 4.12912 ‘| 8.89592 
49.7025 | 2.65518 | 8.39643 | 350.403 | 1.91747 | 4.13107 | 8.90013 
49.8436 | 2.65707 | 8.40238 | 351.896 | 1.91838 | 4.18303 | 8.90434 


49,9849 | 2.65895 | 8.40833 | 353.393 | 1.91929 | 4.13498 | 8.90854 
50.1264 | 2.66083 | 8.41427 | 354.895 | 1.92019 | 4.13693 | 8.91274 
50.2681 | 2.66271 | 8.42021 | 356.401 | 1.92109 | 4.13887 | 8.91693 


50.4100 | 2.66458 | 8.42615 | 357.911 | 1.92200 | 4.14082 | 8.92112 | - 
7.11 | 50.5521 | 2.66646 | 8.43208 | 359.425 | 1.92290 | 4.14276 | 8.92531 


7.12 | 50.6944 | 2.66833 | 8.43801 | 360.944 | 1.9238 4.14470 | 8.92949 
7.13 | 50.8369 | 2.67021 | 8.44393 | 362.467 | 1.92470 | 4.14664 | 8.93367 


7.14 | 50.9796 | 2.67208 | 8.44985 | 363.994 | 1.92560 | 4.14858 | 8.93784 
7.15 | 51.1225 | 2.67395 | 8.45577 | 365.526 | 1.92650 | 4.15052 | 8.94201 
7.16 | 51.2656 | 2.67582 | 8.46168 | 367.062 | 1.92740 | 4.15245 | 8.94618 


7.17 | 51.4089 | 2.67769 | 8.46759 | 368.602 | 1.92829 | 4.15438 | 8.95034 
7.18 | 51.5524 | 2.67955 | 8.47349 | 370.146 | 1.92919 | 4.15631 | 8.95450 
7.19 | 51.6961 | 2.68142 | 8.47939 | 371.695 | 1.93008 | 4.15824 | 8.95866 


7.20 | 51.8400 | 2.68328 | 8.48528 | 373.248 | 1.93098 | 4.16017 | 8.96281 


SAJann anna 
HIiSsooe oo-¢ 
o|/Se3 Sar 


7.21 | 51.9841 | 2.68514 | 8.49117 | 374.805 | 1.93187 | 4.16209 | 8.96696 
7.22 | 52.1284 | 2.68701 | 8.49706 | 316.367 | 1.93277 | 4.16402 | 8.97110 
7.23 | 52.2729 | 2.68887 | 8.50294 | 377.933 | 1.93366 | 4.16594 | 8.97524 
7.24 | 52.4176 | 2.69072 | 8.50882 | 379.503 | 1.93455 | 4.16786 | 8.97938 
7.25 | 52.5625 | 2.69258 | 8.51469 | 381.078 | 1.93544 | 4.16978 | 8.98351 
7.26 | 52.7076 | 2.69444 | 8.52056 | 382.657 | 1.93633 | 4.17169 | 8.98764 
7.27 | 52.8529 | 2.69629 | 8.52643 | 384.241 | 1.93722 | 4.17361 | 8.99176 
7.28 | 52.9984 | 2.69815 | 8.53229 | 385.828 | 1.93810 | 4.17552 | 8.99585 
7.29 | 53.1441 | 2.70000 | 8.53815 | 387.420 | 1.93899 | 4.17743 | 9.00000 
7.30 | 53.2900 | 2.70185 | 8.54400 | 389.017 | 1.93988 | 4.17934 | 9.00411 


7.31 | 53.4361 | 2.70370 | 8.54985 | 390.618 | 1.94076 | 4.18125 | 9.00822 
7.32 | 53.5824 | 2.70555 | 8.55570 | 392.223 | 1.94165 | 4.18315 | 9.01233 
7.33 | 53.7289 | 2.70740 | 8.56154 | 393.833 | 1.94253 | 4.18506 | 9.01643 


53.8756 | 2.70924 | 8.56738 | 395.447 | 1.94341 | 4.18696 | 9.02053 
54.0225 | 2.71109 | 8.57821 | 397.065 | 1.94430 | 4.18886 | 9.02462 
54.1696 | 2.71293 | 8.57904 | 398.688 | 1.94518 | 4.19076 | 9.02871 


54.3169 | 2.71477 | 8.58487 | 400.316 | 1.94606 | 4.19266 | 9.03280 
54.4644 | 2.71662 | 8.59069 | 401.947 | 1.94694 | 4.19455 | 9.03689 
54.6121 | 2.71846 | 8.59651 | 403.583 | 1.94782 | 4.19644 | 9.04097 


hers Pare 
SSH ERE 


7.40 | 54.7600 | 2.72029 | 8.60233 | 405.224 | 1.94870 | 4.19834 | 9.04504 
7.41 | 54,9081 | 2.72213 | 8.60814 } 406.869 | 1.94957 | 4.20023 | 9.04911 
7.42 | 55.0564 | 2.72397 | 8.61394 | 408.518 | 1.95045 | 4.20212 | 9.05318 
7.43 | 55.2049 | 2.72580 | 8.61974 | 410.172 | 1.95132 | 4.20400 | 9.05725 
7.44 | 55.3536 | 2.72764 | 8.62554 | 411.831 | 1.95220 | 4.20589 | 9.06131 
7.45 | 55.5025 | 2.72947 | 8.63134 | 413.494 | 1.95307 | 4.20777 | 9.06537 
7.46 | 55.6516 | 2.73130 | 8.63713 | 415.161 | 1.95395 | 4.20965 | 9.06942 
7.47 | 55.8009 | 2.73313 | 8.64292 | 416.833 | 1.95482 | 4.21153 | 9.07347 
7.48 | 55.9504 | 2.73496 | 8.64870 | 418.509 | 1.95569 | 4.21341 | 9.07752 
7.49 | 56.1001 | 2.73679 | 8.65448 | 420.190 | 1.95656 | 4.21529 | 9.08156 


1] Powers and Roots 281 


n? Vn |v10n| ni Vn | VY10n\X% 
56.2500 | 2.73861 | 8.66025 | 421.875 | 1.95743 | 4.21716 


56.4001 | 2.74044 | 8.66603 | 423.565 | 1.95830 | 4.21904 | 9.08964 

56.5504 | 2.74226 | 8.67179 | 425.259 | 1.95917 | 4 22091 | 9.09367 
56.7009 | 2.74408 | 8.67756 | 426.958 | 1.96004 | 4.22278 | 9.09770 
56.8516 | 2.74591 | 8.68332 | 428.661 | 1.96091 | 4.22465 | 9.10173 
57.0025 | 2.74773 | 8.68907 | 430.369 | 1:96177 | 4.22651 | 9.10575 
57.1536 | 2.74955 | 8.69483 | 432.081 | 1.96264 | 4.22838 | 9.10977 


57.3049 | 2.75136 | 8.70057 | 433.798 | 1.96350 | 4.23024 | 9.11378 
57.4564 | 2.75318 | 8.70632 | 435.520 | 1.96437 | 4.23210 | 9.11779 
57.6081 -75500 | 8.71206 | 487.245 | 1.96523 | 4.23396 | 9.12180 


7 

-75681 | 8.71780 | 438.976 | 1.96610 | 4.23582 | 9.12581 
-75862 | 8.72353 | 440.711 | 1.96696 | 4.23768 | 9.12981 
7 
7 


~I 
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57.76 
57.9121 


58.0644 
58.2169 


rer) 
ors 


.76043 | 8.72926 | 442.451 | 1.96782 | 4.23954 | 9.133880 


-76225 | 8.73499 | 444.195 | 1.96868 | 4.24139 | 9.18780 


2 

“2 

2 

2 
63 2 
64 | 58.3696 | 2.76405 | 8.74071 | 445.944 | 1.96954 | 4.24324 | 9.14179 
65 | 58.5225 | 2.76586 | 8.74643 | 447.697 | 1.97040 | 4.24509 | 9.14577 
66 | 58.6756 | 2.76767 | 8.75214 | 449.455 | 1.97126 | 4.24694 | 9.14976, 
.67 | 58.8289 | 2.76048 | 8.75785 | 451.218 | 1.97211 | 4.24879 | 9.15374 
68 | 58.9824 | 2.77128 | 8.76356 | 452.985 | 1.97297 | 4.25063 | 9.15771 
69 | 59.1361 | 2.77308 | 8.76926 | 454.757 | 1.97383 | 4.25248 | 9.16169 
70 _| 59.2900 | 2.77489 | 8.77496 | 456.533 | 1.97468 | 4.25432 |. 9.16566 
71 | 59.4441 | 2.77669 | 8.78066 | 458.314 | 1.97554 | 4.25616 | 9.16962 
72 ) 59.5984 | 2.77849 | 8.78635 | 460.100 | 1.97639 | 4.25800 | 9.17359 
73 | 59.7529 | 2.78029 | 8.79204 | 461.890 | 1.97724 | 4.25984 | 9.17754 
74 | 59.9076 | 2.78209 | 8.79773 | 463.685 | 1.97809 | 4.26167 | 9.18150 
75 | 60.0625 | 2.78388 | 8.80341 | 465.484 | 1.97895 | 4.26351 | 9.18545 
76 | 60.2176 | 2.78568 | 8.80909 | 467.289 | 1.97980 | 4.26534 | 9.18940 
77 | 60.3729 | 2.78747 | 8.81476 | 469.097 | 1.98065 | 4.26717 | 9.19335 
78 | 60.5284 | 2.73927 | 8.82043 | 470.911 | 1.98150 | 4.26900 | 9.19729 
79 | 60.6841 | 2.79106 | 8.82610 | 472.729 | 1.98234 | 4.27083 b 9.20123 


7.80 | 60.8400 | 2.79285 | 8.83176 | 474.552 | 1.98319 | 4.27266 | 9.20516 


7.81 | 60.9961 | 2.79464 | 8.83742 | 476.380 | 1.98404 | 4.27448 | 9.20910 
7.82 | 61.1524 | 2.79643 | 8.84308 | 478.212 | 1.98489 | 4.27631 | 9.21302 
7.83 | 61.3089 | 2.79821 | 8.84873 | 480.049 | 1.98573 | 4.27813 | 9.21695 


7.84 | 61.4656 | 2.80000 | 8.85438 | 481.890 | 1.98658 | 4.27995 | 9.22087 
7.85 | 61.6225 | 2.80179 | 8.86002 | 483.737 | 1.98742 | 4.28177 | 9.22479 
7.86 | 61.7796 | 2.80357 | 8.86566 | 485.588 | 1.98826 | 4.28359 | 9.22871 


7.87 | 61.9369 | 2.80535 | 8.87130 | 487.443 | 1.98911 | 4.28540 | 9.23262 
7.88 | 62.0944 | 2.80713 | 8.87694 | 489.304 | 1.98995 | 4.28722 | 9.23653 
7.89 | 62.2521 | 2.80891 | 8.88257 | 491.169 | 1.99079 | 4.28903 | 9.24043 


7.90 | 62.4100 | 2.81069 | 8.88819 | 493.039 | 1.99163 | 4.29084 | 9.24434 


7.91 | 62.5681 | 2.81247 | 8.89382 | 494.914 | 1.99247 | 4.29265 | 9.24823 
7.92 | 62.7264 | 2.81495 | 8.89944 | 496.793 | 1.99331 | 4.29446 | 9.25213 
93 | 62.8849 | 2.81603 | 8.90505 | 498.677 | 1.99415 | 4.29627 | 9.25602 


63.0436 | 2.81780 | 8.91067 | 500.566 | 1.99499 | 4.29807 | 9.25991 
63.2025 | 2.81957 | 8.91628 | 502.460 | 1.99582 | 4.29987 | 9.26380 
63.3616 | 2.82135 | 8.92188 | 504.358 | 1.99666 | 4.30168 | 9.26768 


94. 
95 
96 
.97 | 63.5209 | 2.82312 | 8.92749 | 506.262 | 1.99750 | 4.30348 | 9.27156 
98 
99 


63.6804 | 2.82489 | 8.93308 | 508,170 | 1.99833 | 4.80528 | 9.27544 
1.99917 | 4.30707 | 9.27931 


2.82666 | 8.93868 


63.8401 510.082 


282 Powers and Roots [l 


Vn |V10n VY10 n |¥/100 n 
| 
64.0000 | 2.82843 | 8.94427 | 512.000 | 2.00000 | 4.30887 | 9.28318 


64.1601 | 2.83019 | 8.94986 | 513.922 | 2.00083 | 4.31066 | 9.28704 
64.3204 .83196 | 8.95545 | 515.850 | 2.00167 | 4.31246 | 9.29091 
64.4809 | 2.83373 | 8.96103 | 517.782 | 2.00250 | 4.31425 | 9,29477 


64.6416 8.96660 | 519.718 | 2.00333 | 4.31604 | 9.29862 
64.8025 | 2.837: 8.97218 | 521.660 | 2.00416 | 4.31783 | 9.30248 
64.9636 | 2.8: 8.97775 | 523.607 | 2.00499 | 4.31961 | 9.30633 


65.1249 | 2.84 8.98332 | 525.558 | 2.00582 | 4.32140 | 9.31018 
65.2864 84253 | 8.98888 | 527.514 | 2.00664 | 4.32318 | 9.31402 
65.4481 84429 | 8.99444 | 529.475 | 2.00747 | 4.32497 | 9.31786 


65.6100 | 2.84605 | 9.00000 | 531.441 | 2.00830 | 4.32675 | 9.382170 


65.7721 . 9.00555 | 533.412 | 2.00912 | 4.32853 | 9.32553 
65.9344 | 2.84956 | 9.01110 | 535.387 | 2.00995 | 4.33031 | 9.32936 
66.0969 | 2.85132 | 9.01665 | 537,868 | 2.01078 | 4.33208 | 9.33319 


66.2596 | 2.852 9.02219 | 539.353 | 2.01160 | 4.33386 | 9.33702 
66.4225 | 2.85482 | 9.02774 | 541.343 | 2.01242 | 4.33563 | 9.34084 
66.5856 | 2. 9.03327 | 545.338 | 2.01325 | 4.33741 | 9.34466 


66.7489 9.03881 | 545.339 | 2.01407 | 4.33918 | 9.34847 
66.9124 9.04434 | 547.3843 | 2.01489 | 4.34095 | 9.35229 
67.0761 9.04986 | 549.353 | 2.01571 | 4.34271 | 9.35610 


67.2400 9.05539 | 551.3868 | 2.01653 | 4.34448 | 9.35990 


67.4041 " 9.06091 | 553.388 | 2.01735 | 4.34625 | 9.36370 
67.5684 705 | 9.06642 | 555.412 | 2.01817 | 4.84801 | 9.386751 
67.7329 is) 9.07193 | 557.442 | 2.01899 | 4.34977 | 9.87130 


67.8976 9.077 559.476 | 2.01980 | 4.35153 | 9.87510 
68.0625 y 9.08295 | 561.516 | 2.02062 | 4.85329 | 9.37889 
68.2276 2 | 9.08845 | 563.560 | 2.02144 | 4.35505 | 9.38268 


68.3929 9.09395 | 565.609 | 2.02225 | 4.35681 | 9.38646 
68.5584 9.09945 | 567.664 | 2.02307 | 4.35856 | 9.39024 
68.7241 24 | 9.10494 | 569.723 | 2.02888 | 4.36032 | 9.39402 


68.8900 9.11043 | 571.787 | 2.02469 4.36207 9.39780 


69.0561 9.11592 | 573.856 | 2.02551 | 4.36382 | 9.40157 
69.2224 9.12140 | 575.930 | 2.02632 | 4.36557 | 9.40534 
69.3889 | 2.886 9.12688 | 578.010 | 2.02713 | 4.36732 | 9.40911 


69.5556 | 2.8876 9.13236 | 580,094 | 2.02794 | 4.386907 | 9.41287 
69,7225 | 2.88964 | 9.13783 : 2.02875 | 4.37081 | 9.41663 
69.8896 | 2.89137 | 9.14330 . 2.02956 | 4.37256 | 9.42039 


70.0569 | 2.89310 | 9.14877 - 2.03037 | 4.37430 | 9.42414 
70.2244 | 2. 9.15423 i 2.03118 | 4.37604 | 9.42789 
j 9.15969 : 2.03199 | 4.37778 | 9.43164 


9.16515 ‘ 2.03279 | 4.37952 | 9.43539 


70.7281 | 2.6 9.17061 .823 | 2.03360 | 4.38126 | 9.43913 
70.8964 | 2.901 9.17606 : 2.08440 | 4.38299 | 9.44287 
71.0649 | 2.90: 9.18150 H 2.03521 | 4.38473 | 9.44661 


71.2336 | 2.6 9.18695 ; 2.08601 | 4.388646 | 9.45034 
71.4025 | 2. 9.19239 : 2.08682 | 4.38819 | 9.45407 
71.5716 | 2. 9,19783 . 2.03762 | 4.38992 | 9.45780 


71.7409 | 2. 9.20326 f 2.03842 | 4.39165 | 9.46152 | 
71.9104 9.20869 Q: 2.03923 | 4.39338 | 9.46525 
72.0801 | 2.91376 | 9.21412 : 2.04003 | 4.39510 | 9.46897 
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72.9316 
731025 
73,2736 
73,4449 
73.6164 
73,7881 


73,9600 _ 
74.1321 
74.5044 
74.4769 


74.6496 
74,8228 
74.9956 
75,1689 
15.424 
75. DLGL 


3.70 _| 75.6900 
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75,6641 
76,0384 
76.2129 
76.3876 


76, H625 
76.7376 


76,9129 


17.6161 
17.7924 
717.589 


78,1456 
18,3225 
78.4996 


78,6769 
78.8544 


Powers and Roots 


Vn 


2.01548 


2.91719 
2,01890 


2, 92062 


2.92233 
2.92404 
2.02579 


2.9274 
2.92916 
2.93087 
2.93258 
2.93428 
2.93598 
2.93769 


2,93939 
2,94109 
2.94279 
2.94449 
2,.94618 
DIATE 
2.949058 
2.95127 
2.95206 
2.95466 


2.956355 
2.95804 
2.95973 


2.96142 
2.96311 
29679 
2.96648 


2,968.16 
2.96985 
2.97153 


2.97321 
2.97489 
2.97658 


2.97825 
2.97993 


V10n 
9.2104 


9,22407 
1), 25008 
9.26580 


9,24121 
9.24662 
9.25203 


9),25743 
1), 26283 
920823 
9.27302 


9.27901 
9.28440 
9.28974 


9.29516 
9, 50054 
9,60591 
9.31128 
9.51605 
9.32202 


9.80738 | 658.5035 


n 
614.145 
616,205 
618,470 
620,050 
622,856 
625,026 


627 222 


629,423 
631,620 


633,840 
636,050 


658,277 
640,504 
642.756 
644.973 
647.215 
649.462 
651.714 
655,972 
656,235 


Vn 
2.04085 
2.04168 
2.04245 
2.040825 
2.04402 
2,044.82 
2.04062 


2,04641 
2.04721 
2,04801 
2.04880 
2,01959 
2.00039 
2,05115 


2.05197 
2.05276 
2.05355 


2.00404 
2.05513 
2.05692 


2.06671 


2.05750 
2.05828 
2.05007 


2.05986 
2.06004 
2.006143 


2,06221 
2.06209 
2.06378 


2,064.56 


2.06534 
2.06612 
2.06690 
2.06768 
2.06846 


V10On 
4.49683 
4.50856 


4.40028 
4.40200 


4.40572 
4.40543 
4.407165 


4.40887 
4.41004 
4.41229 


4.41400 


4.41571 
4.41742 
4.41918 


4.42084 
4.42254 
4.42425 


4.42595 
4.42765 


4.45274 
4.40444 
4.43613 
4.43783 
4.48952 
4.44121 


4.4420) 
4.44459 
4.44627 


4,447 


4.44964 
4.46133 
4.45301 


4, 45A69 
4,450 
4, 456005 


. 4.45972 


4.46140 
4.46507 


9.33274 | 660.776 
9.3309 | 663.055 
9.34345 | 665.339 
9,54880 | 667.628 
9.30414 | 669.922 
9.35949 | 672.221 
9.36483 | 674.526 
G.3701T | 676.836 
9,37560 | 619.151 
9.38083 | 681.472 
9.38616 | 683.798 
9.30149 | 686.129 
9.39681 | 688.465 
9.40213 | 690.807 
9.40744 | 693.154 
9.41276 | 695.506 
9.41807 | 697.864 
9.42338 | 700,227 
9.42868 | 702,595 
9.43398 | 704.969 
9.43928 | 707.848 
944458 | 709.732 
944987 | 712,122 
945516 | 714.517 
9.46044 | 716.917 
946573 | 719.323 
9ATI01 | 721,734 
9.47629 | 724.151 
9.48156 | 726.573 


4.47142 
44709 
4.47476 


4.47642 
4.47308 
4.47974 
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VY100 
9.47268 


9.47640 
9.48011 
9.48381 


9),48752 
9.49122 
9.40492 


9.49861 
9.50231 
9.50000 | 
9.50969 


9.518387 
9.51705 
9.52073 


9,52441 
9.52808 
9.53175 


9, 58542 
9.53908 
0.54274 
9.54640 


955006 
9.55371 
9.55736 
9,56101 
9.50466 
956830 


9.57194 
9.57557 
9.57921 


958264 


9,58647 
9.59009 
9.59372 


9.59734 
9.60095 
9,60457 


9,60818 
9.61179 
9.61540 


284 Powers and Roots (I 


Vn |\v10n| n3 Yn | VY10n|V100n 
81.0000 | 3.00000 | 9.48683 | 729.000 | 2.08008 | 4.48140 | 9.65489 


81.1801 | 3.00167 | 9.49210 | 731.433 | 2.08085 | 4.48306 | 9.65847 
81.3604 | 3.00333 | 9.49737 | 733.871 | 2.08162 | 4.48472 | 9.66204 
81.5409 | 3.00500 | 9.50263 | 736.314 | 2.08239 | 4.48638 | 9.66561 


81.7216 | 3.00666 | 9.50789 | 738.763 | 2.08316 | 4.48803 | 9.66918 
81.9025 | 3.00832 | 9.51315 | 741.218 | 2.08393 | 4.48969 | 9.67274 
82.0836 | 3.00998 | 9.51840 | 743.677 | 2.08470 | 4.49134 | 9.67630 


82.2649 | 3.01164 | 9.52365 | 746.143 | 2.08546 | 4.49299 | 9.67986 
82.4464 | 3.01830 | 9.52890 | 748.613 | 2.08623 | 4.49464 | 9.68342 
82.6281 | 3.01496 | 9.53415 | 751.089 | 2.08699 | 4.49629 | 9.68697 


82.8100 | 3.01662 | 9.53939 | 753.571 | 2.08776 | 4.49794 | 9.69052 


82.9921 | 3.01828 | 9.54463 | 756.058 | 2.08852 | 4.49959 | 9.69407 
83.1744 | 3.01993 | 9.54987 | 758.551 | 2.08929 | 4.50123 | 9.69762 
83.3569 | 3.02159 | 9.55510 | 761.048 | 2.09005 | 4.50288 | 9.70116 


83.5396 | 3.02324 | 9.56033 | 763.552 | 2.09081 | 4.50452 | 9.70470 
83.7225 | 3.02490 | 9.56556 | 766.061 | 2.09158 | 4.50616 | 9.70824 
83.9056 | 3.02655 | 9.57079 | 768.575 | 2.09234 | 4.50781 | 9.71177 


84.0889 | 3.02820 | 9.57601 | 771.095 | 2.09310 | 4.50945 | 9.71531 
84.2724 | 3.02985 | 9.58123 | 773.621 | 2.09386 | 4.51108 | 9.71884 | 
84.4561 | 3.03150 | 9.58645 | 776.152 | 2.09462 | 4.51272 | 9.72236 } 


84.6400 | 3.03315 | 9.59166 | 778.688 -| 2.09538 | 4.51436 | 9.72589 


84.8241 | 3.03480 | 9.59687 | 781.230 | 2.09614 | 4.51599 | 9.72941 
85.0084 | 3.03645 | 9.60208 | 783.777 | 2.09690 | 4.51763 | 9.73293 
85.1929 | 3.03809 | 9.60729 | 786.330 | 2.09765 | 4.51926 | 9.73645 


85.3776 | 3.03974 | 9.61249 | 788.889 | 2.09841 | 4.52089 | 9.73996 
85.5625 | 3.04138 | 9.61769 | 791.453 | 2.09917 | 4.52252 | 9.74348 | 
85.7476 | 3.04302 | 9.62289 | 794.023 | 2.09992 | 4.52415 | 9.74699 


85.9329 | 3.04467 | 9.62808 | 796.598 | 2.10068 | 4.52578 | 9.75049 
86.1184 | 3.04631 | 9.63328 | 799.179 | 2.10144 | 4.52740 | 9.75400 
86.3041 | 3.04795 | 9.63846 | 801.765 | 2.10219 | 4.52903 | 9.75750 


86.4900 | 3.04959 | 9.64365 | 804.357 | 2.10294 | 4.53065. | 9.76100 


86.6761 | 3.05123 | 9.64883 | 806.954 | 2.10370 | 4.53228 | 9.76450 } 
86.8624 | 3.05287 | 9.65401 | 809.558 | 2.10445 | 4.53390 | 9.76799 
87.0489 | 3.05450 | 9.65919 | 812.166 | 2.10520 | 4.53552 | 9.77148 


87.2356 | 3.05614 | 9.66437 | 814.781 | 2.10595 | 4.53714 | 9.77497 | 
87.4225 | 3.05778 | 9.66954 | 817.400 | 2.10671 | 4.53876 | 9.77846 f 
87.6096 | 3.05941 | 9.67471 | 820.026 | 2.10746 | 4.54038 | 9.78195 


87.7969 | 3.06105 | 9.67988 | 822.657 | 2.10821 | 4.54199 | 9.78543 | 
87.9844 | 3.06268 | 9.68504 | 825.294 | 2.10896 | 4.54361 | 9.78891 
88.1721 | 3.06431_ 827.936 | 2.10971 | 4.54522 | 9.79239 


830.584 | 2.110 4.54684 | 9.79586 


88.5481 | 3.06757 | 9.70052 | 833.238 | 2.11120 
88.7364 | 3.06920 | 9.70567 | 835.897 | 2.11195 
88.9249 | 3.07083 | 9.71082 | 838.562 | 2.11270 


89.1136 | 3.07246 | 9.71597 | 841.232 | 2.11344 | 4.55328 
89.3025 | 3.07409 | 9.72111 | 843.909 | 2.11419 | 4.55488 
89.4916 | 3.07571 | 9.72625 | 846.591 | 2.11494 | 4.55649 


89.6809 | 3.07734 | 9.73139 | 949.278 | 2.11568 | 4.55809 
89.8704 | 3.07896 | 9.73653 | 851.971 | 2.11642 | 4.55970 
90.0601 | 3.08058 | 9.74166 | 854.670 | 2.11717 | 4.56130 
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1] Powers and Roots 


91.0116 
91.2025 
91.3936 


91.5849 
91.7764 
91.9681 


3.08383 
3.08545 
3.08707 


3.08869 
3.09031 
3.09192 


3.09354 
3.09516 
3.09677 


9.74679 


857.375 | 


4.56290 


9.75192 
9.75705 
9.76217 
9.76729 
9.77241 
9.77753 
9.78264 
9.78775 
9.79285 


860.085 
862.801 
865.523 
868.277 
870.984 
873.723 
876.467 
879.218 
881.974 


2.11940 


4.56450 
4.56610 
4.56770 


4.56930 


92.1600 


3.09839 


9.79796 


884.736 


2.12605 


4.57089 


4.57249 


4.57408 
4.57567 
4.57727 


4.57886 


9.86485 


9.85456 
9.85799 
9.86142 


y 92.3521 | 3.10000 | 9.80306 | 887.504 4.58045 | 9.86827 
, 92.5444 | 3.10161 | 9.80816 | 890.277 | 2.12679 | 4.58204 | 9.87169 
: 92.7369 | 3.10322 | 9.81326 | 893.056 | 2.12753 | 4.58362 | 9.87511 
9.64 | 92.9296 | 3.10483 | 9.81835 | 895.841 | 2.12826 | 4.58521 | 9.87853 
9.65 | 93.1225 | 3.10644 | 9.82344 | 898.632 | 2.12900 | 4.58679 | 9.88195 
9.66 | 93.3156 | 3.10805 | 9.82853 | 901.429 | 2.12974 | 4.58838 | 9.88536 
9.67 | 93.5089 | 3.10966 | 9.83362 | 904.231 | 2.13047 | 4.58996 | 9.88877 
9.68 | 93.7024 | 3.11127 | 9.83870 | 907.039 | 2.138120 | 4.59154 | 9.89217 
9.69 | 93.8961 | 3.11288 | 9.84378 | 909.853 | 2.13194 | 4.59312 | 9.89558 
9.70 | 94.0900 | 3.11448 | 9.84886 | 912.673 | 2.13267 | 4.59470 | 9.89898 
9.71 | 94.2841 | 3.11609 | 9.85393 | 915.499 | 2.13340 | 4.59628 | 9.902388 
9.72 | 94.4784 | 3.11769 | 9.85901 | 918.330 | 2.13414 | 4.59786 | 9.90578 
9.73 | 94.6729 | 3.11929 | 9.86408 | 921.167 | 2.138487 | 4.59943 | 9.90918 
9.74 | 94.8676 | 3.12090 | 9.86914 | 924.010 | 2.13560 ; 4.60101 | 9.91257 
9.75 | 95.0625 | 3.12250 | 9.87421 | 926.859 | 2.13633 | 4.60258 | 9.91596 
9.76 | 95.2576 | 3.12410 | 9.87927 | 929.714 | 2.13706 | 4.60416 | 9.91935 
9.77 | 95.4529 | 3.12570 | 9.88433 | 932.575 | 2.13779 | 4.60573 | 9 92274 
9.78 | 95.6484 | 3.12730 | 9.88939 | 935.441 | 2.13852 | 4.60730 | 9.92612 
9.79 | 95.8441 | 3.12890 | 9.89444 | 938.314 | 2.13925 | 4.60887 | 9.92950 
9.80 | 96.0400 | 3.13050 | 9.89949 | 941.192 | 2.13997 | 4.61044 _ 9.93288 _ 
6.81 | 96.2361 | 3.13209 | 9.90454 | 944.076 | 2.14070 | 4.61200 | 9.93626 
9.82 | 96.4324 | 3.13369 | 9.90959 | 946.966 | 2.14143 | 4.61357 | 9.93964 
9.83 | 96.6289 | 3.13528 | 9.91464 | 949.862 | 2.14216 | 4.61514 | 9.94301 
9.84 | 96.8256 | 3.13688 | 9.91968 | 952.764 | 2.14288 | 4.61670 | 9.94638 |” 
9.85 | 97.0225 | 3.13847 | 9.92472 | 955.672 | 2.14361 | 4.61826 | 9.94975 
9.86 | 97.2196 | 3.14006 | 9.92975 | 958.585 | 2.14433 | 4.61983 | 9.95311 
9.87 | 97.4169 | 3.14166 | 9.93479 | 961.505 | 2.14506 | 4,62189 | 9.95648 
9.88 | 97.6144 | 3.14325 | 9.93982 | 964.430 | 2.14578 | 4.62295 | 9.95984 
9.89 | 97.8121 | 3.14484 | 9.94485 | 967.362 | 2.14651 | 4.62451 | 9.96320 
9.90 | 98.0100 | 3.14643 | 9.94987 | 970.299 | 2.14723 | 4.62607 | 9.96655 
9.91 | 98.2081 | 3.14802 | 9.95490 | 973.242 | 2.14795 | 4.62762 | 9.96991 
9.92 | 98.4064 | 3.14960 | 9.95992 | 976.191 | 2.14867 | 4.62918 | 9.97326 
9.93 | 98.6049 | 3.15119 | 9.96494 | 979.147 | 2.14940 | 4.63073 | 9.97661 
' 9.94 | 98.8036 | 3.15278 | 9.96995 | 982.108 | 2.15012 | 4.63229 | 9.97996 
9.95 | 99.0025 | 3.15436 | 9.97497 | 985.075 | 2.15084 | 4.63384 | 9.98331 
9.96 | 99.2016 | 3.15595 | 9.97998 | 988.048 | 2.15156 | 4.63539 | 9.98665 
9.97 | 99.4009 | 3.15753 | 9.98499 | 991.027 | 2.15228 | 4.63694 | 9.98999 
9.98 | 99,6004 | 3.15911 | 9.98999 | 994.012 | 2.15300 | 4.63849 | 9.99333 
9.99 | 99.8001 | 3.16070 | 9.99500 | 997.003 | 2.15372 | 4.64004 | 9.99667 


TABLE IIT—IMPORTANT NUMBERS 


A. Units of Length 


Encuisa UNITS Metric Units 
12 inches (in.) = 1 foot (f¢.) 10 millimeters = 1 centimeter (cm.) 
3 feet = 1 yard (yd.) (mm.) 
5k yards = 1] rod (rd.) 10 centimeters = 2 decimeter (dm.) 
820 rods =1 mile (mi.) 10 decimeters = 1 meter (m.) 
10 meters = 1 dekameter (Dm.) 
1000 meters =1 kilometer (Km.) 
Eneuisa To MrErTrRic Merric To ENGLISH 
lin. = 2.5400 cm. lcm. = 0.3937 in. 
1 ft. = 30.480 cm. lm. = 39.37 in. = 3.2808 ft. 
1 mi. = 1.6093 Km. 1 Km. = 0.6214 mi. 


B. Units of Area or Surface 


lsquare yard = 9 square feet = 1296 square inckes 
lacre (A.) = 160 square rods = 4840 square yards 
1 square mile = 640 acres = 102400 square rods 


C. Units of Measurement of Capacity 


Dry MnBasur5 Liquip MEASURE 
2 pints (pt.) = 1 quart (qt.) 4 gills (gi.) = 1 pint (pt.) 
8 quarts = 1 peck (pk.) 2 pints = 1 quart (qt.) 
4 pecks = 1 bushel (bu.) 4 quarts =1 gallon (gal.) 
1 gallon = 281 cu. in, 


D. Metric Units to English Units 


1 liter = 1000 cu, cm. = 61.02 cu. in. = 1.0567 liquid quarts 
1 quart = .94636 liter = 946.36 cu. cm. : 

1000 grams = 1 kilogram (Kg.),)= 2.2046 pounds (Ib.) 

1 pound = .453593 kilogram = 453.59 grams 


E. Other Numbers 


a = ratio of circumference to diameter of a circle 
= 8.14159265 
1 radian = angle subtended by an are equal to the radius 
= 67° 17! 44!'.8 = 57°.2957795 = 180°/r 
1 degree = 0.01745329 radian, or 1/180 radians 
Weight of 1 cu. ft. of water = 62.425 Jb, 
286 


INDEX 


Abscissa, 13. 

Absolute Value, 235. 

Addition, of fractions, 4. 

Annuity, 127; present value of, 127. 
Antilogarithm, 113. 

Arithmetic Mean, 72. 

Arithmetic Progression, 70. 

Axes, coordinate, 13. 

Axis of Pure Imaginaries, 232. 

Axis of Reals, 232. 


Binomial Theorem, 133; general 
term of, 135; proof of, 136. 
Boyle’s Law, 91. 


Characteristic, of a logarithm, 100. 
Cofactor of a determinant, 223. 
Combination, 187. 

Common Difference, 70. 

Common Ratio, 75. 

Completing the square, 280. 
Complex Numbers, 26. 
Compound Interest, 125. 
Conjugate Complex Numbers, 232. 
Constant, 88. 

Coordinates of a point, 13. 
Critical points of a function, 154. 


De Moivres Theorem, 241. 

Dependent events, 197. 

Depressed equation, 164. 

Derivative of a function, 147; of a 
polynomial, 152. 

Determinant, defined, 204; ele- 
ments of, 204; principal diagonal 
of, 204; minor diagonal of, 204; 
useful properties of, 214; minors 
of, 219; cofactors of, 223. 

Discriminant, 46. 

Division, of fractions, 6. 


Elimination, 10; by determinants, 
226. 
Ellipse, 57. 


Equation, simple, 8; literal, 16; 
quadratic, 28; literal quadratic, 
34; in quadratic form, 38; radi- 
cal, 39; simultaneous quadratic, 
55; exponential, 122; depressed, 
164; transformations of, 166. 

Expectation, value of, 195. 

Exponents, laws of, 22; fractional, 
22; negative, 22; zero, 22. 


Factorial number, 185, 

Fractions, addition and subtraction 
of, 4; multiplication and division 
of, 6. A 

Function, defined, 140; linear, 140; 
quadratic, 141;. cubic, 142; gen- 
eral integral rational, 142; graph 
of, 144; derivative of, 147; max- 
ima and minima points of, 154; 
critical points of, 154. 


Geometric Mean, 77. 

Geometric Progression, 75; Infinite, 
80. 

Graph, of an equation, 13. 


Hooke’s Law, 90. 
Horner’s Method, 174. 
Hyperbola, 58. 


Imaginary Number, 26. 

Independent Events, 197. 

Interpolation, 111. 

Inversions of order in a determinant, 
212. 


Kepler’s third law, 91. 


Least common multiple, 4. 

Limit, 83. 

Logarithm, defined, 98; to any base, 
122; common, 122. 


Mantissa, 100. 
Mathematical Induction, 130. 
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Maxima and minima points, 154. 
Minor of a determinant, 219. 
Modulus, 235. 

_ Mortality table, 203. 
Multiplication, of fractions, 6. 


Number, imaginary, 26; pure imag- 
inary, 26; complex, 26;. rational, 
46; irrational, 46; real, 46. 


Ordinate, 13. 
Origin, 13. 


Permutation, 184. 
Probability, defined, 194. 
Pure Imaginary Number, 26. 


Quadratic equation, 28; literal, 34; 
type form of, 43; general, 44; 
discriminant of, 46; having given 


INDEX 


solutions, 50; graphical solution 
of, 51; simultaneous, 55. 


Radicals, simplification of, 24. 
Reduction, algebraic, 1. 
Remainder Theorem, 160. 
Repeated Trials, theorem on, 200. 
Repeating Decimal, 84. 


Slide Rule, 124. 
Subtraction, of fractions, 4. 
Synthetic Division, 161. 


Tabular difference, 110. 


Variable, 83; 88. 

Variation, direct, 86; 
joint, ‘Si: 
sidered, 96. 

Vector, 234. 


inverse, 87; 
geometrically con- 
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